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PREFACE. 


». 


The  chief  object  of  the  present  work  is,  as  its  title 
indicates,  to  furnish  to  the  student  examples  by  which 
to  illustrate  the  processes  of  the  Differential  and  In- 
tegral Calculus.  In  this  respect  it  will  be  seen  to 
agree  with  Professor  Peacock's  Collection  of  Examples ; 
and  indeed  if  a  second  edition  of  that  excellent  work 
had  been  published  I  should  not  have  undertaken  the 
task  of  making  this  compilation.  But  as  Professor 
Peacock  informed  me  that  he  had  not  leisure  to  su- 
perintend the  publication  of  a  second  edition  of  his 
**  Examples"  which  had  been  long  out  of  print,  I 
thought  that  I  should  do  a  service  to  students  by 
preparing  a  work  on  a  similar  plan,  but  with  such 
modifications  as  seemed  called  for  by  the  increased 
cultivation  of  Analysis  in  this  University.  Accordingly 
I  have  not  limited  myself  to  the  mere  collection  of 
Examples  and  Problems  illustrative  of  Theorems  given 
in  Elementary  Treatises  on  the  subject,  but  I  have 
also  introduced  demonstrations  of  propositions  which, 
although  important  and   interesting,   do   not   usually 


find  a  place  in  works  ilevoted  to  the  exposition  of  the 
principles  of  the  Calculus.  I  mshed  hy  these  means 
to  render  this  Collection,  as  it  were,  complementary  to 
those  works,  and,  with  the  view  of  allowing  it  to  be 
read  in  connection  with  any  of  them,  I  have  generally 
assumed  as  known  only  those  methods  which  are  to 
be  found  in  all  Elementary  Treatises.  To  this,  how- 
ever, there  is  one  exception :  it  will  be  seen  that  I 
have  made  constant  use  of  the  method  known  by  the 
name  of  the  Separation  of  the  Symbols  of  Operation, 
altliongh  the  Theory  of  the  process  is  not  usually 
given  in  works  which  are  likely  to  be  in  the  hands 
of  students.  I  have  done  so  because  I  think  it  a 
matter  of  sdme  importance  that  the  use  of  this  method 
should  be  extended  as  much  as  possible,  since  it 
shortens  and  simplifies  many  of  the  processes  of  the 
Calculus,  while  at  the  same  time  it  offers  to  the  stu- 
dent one  of  the  most  instructive  examples  of  Analyti- 
cal Generalization.  There  seems  to  have  been  among 
writers  on  the  Calculus  an  unwillingness  to  consider 
this  method  in  any  other  light  than  as  founded  on  an 
accidental  analogy,  and  therefore  to  reject  it  as  not 
based  on  a  strict  logical  deduction.  This  idea  I  think 
is  formed  on  a  limited  view  of  the  nature  of  Analysis, 
and  I  shall  be  glad  if  the  use  which  I  have  made  of 
the  Separation  of  the  Symbols  may  induce  others  to 
examine  the  question  closely,  and  so  satisfy  themselves 
of  the  logical  validity  of  the  process.  The  principles 
of  the  method  are  so  simple  that  I  think  the  short 
fiketch  which  I  have  given  of  them  in  Chap.  xv.  will 
le  sufficient  to  make  its  application  readily  understood. 
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I  have  adhered  throughout  to  the  notation  of  Leib- 
nitz in  preference  to  that  which  has  been  of  late  re-  ' 
vived  and^  partially  adopted  in  this  University.  Of 
the  Differential  notation  I  need  say  nothing  here,  as 
it  appears  to  be  abandoned  as  an  exclusive  system  by 
those  who  introduced  it:  but  as  the  use  of  the  suffix 
notation  for  integrals  has  been  sanctioned  by  those 
whose  names  are  of  high  authority,  I  may  state  briefly 
some  of  my  reasons  for  differing  from  them.  In  the 
first  place,  on  considering  the  subject,  I  could  find 
no  arguments  against  the  use  of  the  notation  for  Dif- 
ferentials,.  which  did  not  apply  with  even  greater  force 
against  that  for  integrals:  indeed,  although  there  may 
be  some  cases  in  which  the  use  of  the  former  is  ad- 
vantageous, I  know  of  none  in  which  the  latter  does 
not  appear  to  me  to  be  inconvenient.  In  the  next 
place,  I  fully  agree  with  Professor  De  Morgan  in  an 
unwillingness  to  lose  sight  of  the  analogy  to  summa- 
tion which  is  implied  in  the  old  notation;  and  if  it 
were  at  any  time  necessary  to  consider  integration 
merely  as  the  inverse  of  differentiation,  I  should  pre- 
fer to  employ  such  a  symbol  as  d,'^  which  expresses 
the  required  idea  better  than  fs.  But  what  I  look 
on  as  a  fatal  objection  to  the  suffix  integral  notation 
is  that,  like  the  corresponding  one  for  differentials,  it 
is  not  applicable  to  all  cases.  Of  this  any  one  may 
satisfy  himself  by  attempting  to  use  it  in  transforming 
a  multiple  Integral  from  one  system  of  independent 
variables  to  another,  a  problem  which  is  of  frequent 
occurrence,  but  which  I  have  not  seen  solved  analyti- 
cally in  any  work  in  which  the  suffix  notation  is  em- 
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ployed.  So  long,  therefore,  as  the  old  notation  adapts 
itself  to  all  cases  in  which  it  is  required,  whi]e  that 
which  is  proposed  is  not  so  accommodating,  there  ap- 
pears to  me  no  douht  which  is  to  he  preferred. 

The  sources  from  which  the  Examples  have  been 
taken  are  indicated  hy  the  references  which  will  he 
found  in  the  hody  of  the  work.  For  although  I  have 
not  thought  it  necessary  to  cite  an  authority  for  every 
example,  I  have  done  so  in  all  cases  in  which  the 
student  would  he  likely  to  wish  for  more  information 
by  consulting  the  original  authors.  It  has  always  ap 
peared  to  me  that  we  sacrifice  many  of  the  advantages 
and  more  of  the  pleasures  of  studying  any  science  by 
omitting  all  reference  to  the  history  of  its  progress :  I 
have  therefore  occasionally  introduced  historical  notices 
of  those  problems  which  are  interesting  either  from 
the  nature  of  the  questions  involved,  or  from  their 
bearing  on  the  history  of  the  Calculus,  From  a  fear 
of  increasing  the  size  of  the  volume  too  much,  I  have 
not  done  this  to  as  great  an  extent  as  I  wished,  but 
these  digressions  short  as  they  are  may  serve  to  relieve 
the  dryness  of  a  mere  collection  of  Examples. 

Trinity  Colleob^ 
October,  1841. 
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CHAPTER    I. 


DIFFERENTIATION. 


Functions  of  One    Variable. 

If  tt  be  an  explicit  function  of  or,  which  is  of  a  com- 
plicated form,  it  may  generally  be  reduced  to  the  differen- 
tiation of  simpler  functions  by  means  of  the  theorem 

du      du   dy 
Tw^Ty'd^' 

y  being  some  function  of  w^  and  u  some  function  of  y. 
This  theorem  may  be  extended  to  any  number  of  functions, 
so  that         ^ 

du      du    dv   dx  dy 

dx      dv    dx   dy  dx 

Ex.  (1)      Let     w  =  (o!  +  6^)^ 
Then    y  =  a  +  6^,  u  =  y*", 

dy        ,       .    du  ,  ^       .     V     , 

dx  dy 

du 
therefore  ——  =^  mnh,v"~^  {a  +  hx^)"*~\ 
dx 
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du 


=   *>'^*  •        — -  vt.m^        ti"^ 


(S)  M  =  c^*  ;      -—  =  nx 

dx 


€ 


du 
(4)  u  =  €**" ' ;     --  =  cos  a?  e  ^^'^ ', 

dx 

(5)     «=iog{^  +  (i  +  ^«)n;  ^  =  (nib)r 

d«^  1 

(6)  i^  =  log  (log  x)  =  log*  (^) ; 


dx      a?loga? 

(7)  «*  =  log" a?;  which  signifies  not  the  w***  power  of 
the  logarithm  of  x^  but  the  n^  logarithm  of  that  quantity, 

du  1 

dx      .«?loga?log'a? log""^^? 

(8)  w  =  log  (sm  X);    "7-  =  cot  .r. 

_  dx 

_       /I  —  cosf»a?\  J  dt^ 

(9)  t*  =  log    ; ;         3-  =  - 

VI  +  cos  mo?/  a.r      si 


m 


smmtT 


du  2 

(10)  w  =  log  (tan  x),    ■—  =  -r-— - . 

(11)  u  =^  cos  (sin  a?)  ;     -—-  =  -  cos  x  sin*  ^ 

sin^  it?  being  the  same  as  sin  (sin  x)> 

du       1 

(12)  u  =  sin  (log.i?),         —  =  —  cos  (log  a?). 

X  du  1 

(13)  w  =  sin-\ nrr^         3""  =  :: o- 

.         1  -  a?^  d?/  2 

(14)  «^  =  sm~* 2  5 


1  +  .r  dcr  1  +  .r* 


.    ,         du  1  , 

.sm-*jr  .       __  sin-'* 


^    '  dx      (1  —  ir)J 


(20) 


DIFFKRENTIATIOir  3 


(16)  u  -  cos-^ , 

\a  +  bcosx/ 

du  _    (a'  --  6^)^ 
dw      a  +  6  cos  ,v 

.    .  .     .0^       du  ^x 

(17)  tt  =  8in-^--; 


(18)  u  =  8in-(^,_,)    , 


df^  ^ 


d^       {(a?«-a*)(fe»-j^)}r 

(19)  u  =  sin""*  — ]—  ,        -—  »  , — . 

^    ^  2*  d^      (1  +  2.r  -  a^)i 


tt  =  tan-M(l  +  j7*)i-/r)K    —  = =- 

^^  ^         ^^'    do?  2(l+^p*) 


.     .  ,      2j7  df« 

(21)  w  =  tan"* 


1  -  a?*  '        d^       1  +  ^  * 

.    .  ,    2cd7  +  6  dt«       ,    (4oc-6*)i 

(22)  «  =  tan-' — -— 5-j,      —  =  i^ 


(23)  w«tan-*^^__j    , 


(4ac-6')i'      do?      ^a+A^  +  ca?*' 

a  4-  hw\  ^ 


du      ^         (6  -  a)i 

~  "2 


del?      ^  (1  +  Of)  (o  +  6a?)i  * 

/    X  .     ,     a?  (a  -  6)i 

(24)  w  =  sm-*  7 — ^^ ^-r, 

^    ^  {a(l  +ar«)(r 

dw  (a  -  6)  i 


da?      (1  +  ^)  (a  +  6a7*)i  * 
{(l+^2)i  +  a?2i} 


(25)  w  =  log 


(1  -  ^)i 

du  2^ 

d^~  (1  -  a?*)  (1  -I-  w^)i  * 

1—2 
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nn 

(26)        u  =  log  {a?  +  (o?^  -  a^)i\  +  sec"*  - , 

a 


du      1  (3ff  +  a\h 
dx      OB\a)'-aj 

,     ,  ,  (1  -  ^p)^  du      (1  -  0?)^ 

(27)  w  =  cos-*a?-2) f^,         —  =  ^ {., 

{I  +xy  dx      (1  +  xy 

,    ,  sin  X  (2  -\-  e  cos  a?) 

(28)  w  =  — — ^ — ^  , 

(1  4-  e  cos.r)*' 

dw      Se  +  (2  +  e^)  cos  x 
dx  (l  +  e  cos  xy 

(29)  i^  =  {sm  (a^  -  ^0  p,      —  =  -  c-r-y^ ^.  • 

^         dx  \sm  (a-  -  .r*)}5 

dw  1 

(30)  u  =  log  cos"'  (1  -  ar^p^ 


dx      (l  —  x'^y  sin  -  *  a? ' 

When  a  function  consists  of  products  and  quotients  of 
roots  and  powers,  it  is  generally  most  convenient  to  take  the 
differential  of  the  logarithm,  or,  as  it  is  usually  called,  the 
logarithmic  differential  of  the  function. 

(31)      Let  t^  =  (a  +  xy  (6  +  xy, 

log  u  =:  m  log  (a  -f  «r)  +  w  log  (6  +  a?), 
1    du  m  n 


+ 


u  dx      a  +  X      h  -\-  X 

du 
d, 


=  (a  +  a^y  {h  +  xy    ---  + . 

x  \a  -\-  X      0  -\-  xj 

(x  -  1\^ 


du       /a?  —  1\  i      1 


(3.3)  u  = 


dx        \x  -\-  1/    x^  -  I       {x  -  1)2  {x  +  l)t 

of  du  naf"'^ 


(l+A')''      dx        (l  +  ct?)''^'' 
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{a?  -  2y 
(35)  t.J^-^')'       ^"       ^^^■'"^ 


(36)  w  = 


«i?  4-  2    '     cf  .r        («r  +  2)   * 
|(cr-hl)(a?  +  3)«}i 


{w  +  2)* 


\u  aP      Uw  +  3)^^ 

i^  *  (<r  +  2)*  \   cr  +  1   j  ' 


(37)  u  =  afy      log  w  =  a?  log  .r, 
—  =  «»'  (1  +  logo?). 

(38)  u^a^"";      —  =  j?"°' (cos,r .log<r+ ). 

(39)  w  =  (sin  a?)"  (cos  <r)", 

-—  =  (sin  d?)"" ^  (cos  .I?)""*  (m  cos^  w  —  n  sin^  .r). 

,    ^  (sino?)'" 

(40)  i^  = , 

(cos  «r)* 

dt^      (sin<r)'"-» 

-r-  ■=  7 — —  (w  COS  a?  -I-  «  sm  0?). 

a  J?      (cos  «r)"+* 

(41)  w  =  e"'  sin  ra?,      -—  =  e"'  (o  sin  ro?  +  r  cos  rw), 

dx 

u  =  e"*^  cos  rwy     ---  =  c''*'  (a  cos  rx  —  r  cos  rj?), 

(42)  w  =  €«'  (sin  rjuy\ 

du 

-—  =  €*"  (sin  ra?)*""^  (a  sin  nv  +  mr  cos  ra). 
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Implicit  Functions  of  Two    Variables. 

If  w  =  0  be  an  implicit  function  of  two  variables  w  and 
y,  then 

du 
dy  dw 

dod  du 

dy 

(4S)     Let         X  log  y  =  y  log  x ; 

then  f^^y(y-^;»gy\ 

dai      w  \tV  "  y  log  wj 

(44)     If  siny  «:  0?  sin  (a  +  y), 
d  y  sin  (a  +  y) 


d  OB      cos  y  —  a?  cos  {a  +  y) 

(45)     If     y"logy  =  aa?, 

dy  a 


cfd?      y""^  (l  +  wlogy)  ' 


(46)  If     tan  y  =  1  +  ti?  sin  y, 

rf  y       (cos  y)  •  sin  y 
do?       1  —  .1?  (cos  yY 

(47)  Let  tan  ^  =  f -^^ )   ; 

taking  the  logarithmic  differential   we  find 

dy  sin  y  1 

dw  "  "  1  -.r*  "  ~  (1  -^'^)i ' 

(48)  If     y  =  1  +  cPe^, 

dy  ^       €^       _     ^ 
dtV       1  —  ^76^      2  —  y  * 
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(49)     Let     07  (1  +  y)i  +  y  (1  +  .r)i  =  0 ; 
th        ^  =  ?    y  +  2(1  +  ^  (1  +  y)i 


doe 


(50)  Let      sin-^  -  +  sin"*  -  =  c ; 

h  k 

then  ^  =  -  (^  -  y')^ 
d,v  (i«  -  07^)'i ' 

(51)  Let     (a!^  +  fy^a\v^-b^f, 

d.r       J6'-l-2(a?»  +  y*){  y 

(52)  Let     (a  4  y)«  (6*  -  y*)  -  o?»y«  -  0, 

then  /  -  -  ?^-A ?^  . 

007  f/^  +  ab* 


Functions  of  Two  or  more  Variables. 


«-fi«\i 


e/i^ 


(54)  t^ 


rfw  2xy^  du  Zx^y 

rf^  "  (^  +V)H^ -  j^)i '  dy  "  ~CrN-y2)5(^^-^")i' 

2wy  (yd/v  -  judy) 


a?  +  y 

dw      y  -  a?  -  2  (A'y)^        du      OB  —y  —2  (oBy)^ 
dx         2op^  {x  +  yY  dy  2y^  {x  +  y)^    * 

|y-^-2(a?y)}iyida?+|o?-y-2(a?y)}^crirfy 

2{xy)^(x+yY 
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du  du 

(55)         tt  «  »i?y        -7-  =  y^^"S       — -  =  0?^  ^oew, 

dof  dy 


dw^  01^  I-  dw  +  log  wdy  j . 


dt^  2^  du  2<r 


dti  = —     T 

(57)  Let     t^  =  8in(a?^y"), 

du  =  a?"'"^^"""^  cos  (<»*"y")  (mydof  +  nwdy), 

(58)  Ifi^^sin-i-,        ^^^?__^ — ^, 

(59)  If     w  =  tan-*  - ,        du  =  ^—5 ^ . 

y  ^  +y 

,       /        a?\  2(ydw-a;dy) 

(60)  If     w  =  log    tan-   ,       dw  =  --^2 ii. 

^  sm  2  — 


y 


e'y 


(61)      If     t,  =  -_-^- 


e'ydz         we''  {pody  -  ydx) 

(62)      If     t.  -  ^-^  , 

9,atydw       a^dy        ^a^yzdz 

(6s)  u  =  (^Vy^+«^)i  +  tan-*  -  +  — . 
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xdx -\- ydz  •\- zdx      sidx—xdz 


ay  -  bz 
(64)  w        ^ 


cz  "  aoD^ 


du=  ,  -.,  }(ay-6af)rf/r+(caf-a4f)dy+(6jr-cy)d«}. 


CHAPTER   II. 


SUCCESSIVE     DIFFERENTIATION. 


The  analogy  between  Algebraic  powers  and  successive 
differentials,  when  expressed  by  the  notation  of  Leibnitz,  was 
observed  soon  after  the  invention  of  the  Calculus.  Leibnitz 
himself  paid  much  attention  to  this  subject,  as  may  be  seen 
in  his  correspondence  with  John  Bernoulli;  and,  in  the  course 
of  his  investigations,  he  discovered,  by  induction,  the  Theorem 
which  bears  his  name.  He  also  conceived  the  existence  of 
differentials  with  fractional  or  irrational  indices,  but  he  made 
no  steps  towards  the  calculation  of  such  functions  in  any 
cases.  In  recent  years  that  branch  of  the  Calculus  has 
acquired  considerable  importance,  and  it  appears  to  be  the 
quarter  from  which  we  may  look  for  great  additions  to  our 
knowledge  of  analysis.  I  shall  however  in  this  chapter 
confine  myself  to  examples  of  differentiation  with  integer 
indices,  partly  because  there  are  still  some  points  in  the 
theory  of  general  differentiation  which  are  not  entirely  fixed, 
so  that  the  subject  is  not  adapted  for  the  student;  partly 
because  the  principles  of  that  branch  of  the  Calculus  are 
not  laid  down  in  any  Elementary  Treatises  which  a  stu- 
dent could  consult,  and  it  would  occupy  too  much  space 
to  enter  at  large  on  the  subject  in  the  following  pages. 
Those  who  wish  to  see  the  results  of  the  labours  of  mathe- 
maticians in  this  field  of  research  are  referred  to  various 
Memoirs  of  Liouville  in  the  Journal  de  VEcole  Poly  tech- 
nique^  Vol.  xiii.,  and  in  Crane's  Journal;  to  two  papers 
by  Professor  Kelland  in  the  Transactions  of  the  Royal 
Society  of  Edinburgh,  Vol.  xiv. ;  to  Professor  Peacock's 
Report  on  the  Progress  of  Analysis  in  the  Transactions  of 
the  British  Association;  and  to  two  papers  by  Mr  Great- 
heed  in  the  Cambridge  Mathematical  Journal,  Vol.  i. 
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Sect.  I.     Ftmctions  of  One  Variable. 


d'u 

(1)  u^af";  — --«n(n-l) (n  -  r  +  l)a7""*'. 

a  or 

(2)  w  =  (o  +  6a?)"  ;  . 
dTu 


dw' 


«n(7i-l)  (w -r  +  l)6'(o +6a?)""■^ 


(5)  tt  «=  a' ;   -—  »  (log  o)''o'. 

(6)  w-6"';   -— =«V. 

(7)  u^sinnw^ 


du 

—  =B  «  cos  n/v 

da? 


=  nsin  («ti?  +  —1  , 


d^ 


n  -7-  .  sin  ( w.r  +  —  I  =  n''  cos  (  wa?  +  —  ]  , 
da?  \  2  /  \  2  /  ' 

=  n*  sin  ( wo?  +  —  +  -  I  =  »*  sin  f  wo?  +  2  ~  )  . 
V  2       2/  \  2/ 

By  continuing  the  same  process,  we  find 


d'u 
dai 


V  2/ 


In  the  same  way  we  have 

(8)     u=^coinx;   - — «  n' cos    wj?  +  r - 
^  ^  dm'  V  ? 


12  SUCCESSIVE    DIFFERENTIATION. 


(9)     e^  =  e*  COS  0  COS  (w  sin  0)  ; 

—  =  e^cose  |cos(<r  sin  0)  cos  6  -  sin  (^  sin  0)  sin  d} 


d<r 


__  gXCOsO 


COS  (a?  sin  0  +  0), 


-— •  =  -—6^^°^^  cos  (x  sin  e  +  9) 
diV^      aw 

=  6^^*°'^cos(^sin0  +  e  +  0)  =  e*^«secQg(^^ging^2fl). 

By  continuing  the  same  process,  we  find 

=  e^  COS0  cos  (w  sin  0  +  rO). 
dx'^ 

Murphy,  Cambridge  Transactions,  Vol.  v.  p.  342. 

(10)      u=  c^'^cosno?, 

du       ^    ,  .         . 

-—  =  €     (a  cos  nof  —  w  sm  nw), 

dOB 

Let  —  =  tand),  so  that 
a  '^ 

a  =  (a^  +  n*)^  cos  ^,  w  =  (a^  +  n^)^  sin  0. 

Then  —  =  (a^  +  w^)i  e**^  (cos  ^  cosn«v  -  sin  (p  sin  na?) 
=  (a*  +  n')J  e**  cos  {noD  +  ^). 

Hence  as  before, 
d'u 


das' 


=  (a^  +  n^)^  e"*  cos  {nsc  +  r^)  ; 


Similarly,  if  w  =  e***  sin  no?. 


-—  =  {c?  +  n^)^e'''  sin  {nx  +  r0). 
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^     X  1  du       \ 

(11)      ««  =  loga?,      -j-^-y 

ax      w 

d'u       d"'^    1  1 

-—  =  — ^  -  =  (-y  (r  -  1)  (r  -  2)...3 . 2  . 1  -  , 

by  Ex.  4. 

1  +  07        dt^  2 

d'w        d''"^  2  2.r(r- 1)...3.2 

rf^  '^  d^'-*  (1  -  atf  "       (i"-^r*"^       * 

In  functions  consisting  of  the  product  of  two  or  more 
simple  functions,  we  may  make  use  of  the  Theorem  of  Leib- 
nitz, the  enunciation  of  which  is  as  follows. 

If  tt,  t?  be  two  functions  of  .r,  then 
d^{uv)        d'u        dv  d'^'^u      r(r-l)  cPv  d^'^u 


=  V 


do?'^  da?'        d.r  d^*^"  1 . 2      dd?*  dx' 

Commer.  Epis.  Leib.  e/  Bern.  Vol.  i.  p.  46,  99. 

(13)     ut?  =  ^  (1  -  x)\ 
^--'  =  w(w-l)...(w-r+l)(l-«^7)^^»"-»^{l- 


d<J?'^  ^       w-r+1  l~.p 

r  (r  -  1)  w  (n  -  1)  x^ 

~  1T2      (n  -  r  +  l)^n  -  r  +  2^  (l  -  .r)^  ""     ^* ^  * 

If  r  =  w, 

dMa?"(l-,2?)"l  ^         ,  c,        X      /w\2 

— -^;^-^-—w(n-l).. .3.2.1  |(l-.r)«-(^-j   {\-^xy-^x 

fw(w-l))^ 

+  1  V.2  )o-«^r'^'-&<^}- 

Murphy's  Electricity^  p.  7. 
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(14)        UV  =  €°'a?", 

d'^iuv)  t  ,       ,    r(r-l)     ^        v      «      •    «     •» 

d(f  ^  1.2  ^ 

# 

In  the  same  way,  if  wo  =  €"'«!?% 

— ^ — ^  =  €"Mo"a?'^+w.ro"-V->+-5^ ^r(r-lK-V-2+&c.} 

daf  ^  1.2       ^       ^  ^ 

Whence,  comparing  these  expressions,  it  appears  that 

(15)      UV  =  w^  log  a?, 

^  =n(n  -  l)...(7i-r  +  1)^"'  |logj7  +  r  . 


^Z.r'^  ^  n  —  r  + 1 

r  (r  -  1)  1 

1.2       (w  -  r  +  1)  («  -  r  +  2) 

r(r-l)(r^2)  1_^ 

1.2.3  (w  -  r  +  l)...(w  -  r  +  3) 

If  r  =  w, 

dr(a^\ogw)          .        ,v„   ^    ,  ci             ^      »(w-l) 
— ^^ ^^-L  =  n  (71  -  1)  3 . 2 . 1  {log  a?  + >: ^ 


?^  (w  -  1)  (ti  -  2)  .  1 . 2  . 


(a  +  a?)*" 
(16)     UV  =  ^^ {^^ , 

-4 — ^  =w(m-l)...(w-r+l)  — ^ — -  Jl 

doff^  (c+wY    ^       1    m-r+lc+a? 

r(r-l)  w(w+l)  (a+^p)*  . 

+  ":; TT r   7 78  +  &c. } . 

1.2      (m-r+l)(w-r+2)  (c+^)*  ^ 
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(17)      uv  =5  t'^'cos  no: .  or", 

In  this  case  let  u  =  e^*  cosnwy  v  =  .i?"*. 

Then  by  Ex.  (lO)  if 

-ss  tan  0,      =  (a   +  n*)*€*"cos(na?  +  p0). 

Therefore,  expandinir  — ^ —    by  the  Theorem  of  Leibnitz, 

*^  a^'       *^ 

— - — ^  =  €     (o*  +  w*)8  [j?'"cos(7iJ?  +  rd)) 

^  ,cos  jwa?  + (r-l)0} 
(cr  +  n*)t 


r  (r  -  1) 
1  .2 


(18)     Let  uv  =  e"'  JT,  X  being  any  function  of  Sl^x 
Then  making  w  =  JT,  v  =  e'", 


=  6 


(^  +cX  X. 
\d,v        J 


Whence  it  appears  that 


(.^-)'^-«-"(rJ'f-"^>- 

This  result,  when  generalized,  is  of  great  importance  in 
the  solution  of  Differential  Equations. 
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If  the  function  to  be  differentiated  be  (a  +  6«r  +  cw^Y^ 
the  general  differential  might  be  found  by  resolving  the 
trinomial  o  +  60?  +  ca^  into  two  factors  of  the  first  degree, 
as  into  {ob  +  a)  (a?  +  j3),  and  then  differentiating  the  product 
(jjc  +  a)"  {x  +  fiy  by  the  Theorem  of  Leibnitz;  but  instead 
of  doing  so  we  shall  make  use  of  two  formulae  given  by 
Lagrange*. 

Let   u  =  a  -\-  bx  -\'  c«»S  u  =  b  +  2cx ; 

Then  substituting  w  +  h  for  w  in  u*^  it  becomes 

and  --—   will   be    the    coefficient  of  in   the    expan- 
ds?'                                                    1  .2  ...r  '^ 

sion   of  this  trinomial. 

Developing  it  as    a   binomial,    of   which  u  +  u*h  is  the 

first  term,  we  obtain 

Again,  developing  each  binomial  and  taking  only  the 
terms  which  multiply  A*",   we  find  that   the  term  in 

(u  +  u  hy  IS ^^ u"'-''  u    \ 

^  '  1.2...  (r- 2) 

in  iu^^hr-^h^  is  (^-^)-(^-^-^3),.-...,..-.^  ^,. 

1  .  2  ...  r  —  4 

Collecting   these    terms,   and    multiplying  by    1  .  2  ...  r,    we 
obtain    for  the  r*^  differential  coefficient  of  iC 

-^  =  n  (n  -  1) ...  (w  -  r  +  1)  w"-^7/  '^  1  +  — -!^ ^--  — 

«?tT?  1  •  (n -r -h  1)  w 

r(r-l)(r-2)(r-3)     c*^^^^  ^  .      ,      ... 


1  .  2  (w  -  r  +  1)  (w  -  r  +  2)   t^ 

*  Memoires  de  Berlin^  1772,  p.  213. 
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By  developing  in  a  different  manner  a  more  convenient 
formula  may  be  obtained : 


-  -8\« 


u         u 

1 +  —  *)»+  i — A*  ". 

But  4wc  —  «*'*  =  4ac  —  6*  =  c*  suppose. 

Developing:  «*"{(!  +  —  A)*  +  ^-   ..  A*t"  by  the  binomial 
theorem,  we  have 

1.2       ^        9,u    '         (2w)*  ^ 

and  the  r^  differential  of  w"  is  the  coefficient  of  K  in  this  ex- 
pansion multiplied  by  1 .9...r.  Now  expanding  each  term  by 
the  binomial  theorem,  we  have  for  the  coefficient  of 


U) «' 


1 .2...r 
V2/       2^«*'  1.2...(r-2)  1 


L-  J         /*^\         ^     (2n-4)...(2w-r+l)  n(w-l)   ^ 

third         I  —         — — ; ; c% 

\2y       2*w'  1.2...(r-4)  1.2 

and  so  on.    Collecting  these  terms  and  multiplying  by  1.2. ..r, 
we  find 


^K)           ,          X      .               .(^Vnri       ^     r(r-l)     e' 
-^=  2w(2w-l)...(2n-r+l)    —    w'-'Jl-f } \  — 

die'  ^  ^      ^  ^\2)  ^        1  2n (271-1)  w''' 

n(n-l)    r(r-l)(r-2)(r-3)     ^^^ 

1.2       2»(2n-l)...(2n-3)  u''  3       V    / 

2 
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(19)     Let  tX=  (a*  +  x^y. 

Here  w'  =  2d?,  c  =  4a*,  and  if  we  make  r  ^n,  we  find  by 
formula  (B), 

dr{a^Wy         ,         ,      ,        ,      ,       n«        n-1        a« 

^{n(n^l)}M^-^)(^-3)a^^ 

1 .2        2n...f2n-3)  a?*  ' 


(20)     Let  «•  =  ;^— 3 . 

a  + 12? 


The  r^^  differential  of  this  function  may  be  found  as  in  the 
last  example,  but  the  following  method  gives  it  under  a  form 
which  is  more  convenient  in  practice ; 

1     1    _l_f__L_.__L_l 

a^'^a^         «a(-)i  la?  +  a(-.)^      a? -a (-)*/' 
Differentiating  r  times, 

f-V.  -^ 

\dwl     <^  +  a^ 

(   v+J  r(r-l)...i.l{  1 1  \ 

"^'^      '        2o(-)J       \{a,+a(-)iy*'       {^_o(_)JJ'+>/ 

_  ,  f  (r  -  1)...2 . 1  ({a>-a{-)i]r^^  _  |^■^a(-)i}r^'l 

^    -'  2o(-)J       \  (o«+a^)'+>  /■ 

a 
Now  let  0  =  tan"*  -,  so  that 

w 

af=(a^  +  ai^)i  cos0,     a  =s  (a*  +  a?*)i sin 0, 
and  therefore 

r+l 

{ar-o(-)i}'+'=  («»+««)  »  {cos(r+l)0-(-)isin(r+l)0}, 
|»+a(-)i}'+>=(o*  +  .T«)V|cos(r+l)0+(-)Jsin(r+l)0}. 
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Hence  we  have 

ay      1  (-)'r(r  -  1). ..2.1  sin  (r+ 1)0 


Liouville,  Jour:  de  FEcole  Polytechnique^  Cah.  21,  p.  157. 
(21)     In  the  same  way  if  we  had  the  function 


we  should  find 

(  d  y      w  ,    ^r    /         X  cos(r  +  1)0 

Liouville,  lb.  p.  156. 

These  results  are  useful  in  the  theory  of  definite '  in- 
tegrals. 

In  the  following  examples  the  functions  are  reduced  to 
the  required  forms  by  differentiation  in  the  same  way  as  in 
Ex.  11. 

cf  X  cf-*  1 

Therefore   —  ^^-^  -  ^-^  ^^-^, 

and  by  formula  (B), 

dTu      3.V.(r+l)«y''"'  .        8  (r  -  1)  (r  -  2)   i 
d^^  **        (I  « a?*y +1        ^    "^  2  8.4  a;« 

S^  (r-l)(r^2)(r-3)(r-4)  ^^  ^  ^^ 

"*"  2  .  4  3.4.5.6  /P* 

a?         dw  1 

(23)     u  =  sin-^  -  ;        — -  -  ^-^ — -^-.  , 

2 — 2 
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cTtt     <r 


-I 


2 


1  . 2...(r  -  1)  w"'"^  1  (r  -  1)  (r  -  2)  a 

"      (a*  -  ^'0'""^  2         TTi     ^  ^ 

1.3  (r-  i),..(r-4)  a'      „     ,  ,     ,-o, 
+ ^         ^ — ^^ -  +  &€.(  by  (B). 

2.4  1.2.3.4  a?*  5.7v^ 


(24)    ,Let  «*  =  tan"^  -; 


a         dw      a^  +  a^ 

d^u  ^     [  dV"^       1 
doT         \dw)       d^  +  a^ 

sin  t*^ 
«(-y-i(r-i)(r-2)...2.1 ^  by  Ex.  20. 

(a«  +  off 

where  0=  tan'*  -  = tan"*  - . 

^2  a 

The  method  employed  by  Lagrange  may  be  used  for 
the  determination  of  the  successive  differentials  of  other 
functions. 

(25)     Let  u  =  6*^*^. 

If  a?    become    cr  +  A,  w  becomes    eM*+*)«  =  e'^c^'  +  a^'A  +  A") 

*,         •    1  ,       (2ca?)*  ,«      (2ca?)',, 

Now  c^^-^*  =  I  +  2ca?A  +  5^ hJ"  +  -^^ h^  +  &c. 

1.2  1.2  .3 

and  c"*"  =  1  +  cA«  + A*  + h^  +  &c. 

1.2  1.2.3 

Multiplying  these  together,  taking  only  the  coefficient 
of  A%  and  multiplying  it  by  1 . 2  ...  r,  we  find 

-^  -  e'"  W  (aa^y  +  r  (r  -  1)  c'-^  (ga?)'-' 
oa? 

1.2  ^  ^ 
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(26)    From    this    we  can  determine  the    successive    dif- 
ferentials of  cosa^  and  sino;^. 

Let  w  =  cosdT*  +  (-)i  sin  jr*  =  c^"^  **. 

Then  differentiating  by  the  preceding  formula 

0..i-l"{(-)»p.)'  +  (-)^r(r-l)(!.)— 

P  IT 

Now  generally  (-)«  «  €^"^*'a, 
and  c^'^^'^e^"^*^?  =  cos  (a?*  +p-l  +(-)isin  (a?*+p-j  . 

Therefore  making  these  substitutions,  and  as 


dTu 


^'(^j'^^^^'^^-^*!^)'^^"^' 


equating  possible  and  impossible  parts,  we  have 
^J^^=(iaty  COB  (a^+r-\  +r(r-l)(8ar)'-»cos{a^+(r-l)-l 


and 


^^^^=(2.;/ sin(^^+r  J) +r(r-l)(2ar)-»sin 


r(r-l)...(r-3) 


(27)     Let  tt  s= 


1.2 

1 


(2^)'-*sin  L«  +  (r  -  2)^1  +  &c. 


€*  +  1 


We  might  in  this  case  expand  the  function  and  differen- 
tiate  r    times    each    term   in    the   development,  but  as   this 
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would  give  — —  expressed  in  an  infinite  series,  the  following 

method,  due  to  Laplace^,  is  to  be  preferred.     It  is  easily 
seen  on  effecting  two  or  three  differentiations  that  the  form 

of  - —  must  be 
daf 

Hence  multiplying  by  {f  +  l)*"*"^  we  must  have 

dor 
Now  as  tt  =  e"' -€"*'  + 6"^' -&c. 

^  =  (-y{re-»-2V*'  +  S'6-«'- 4' €-*'  +  &€.}     (2). 

Also,  developing  (c*  4- 1)**"*"^  we  have 

(r  +  l)r  (r-  1)  .^  01^     «  ,  ^ 

+  ^- ^—^ €<*^-^^'  +  &c.  (3). 

1.2.3  ^  ' 

The  product  of  (2)  and  (3)  must  be  equal  to  the  second 
side  of  (1),  and  as  this  last  consists  of  a  finite  number  of 
terms  having  positive  indices,  the  terms  in  the  product  of 
(2)  and  (3)  which  contain  negative  indices  must  disappear 
of  themselves.  Hence  taking  the  terms  with  positive  indices 
only 

dcD  1  * 

'  I  1.2  ^  ^ 

and  therefore 

*  Mimmres  de  PAcadtmie,  1777>  p.  108. 
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Sec.  2.     Functions  of  two  or  more  Variables. 

I{  u  he  a,  function  of  two  variables  of  and  y, 

dr+'u       dr-^'u 
dff  dx^      da!"  dtf ' 

Ex.  (1)     u^aTf/";      r  «  1,     «  «  1, 

du  du 

da;  dy 

dfu  .        ,        d^u 


dydx  dady 

"Swy 


dydw  (w*  -  y*)*      dor  dy 

(3)  «  =  »•;      r=l,     ««1, 

dw        ^,  dt« 


dy  d47  dor  dy 

(4)     u  s  sin  (mof  +  f»y)  ; 


'u  I  w\ 

7  =  n  sin  ?»a?  +  ny  +  « —  I  , 
\  2/ 


d^f« 
d 


dy' 

^^^^,  =  m^n'sin{ma.4.ny  +  (r+.)-)«^-^^jP 

Of 

(5)  w  a  sin  - ;     r  =  2,    «  =  1, 

y 

d^u         2    ,    Of      a;        w         <Pu 
=  —  sin  -  +  -4  cos  - 


dyda^      t^       y      y^       y      dx^dy 
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(6)  u  =  sin"^  - ;    r  ^  1,    «  =  1, 


d^u  y  d^u 


(7) 


dydoB 

(y* 

-/»«)« 

ddr 

dy' 

u  = 

tan-* 

=  1, 

«  s 

1; 

d^u 

'^-T 

y  « 

d*« 

dydx      (y* +.a^y      dwdy' 


(8)  w  =  0?  siny  +  ysin^;     r  =  1,     fi=l; 

cos  y  +  cos  07 


dyda  dxdy 


(9)  u  s  sin  0?  cos  y ;      r  =  2,     «  =  2  ; 


=  sm  07  cosy  = 


dy  dx^  da/^di^      dxdydxdy 

Generally,   in  a  function   of  any   number  of  variables^ 
the  order  of  differentiation  is  indifferent. 


x^  V 


du        2xy         du  af  du        2a^yx 


dx      d'^^'    dy      a«-«**     d«  "*  (a«  -  ««)« ' 
d?u  2a?  d^u 


dxdy      a^  ~  a^      dydx^ 
d?u  4>xyz  d^u 


dxdz      (a^  -  z'Y      dssdx' 
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cpfi  Za^z  d^u 


dydx      (a*  -  «*)*      dzdy ' 

dPu              4ixx              ^u 

d?u 

dxdydx      (a^-nf^y      dydcsdz 

dx  dy  dx ' 

dPu               d^u 

d*« 

dx  dw  dy      dy  dx  dw 

dxdxdy' 

ril)     tr-       ^^ 

^  ^      (^* +»*)*' 

d^u        ^x  (2y*  -  0?*)        cTw 

d(x  dy"      (j;«  4.  y8^|         dy  doo ' 

d*w                6^a?y            d^w 

doo  dx          {pf  +  y*)i      dx  dx ' 

d*w             c'a?*            d^u 

dydx      (^  +  yO*      d^dy* 

(12)  «=   "^  , 

cPw             26*0?             ^u 

dPu 

d7?dy      {am  Jfhxf      dydsi^      d\ 

zdydx^ 

d?u        Qb*y(bx  -2ax)        dPu 

d^u 

dxdsf  {ax-\-hxy  dx^dx      dxdxdx 

The  general  total  differential  of  two  variables  is  given  in 
terms  of  the  general  partial  differentials  by  the  formula, 

d!*u  d^u 

d^u  = dx^  +  n doB^''^dv 

dx^  doT-^dy  ^ 

1.2       dof'^dff 

the  law  of  the  coefficients  being  that  of  Newton^s  Binomial 
Theorem. 
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(IS)     u  =  jTy^ ; 
d*w  =  m(m-l)...(m-S)  {oy^^'^y^d^V* of'^tf^da^dy 

— n(n-l) ^-«yn-2d^2d^ 

(m  -  2)  (m  -  3)  ^  ^ 

n(n-i)  («-2)  ,      o ,     ,  , 

+  *  (^-l)(»,-.)(J-3)  -"-V-'d.dj.' 

n(«-l)(«-.)(n-3) 
m(?w-l)(m-2)(m-S)      ^        ^^ 

(14)  ^^  =  €"'+^y; 

(Pw  =  {a?da^  +  3a*6da?*^dy+3a6«da?dy*  +  63dj^)€"+*^ 

(15)  t^  =  sin  m^  sin  ny\ 

d^u  =  (m*dw*  +  6m^n^dc^di^  +  w*dy*)  sin  mx  sin  ny 
—  4w w  (m^da^dy  +  n^d^p  dy')  cos  mof  cos  ny. 

(16)  t*  =  log  {a/v  +  6y)  ; 

1 
^u  =  -  {a^dw^  +  2a6  do?  dy  +  b^df^ 


(aof  +  6y)* ' 
(17)      u^{ai'  +  y')i; 

€pu  =  {ifdx^  —  ^(joydaody  +  a^dy^) 


(^+y«)r 


/I? 
(18)     t*  =  sin"*-; 

d^w  =3  {a?da?*  ~2ydwdy  +  of- ^ d^\ 


There  is  a  very  important  theorem  (due  to  Euler)  regard- 
ing homogeneous  functions  of  any  numbers  of  variables,  which 
from  the  frequent  applications  made  of  it  ought  to  be  noticed 
in  this  place. 
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If  t«  be  a  homogeneous  algebraic  function  of  n  dimensions 
of  T  variables  ^,  y,  jir,  ... ;   then 

du        du        du 
dof        dy        d« 

From  this  may  be  derived  a  series  of  equations  of  the  form 

d*tt  dTu  d'^u 

diP*  oy*  a«* 


t)  ra  \di)  •••" 


^ ,      ^dy 

=  n  (n  -  l)...(n  -  •»  +  1)  u, 
where   a  +  /3  +  7  +  ...  =  ?».  Euler,  Calc.  Diff.  p.  188. 

In  applying  this  theorem  to  transcendental  functions  of 
algebraical  functions,  it  is  to  be  observed  that  it  is  not  suffi- 
cient that  these  last  should  be  homogeneous,  it  is  also  necessary 
that  they  should  be  of  zero  dimensions,  as,  otherwise,  in  the 
development  of  the  transcendental  function  the  degree  of  each 
term  would  be  different,  and  the  function  when  expanded  not 
homogeneous. 

(19)  Let   u  =  ^— — .     Then  n  =  2    and 

y-os 

du         du     2j^  -  gy^jr  +  2y^- 2/1;*   .  2(y^  + ar*) 
Iff—  +  y  -_  = « . 

dw        dy  {y  ^  wy  y  -^ 

w^  •\-  y^ 

(20)  u  = —  .       Then  n  =  -  i,    and 

0?  +y 

du         du         ,  (y  a?i  +  o^yi  +  a?i +y*)  (j^i+y^) 

dx         dy''      *  (^  +  y)*  ^ .    ^  {a  +  y)^ 

(21)  «*  =  sin"^  j^Jl? )    .     Then  «  =  0,    and 

\af  +  y/ 

du        du  yx  —  wy 

^  -r--^y'T-  -  ; Ti r-^ — m  =  0. 

do)     "  dy      (a?  +  y){2y(cr-y)}i 
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(22)  ^^  =  («f2  +  j^)*,       n  =  1, 

(23)  u-  ooi^soy  +  y*)^,       w  =  2, 

or  • — -  +  2a?y +  y  

dor  dwdy  d%f 

(2a?y  +  y«)i 
=  2af(2wy  +  y^)i. 

(24)  If  t^  be  a  homogeneous  and  symmetrical  function 
of  (V  and  y  o{  n  dimensions,  so  that 


u 


-/(!)- ^/©= 


and  if  it  be  expanded  in    terms   of  w  so  as  to  be  of  the 
form 

2.(Q,a7*y-% 

then  wm       2  I  (2i  -  n)  Q,}  =  0. 

As  u  is  homogeneous  of  n  dimensions,  we  have 

du        du 
dw         dy 

and  as  it  is  symmetrical  in  of  and  y,  we  have 

du        du. 
0?  -—  =3  y  -;-    when  a?  =  y,    so  that 
ao?         dy 

du 

2  ^ nw  =  0  when  w  ^  y. 

dw 

Substituting  the  expansion  of  u  in  this  equation,  we  get 

2{(2i-n)Qja^}  =0,    or 
2{(2£-w)Qi}  =0.* 

*  This  extension  of  a  property  of  Laplace's  Functions  was  communicated  to 
me  by  Mr  Archibald  Smith. 
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Sect.  I.     Functions  of  One  Variable. 

If  y^f(x)  and  therefore  3B^f'^{y)y  the  successive  dif- 
ferential coefficients  of  y  with  respect  to  w  are  transformed 
into  those  of  x  with  respect  to  y  by  means  of  the  formulae, 


dy        1  €py  dy* 

diV      d(v^        da^  tdw\^* 

dy  \dy I 

(d^w\^      dds^x 

da^^  ldw\^  ' 

\dy} 

and  similarly  for  higher  orders.  The  reader  will  find  the 
demonstration  of  a  general  formula  for  the  change  of  the 
»*^  differential  coefficient  in  a  Memoir  by  Mr  Murphy,  in 
the  Philosophical  Transactions^  1837,  p.  210.  The  expres- 
sion is  of  necessity  extremely  complicated,  and  the  demon- 
stration would  not  be  intelligible  without  so  much  preliminary 
matter  that  I  cannot  insert  it  here,  and  I  must  therefore 
content  myself  with  referring  the  reader  to  the  original 
Memoir. 

If  u  ^f(y)  and  y «  0  (ps)  so  that  u  may  also  be  con- 
sidered as  a  function  of  a?,  the  successive  differential  coeffi- 
cients of  u  with  respect  to  y  may  be  transformed  into  those 
of  u  with  respect  to  at  by  the  formulae 
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du  cPudy      €py  du 

du      dw         (JPu      ds^  doo      dx^  dx 


dy      dy '        dy^  l^y\^ 

dx 


\dxl 


dy  /d^u  dy      cPy  du\         d^y  /d*w  dy      d'y  du\ 
d^u      dx  \da^  dx      dx^dx)         da^\dx^  dx      da^  dx) 

d^  ^  TdF"^ 

\dx, 

The  general  formula  for  this  transformation  will  be  found 
in  the  Memoir  of  Mr  Murphy  before  referred  to,  but  the 
result  is  of  such  extreme  complexity,  that  it  happens  for- 
tunately that  we  have  seldom  to  employ  these  transformations 
for  high  orders  of  differentials;  and  where  this  is  necessary, 
that  the  nature  of  the  case  usually  gives  us  the  means  of 
simplification. 

(1)  Change  the  formula 

into  one  where  y  is  the  independent  variable. 
The  result  is 

ldx\  ^      ,         ^dfx 

(2)  The  expression  for  the  radius  of  curvature  when 
X  is   the  independent   variable  is 


\-m 


When  j^  is  made  the  independent  variable,  it  becomes 


^~  d'O! 

df 
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(3)  Transform 

dcf         \dwl  \dwl 

into  an  equation  in  which  y  is  the  independent  variable. 

The  result  is 

_-  +  0?  -  e^  +  0. 

(4)  Change  the  variable  in 

du  u 

dy  "^  (1+?)$  "  " 

from  y  to  ^,  when  a?  =  log  |y  +  (l  +  y*)*}. 
The  result  is  -—  +  w  =  -  (e*  +  €"*)• 

(5)  Change  the  variable  in 

«d*w       ^    dw      „ 

from  y  to  or  when  y  s  e'.     The  result  is 

d*tt      ,  ^        ^  dw 


,  +  (^  -  1)  33  +  fftt  =  0. 


(6)     There  is  a  very  convenient   formula  by  which  we 
can  change  generally  the  independent  variable  in  y"-- —  from 

if 

y  to  w  when  y  »  e^.     Taking  the  symbol  of  operation  alone, 

-'■  i'"7i)  {'"£)  ('"'s) '"  "  «"*^ 

I 

This  may  be  put  under   the  form 
\  dw  j  (  dx  j  \    dw       IdoB 


32  CHANQS   OF    THE    INDEPENDENT    VARIABLE. 

Now  by  the  theorem  given  in  Ex.  18,  of  Chap.  ii.  Sec.  1 
we  have  generally 


\dw        J  doe' 


-as 

€ 


Hence,   substituting  these  binomial   factors,  we  find 

(7)  Change  the  independent   variable  in 

^^  d^u        du        „ 

from  y  to  w,  having  given   y  =  cos  w.      The  result  is 

- —  +  fru  =  0. 
dw' 

(8)  Change  the  independent  variable  in 


from  y  to  a?,  having  given  y  =   ^        .      The  result  is 


dor 


» 


+  a  (e**  +  1)  «^  =  0. 


(9)     Change  the  variable  in 

d^u  d^u  du 

^^  ■*■  ^^'d^  +  3  (a  +  y)'^  +  (a  +  »)  —  +  6«  «  0, 

from  y  to  a?,  having  given  x  =  log  (a  +  y).     The  result  is 

d^u 


dc^ 
(10)      Transform 


+  6e^  ss  0. 


1  dt^      d^u 
w  +  -—.  +  -—=  0, 
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from  Of  to  fl,   having   given    «*  -  40.     The  resulting  equa- 
tion is 

Fourier,  TraiU  de  la  Chaleur,  p.  S76. 


(l  0     Transform 


!■  ^  m] 


into  a  function  where  8  is  the  independent  variable,  having 
given  that 

'd8\^  Idy^^ 


the   result  is 


\dxj  \d,vl 

d^y  dx      dPofdy 
ds^  da       ds^ds' 


dy 

a/ 

(12)      Transform    p 


"d^-^ 


Mir 


into  a  function  of  r  and  0,  having  given  of  ^  r  cos  0, 
^ «  r  sin  d.  In  this  case  we  consider  r  to  be  a  function 
of  0;  differentiating  therefore  x  and  y  on  this  hypothesis, 

da      dr        .         .    rt      dy      dr  ,     . 
---cos0.rsm0,     ^  «  ^Bin  0  +  rcos0; 

dr 

^-^  sin  0  -f-  r  cos  fl 

dy      d0 
and  therefore     -—  —   ^  . 

dx      dr        _  .     . 

■j^  cos  ^  -  r  sin  0 

.    Substituting  diis  expression  for  — ,  we  find 

dw 
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(18)     TnmBform  p^l ^^^ 

into  a  function  where  6  is  the  independent  variable,  having 
given 

tBmr  cos  6,     y  '•r  sin  Q. 
Proceeding  as  in  the  previous  example  we  find 


(14)     Express  i 


x- y 


dy 

a?  +  y 


dw 
in  r  and  d,  having  given  « 

07  a  r  cos  d,     9  >a  r  sin  d ; 

the  result  is     ^  «  r  — - . 

dr 

Sec.  2.     Fimctions  of  two  or  more  variables. 

Let  t«  be  a  function  of  two  variables,  sf  and  y,  so  that 

Jthen  to  express  -r-  and  -7-  in  terms  of  two  new  variables 
P  "         dw  dy 
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r  and   d,    of  which   «   and  y   are   functions   given   by   the 
equations 

^  -  0  (r,  0),      y^^ (r,  Q\ 

we  proceed  as  follows.     We  have 

du      du    da      du    dy 
dr      da' dr      dy' dr^ 

du      du    da     du    dy 
dO^da'  d9^dy'd9' 

Eliminating  —  we  find 

if 


du  dy  du  dy 
du  dr' dd  dO' dr 
da      da  dy     dy  da' 

Ir'dO^  Jr'd9 

du 
Eliminating  3—  we  find 

da 

du  da  du  da 
du  'dr'd0''de'dr 
dy        da  dy      dy  da 

dr'le'  Jr'dO 

If  r  and  0  be  given  explicitly  in   terms  of  a  and   y, 
we  have  at  once 


du 
da 

du   dr      du   d0 
dr' da      dd' da^ 

du 

dy 

du  dr      du  dd 
dr  *  dy      d0' dy' 

For  the  successive  differentials  we  proceed  in  the  same 
manner ;  and  if  there  be  more  than  two  independent  variables, 
the  bnlj  difference  is  that  the  expressions  become  more  com- 
plicated.    Such  cases  however  seldom  occur. 

If  the  independent  variables  enter  into  multiple  integrals, 
we  cannot  substitute  directly  the  values  of  the  original  diffe- 

8—2 
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rentials  in  terms  of  the  new  variables,  because  one  is  supposed 
to  vary  while  the  others  are  constant.  To  introduce  this 
condition  we  proceed  as  follows.  Let  for  example  there  be 
a  double  integral  fjVdwdy^  and  let 

zp  =  ^  (r,  0),     y  =  >//  (r,  0), 

dx  div 

so  that  da?  =  -— •  dr  +  -— -  d0, 

dr  dd 

dy^^dr-^^dd. 
^      dr  d9 

Since  *v  is  to  vary  when  y  is  constant  and  vice  verad^  we 
must  make  dy  ^0  when  we  wish  to  find  dw^  and  dw  »  o  when 
we  wish  to  find  dy.  Taking  the  latter  condition,  we  have  the 
two  simultaneous  equations 

dw  ^        dx  ^_ 

Eliminating  dd  between  these  we  find 

dw  idx  dy      dx  dy\ 

dd    ^^  [deJr"  dr  dd)     ^' 

From  this  it  follows  that  when  dy  «  0,  dr  =  0.     Hence 
we  have 

dtV 
do?  =  — •  dO. 
du 

Substituting  these  values  in  the  double  integral  it  becomes 


//"(; 


dx  dy      dx  dy^ 
deJr"  dr  Je 


\  drde. 


If  we  had  three  variables  x^  y^  z  to  be  transformed  into 
three. others  p,  ^9  ^9.  we  should  have  three  equations  of  the 
ferm 
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d3B  «  Pdp  +  Qdq  +  if  dr, 
dy  =  P^dp  -^  Qidq  •\'  R^dr^ 
dz  e  P%dp  +  Qsd^  +  ffsdr ; 

and  we  should  determine  d/r  by  supposing  dy  «  0,  and  dz  ^  o, 
and  then  eliminating  two  of  the  three  quantities  dp^  dq^  dr. 
Supposing  we  eliminate  the  last  two  we  have  d» «  Mdp^ 
M  being  a  function  of  p,  9,  r.  From  this  it  follows  that 
when  dj7 »  0,  dp  »  0.  Hence  supposing  y  to  vary  while  m 
and  z  are  constant  we  have 

dy  =  Qidgr  +  /?idr, 

and  eliminating  dr  between  these  we  have  dy^Ndq^  iV^  being 
a  function  of  p,  9,  r.  It  follows  that  when  dy  a  0^  dg  ->  0, 
and  therefore  if  we  suppose  z  to  vary  while  w  and  y  are  con- 
stant, we  find  dz  «=  Rzdr,  so  that  finally  ^ 

dw  dy  dz  s  MNR^dp  dq  dr. 

The  general  expression  for.  M  is  complicated,  and  it  is  of 
little  use  to  give  it  here,  as  the  consideration  of  the  particular 
conditions  of  any  given  transformation  will  usually  give  us  its 
value  more  readily  than  a  substitution  in  the  general  formula.* 

dR        dR 

(1)      Transform   w y  —- , 

dy         dw 

having  given   x  ^  r  cos  d,     ^  *  r  sin  0, 

y 

and  therefore  jt*  -f-  ^  «  r*,     tan  0  «  -  . 

iV 

dR      dR        ^     dR  sind 
—  «    —  cos  B  - 


diV       dr  -d0      r 

dR      dR   .    ^      dR  cosd 
dy       dr  dO      r 


*  Lftgrange,  Mimoires  de  Berlin,  1773,  p.  121. 
Legendre,  Mimoirw  de  rAeademie^  det  Sciences,  1798,  p.  4M, 
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,  dR         dR      dR 

whence  ce  — y  -—  =  — —  . 

dy  dx       dd 

This  transformation  occurs  in  the  planetary  theory. 

dR        dR  ■ 

(2)     Transform    d?-r—  +  y  -7— » 
r^  d^     .     dy' 

the  variables  being  the  same  as   in  the  last  example.     The 
result  is 

dR 

dr 


(S)     Transform    -^  +  -j^  =  0, 


doB^      dy 
having  given  ^r*  +  y*  =  r*. 


d0  d0   dr      dffeof 

do?  dr  '  dot      dr  r' 

cP0  dP0  dr  X      d<j>  1       dip  dr  w 

da^  dr^  da;  r      dr  r      dr  dx  r* 


dr»  r» 

^drV;  w 

Similarly 

d»0 
d^ 

df» 

r''*'  dr  \r 

% 

Whence 

(P0 

d^ 

tP<p 
df' 

**  +  y*      d<f) 
r*           dr 

('- 

and  therefore 

d'^      1  dd) 
dr'   '  r  dr 

=  0. 

This  equation  occurs  in  researches  on   the  motion  of  fluids. 
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when    ^*  +  y^  +  «•  ■■  r*, 

we  find  ^+^.0. 

or^      r  or 

cPF      dPV 
(5)    Transform  ^-^  +  -p-r  =  0  into  a  function  of  r  and 
^  dor      ay* 

d,  having  given  w^r cos 9y  y  ^r sin d. 

dF      .    ^dF      cosOdF 
dy  dr         r     d9' 

^^       •  «fl^     co^^     co^OdV 
d^^'^^dr''^     t"     d0^'^~rdi^ 

2sin0co80/     cf  F       dF\ 


t^cost^  / 


drdd    ddy ' 


2  8in0co8  0/     cPF       dF\ 


cPF  c?F 

The  expression  for  —3  may  be  deduced  from  that  of  — -5 

»jr  d*ir 

by  putting 0  for  0.     We  then  get 

^^  =  cos  e^   +       ^      ^  +  -j;-  — 

r»       '  V  drd9  ~  1$) 
Adding  these  together, 

^     ^     ^V      1  dT     \dV 

(6)     Transform  ^+-^  +  —.0 

into  a  function  of  r,  d,  and  ^,  having  given 

«  a.  r  cos  d,  y  s  r  sin  d  sin  0,  jsr »  r  sin  d  cos  0. 

A  slight  artifice  will  enable  us  to  do  this  with  considerable 
&cility.     Assume  p  »  r  sin  (9,  so  that 

y  e  p  sin  0,  z  ^  p  cos  0, 

p  b:  r  sin  09    <v  «  r  cos  0. 
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Taking  first  the   two   variables  y   and  «,  we  find   as  in 
the  preceding  exampl<e 

dy^      dss^  ""  dp^       p^  d(f>^      p  dp  ' 

In    exactly  the    same   way,    the  equations    of   condition 
being  similar,  we  find 

c?r     ^     d*r      J^dH^      IdV 
d/'^'d^"d?^?d^'^rdi^' 

Also,  as  in  the  first  part  of  the  last   example, 

1  dV      IdV      cot9dV 
p  dp      r  dr         r^     dO  ' 

Adding  these  three  expressions, 

a^r    ^v    d'v 


+    ^-TT     + 


dy^      dx^       da? 
d^V      2^       l^d^V      2dV      cot0dV 

By  substituting  for  p  its  value,  and  making  some  obvious 
reductions,  this  becomes 

c?(rF)         1     c?F  d        I  .  n^     dV    \ 

dr^  mrO  d(p^      d .  cos  0  V  d .  cos  Q) 

This  important  equation  is  the  basis  of  the  Mathematical 
Theories  of  Attraction  and  Electricity.  The  artifice  here 
used  is  given  by  Mr  A.  Smith  in  the  Cambridge  Mathe- 
matical  Journal^  Vol.  i.  p.  122. 

(7)     Transform  the  double  integral 

into  one  where  u  and  v  are  the  independent  variables,  w^  y^u^ 
V  being  connected  by  the  equations 

.r  +  y  =  w,     y  =  uv. 
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Here  ay  aa?  «  (  -— ;-  -— )  aw  dv. 

\du  dv      dv  dul 

dw  dy  dx 

Now    -T-  =  l,     3-=«»     ---0. 
du  dv  dv 

Therefore  dyd/v^udu  dv^ 

and  ffof'^'^j^'^dydx  =  ffu'^^''-'  (l  -  «)"-'r"-»di*d«. 

This  transformation  is  given  by  Jacobi  in  Crelle^^s  Journal^ 
Vol.  XI.  p.  307 :  it  is  of  great  use  in  the  investigation  of  the 
values  of  definite  integrals. 

(8)  Transform  the  double  integral 

into  one  where  r  and  0  are  the  independent  variables,  having 
given 

a?  =  r  cos  0,     y  =  r  sin  0, 
j^e'^^y^dwdy  -  -  ff€''rdrd0. 

(9)  Having  given 

«  K  r  cos  d,     y  =  r  sin  d  sin  <f)j     %  ^  r  sin0  cos  0, 
transform  the  triple  integral 

fffVdwdydx 

into  a  function  of  r,  0,  and  0. 

Using  the  same  artifice  as  in  Ex.  6  we  find 
fffV  dw  dy  d»  «  fffV^  dr  sin  0d0d(j>. 

This  is  a  very  important  transformation,  being  that  from 
rectangular  to  polar  co-ordinates  in  space.  If  we  suppose 
Ksa  1,  fffdwdydz  is  the  expression  for  the  volume  of  any 
solid  referred  to  rectangular  co-ordinates:  and  it  becomes 
fffv^dr  mi0d0d(f>  when  referred  to  polar  co-ordinates. 
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(lO)     Having  given  8  a  function  of  at  and  j^  determined 
by  the  equation 

^      y»      «»  _ 

it  is  required  to  transform 

into  a  function  of  0  and  d>  when 

-•  •    ,  ,  ^  * 

w^a  sin 9  cos ^,     y  » 6  sin d  sin <p^ 
and  consequently    i^r  s  c  cos  9. 
In  this  case 

-72  =s  o  cos  0  cos  0,     -—  =  -  a  sm  0  sin  0, 
oa  o©  ' 

dy  .  d  V 

--^  =  5  cos  0  sin  0,     — -  =  6  sin  0  cos  0, 

otF  '^       a0 

^--csine,  -«0. 

Hence 

dot   dy      dw  dy        ,    .    ^ 

d«  dy      d«  dy  ' 

de'd0-d0de"-*''^"°^>'^''^' 

d«   dd7      dz  dw  ,  .    _^g   .    ^ 

d^-d^-d^de"""^""^^'"*^- 

Substituting  these  values  in  the  general  expressions  for 

d%     dx 

— ,  — ,  and  da  dy^  we  find 

-  ffde  d0  sin  0  {  o»6»  (cos  0)*  +  (c  sin  6)*  (a"  sin'^  +  V  cos»0) }  i. 

Ivory,  Phil.  Trans.  I8O9. 


CHAPTER  IV. 


ELIMINATION    OF   00N8TANT8    AND  FUNCmONB    BY   MEANS    OF 

DIFFBBBNTIATION. 


Ex.  (1)         y*  -  aa?  +  5 (1). 

To  eliminate  6,  differentiate,  when  we  have 

«^S-« ('>• 

To  eliminate  a,  substitute  its  value  given  by  (2)  in  (l) ; 

then  y*  =  2wy  — ^  +  6. 

da 


To  eliminate  both  a  and  6,  differentiate  (8)  again ;  then 


(i)     Eliminate  a  from  the  equation 

dy  XVI 

—  —  my  »■  (n  —  md?)  o^""  *. 

(3)  Eliminate  a  from  the  equation 

m 
y  IB  a^  +  —  ; 
a 

the  result  is  d^(-r^)-y-7^  +  ih«0. 

(4)  Eliminate  a  and  6  from  the  equation 

y  -  adT*  -  6a;«0; 

the  result  is  t4  -  -  3^  +  -^  -  0. 

dor        W  dW         JBr 
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(5)  Eliminate  the  constants  m  and  a  from 

y  »  m  cos  (rof  +  a). 

iJPy 

Differentiating  twice,      -p-r  =  -  r^m  cos  (rjff  +  a). 

aar 

Multiplying  the  former  by  r*  and  adding, 

(6)  Eliminate  m  and  a  from  the  equation 

1         1   .  ^y       i^yV      dy 

the  result  is  wy  —-  +  ^13—)    -  y  3—  =  0. 

a/ir         \dwl  dx 

(7)  Eliminate  c  from  the  equation    a  —  y  ^ee  ' 
Taking  the  logarithmic  differential  and  eliminating, 

dy 
'^  -  2y  +  y  --  =  0. 
dx 

(8)  Eliminate  a  and  j3  from  the  equation 

(^  -  a)' +  (y  - /8)»  ^  r». 

Differentiating,         (^  -  a)  +  (y  -  /3)  -7^  =  0. 

a  J7 


^y\^   /     /jx<^y 


Differentiating  again,  i+(t^)  +(y-/3) 


-0, 


\di»/  Vdip/ 


whence       y  —  ^  =  -  ,       ar  —  « = 


^y 


^  ^         dw' 

da^  dw^ 

Substituting  these  values  of  y  -  /3  and  <r  -  a^  we  have 


=  r«, 


in  which  a  and  /3  no  longer  appear. 
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This  is  the  expression  for  the  square  of  the  radius  of 
curvature  of  any  curve. 

(9)  Eliminate  m  from  the  equation 

(a  +  m/3)  (.r*  -  my*)  «  my* ; 
the  result  is 

(10)  Eliminate  a,  6,  c  from  the  equation 

«  =  aa?  +  5y  -H  c, 
y  being  a  function  of  a?. 

DiflFerentiating  two  and  three  times  with  respect  to  ar, 

(C%         cPy  ^%        iPy 

Eliminating  h,  we  have 

(Px  d^y      d^z  d?y 
dj?  do^      dof  do? 

This  is  the  condition  that  a  curve  in  three  dimensions 
should  be  a  plane  curve. 

(11)  Eliminate  the  exponentials  from 

6+6 

Multiply  numerator  and  denominator  by  c^,  then 


.s« 


e"+  1 

€       —  1 

whence  €**  = ,     and  2  a?  =  loir^- . 

dy 
and  differentiating,  —  «  1  -  ^. 


i 
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(12)     Eliminate  the  power  from  the  equation 

Taking  the  logarithmic  differential  we  have 

dy         m      wy 


dw         n  c?  -^  a^* 
(is)     Eliminate  the  functions  from 

y  =  sin  (log  a?)  ; 

^y       dy 

the  result  is  a^  --—  +  a?  — ^  +  y  «  0. 

dor         dw 

(14)  Eliminate  the  exponential   and   circular  functions 
from 

y  ss  ae*"*  sin  nw. 

Taking  the  logarithmic  differential 

\  dy 

-  — —  =s  97»  +  n  cot  nof. 

y  dof 

Differentiating  again  and  eliminating  cotn/p  by  the  last 
equation,  we  have 

^y  dy     r  o        ov 

(15)  Eliminate  the  arbitrary  function  from  the  equation 

ss^  ivy<p  (y). 

Differentiating  with  respect  to  w  only, 

d  %  dx 

-~  s  y(h  (y)  ;         and  therefore   a? «  =  0. 

dw         ^  dw 

(16)  Eliminate  the  function  ip  from  the  equation 

y  ^  n%  ^  <f>{w  —  mz). 

Differentiating  with  respect  to  w  only, 

d%       ,.  ^  /  d«\  ,    . 

-  n -;- «  0  («  -  fnar)    1  -  m-p-   . 
dw     ^  ^  ^  \  dw) 
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Differentiating  with  respect  to  y  only, 

dx  ,-  ^dx 

l-n-T-a-moCj?-  mx)  -r-  * 
dy  ^  ^ dy 

,  dx         dx 

whence  m  -7-  +  n  -;—  «  1. 

dof         dy 

This  is  the  differential  equation  to  cylindrical  surfaces. 

(17)  If         ^' i>[ —  , 

X  -  c      ^  \x  —  cj 

by  the  elimination  of  the  function  we  find 

dx  dx 

This  is  the  differential  equation  to  conical  surfaces. 
(18)     Eliminate  <p  and  yj/  from  the  equation 

Differentiating  with  respect  to  Xj 

o)2-i.».-.«(?)-,.-vg)-^V'(!).. 

Differentiating  with  respect  to  y, 

Multiply  (1)  by  Wj  (2)  by  y  and  add, 

dx        dx 
then  a?  -—  +  y  ~—  «  nx. 

dx        dy 

This  is  the  differential  equation  to  all  homogeneous  func- 
tions of  n  dimensions.  It  is  to  be  observed  that  the  two 
arbitrary  functions  are  really  equivalent  to  one  only,  for  the 
original  equation  may  be  put  under  the  form 

'-■{*(9a-)"*(9}-/(!)- 
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This  is  the  reason  why  both  fuoctious  disappear  after  one 
differentiation.  If  we  proceeded  to  a  second  differentiation  we 
should  find 

for  the  third  differentiation 
_cP«         ^      d^x  _    cf«         .^x 

and  so  on  to  any  order.      See  p.  27. 

(19)  Eliminate  the  functions  from  the  equation 

«  =  0  (a?  +  at)  +  \//  (a?  -  o^), 
no  and  t  being  variable, 

—-  =  ^''  (as  -f-  at)  +  y^'  {w  -  o^), 

^  X 
at 

d?x  dfx 

Therefore  -—  -  €?  — -r  =  0. 

d  r  dor 

This  is  the  equation  of  motion  for  vibrating  chords. 

(20)  Let     x^<t>itZ^y, 

dx  dx 

the  result  is  ^xy  -r—  +  (^  +  ^)  -7—  =  0. 

dw  dy 

(21)  Eliminate  0  and  y\f  from  the  equation 

x^  a(^(x)  -^y^ix), 

dx 
or  —  {1  -  a(f}{x)  -  y>/^' («)}  =  (l>(x). 
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Similarly, 

^{l-^0'(«)-y>/.'(^)}->/.(«r). 

Dividing  the  one  by  the  other, 

dz 

da      d)  (%) 

dy 
Differentiating  with  respect  to  07, 

cP«  d%      dx    drss         -,  .  v  dx  (dx\t 


ax    arx  ,        dx  ldx\t 

da  dwdy  da  \dy) 


da    dy' 
Differentiating  with  respect  to  y, 

cP«     dx      dx  d^x      ^/ ,  .  f^^\ 


-MB- 


dady  dy      da  d^  \dy 

dx     dx 
Multiplying  by    - — ,    — ,  and  subtracting, 

if 

/dx\*^x         dx  dx     c^x         /dx\^d^x 


\daj 


\dyl   da^         da  dy  dady       \daj    dy* 

This  is  the  general  equation  to  surfaces  generated  by  the 
motion  of  a  line  which  constantly  rests  on  two  given  lines 
while  it  remains  parallel  to  a  fixed  plane. 

(22)     Eliminate  the  arbitrary  functions  from 

X  =  <p{ay  +  bay .  \^(oy  —  ba). 

Taking  the  logarithm  we  have 

log  X  =  log  (p  (ay  +  ba)  +  log  \f/  (ay  -  ba)^ 

and  as  the  functions  are  arbitrary  their  logarithms  are  also 
arbitrary  functions,  and  we  may  replace  them  by  the  general 
characteristics  F  and  /.  Therefore,  differentiating  with  respect 
to  a  and  y  successively, 

i  ^  =  6r  (ay  +  6.r)  -  6/' (ay  -  6^), 
X  aa 
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-  -—  =  o  /^  (ay  +  bw)  +  af  (ay-  bof). 
X  ay 

Differentiating  again. 

Multiplying  by  a*,  6*  and  subtracting,  we  obtain  as  the 
result  of  the  elimination  of  the  functions 


)  J      w    »\dyn 


[da^      %  \dw^ 

(23)     Eliminate  the  arbitrary  functions  from 

(1)  xf(a)  +  y  0  (o)  +  iJf  \//  (a)  =  1, 

where  a  is  a  function  of  /p,  y,  and  x  given  by  the  equation 

(2)  ^/'(a)  +  y<l>'(a)  +  ;5f  x/.'  (a)  =  0; 

/'j  0'^  ^'  being  the  differential  coefficients  of  /,  0,  yf/. 

Differentiating  (l)  with  respect  to  a?, 

W(«)  +  y^'(«)+«^'(«)}^+/(«)  +  >^(a)^  =  0; 

which  by  the  condition  (2)  is  reduced  to 

fia)  +  ^|,(a)^'0. 

In  the  same  way,   differentiating  with  respect  to  y,  we 
have 

0(a) +  x/.  (a)  ^  =  0. 

Since  from   these  two  equations  it  appears  that  —  and 

dz 

—  are  both  functions  of  a,   the  one  may  be  supposed   to 

be  a  function  of  the  other,  and  we  may  write 
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dx  (^^\ 

dw  \dy) 

Eliminating   the    function   F  from   this    equation   there 
results 

This  is  the  differential  equation  to  developable  surfaces. 

(24)     If  u  -/(»,y)  «  F  (r,«),     and 

r  =  0  (aof  +  cz)  «=  yff  (aw  -  6y), 

1  du      idu      Idu 

then         -3-  +T";"  +  ^^F-"0* 
a  a<v      6  aj^      cdx 

du      du  dr      du  dz 
dw      dr' dw      dz*  dw^ 

du      du   dr      du    dz 
dy      dr    dy      dz    dy 

-—  EB  I  a  +  c  -— I  0'  {aw  +  cz)  =  o^'  (oj?  -  6y), 
dw       \  dwj 

— -  s  cd!  (aw  +  c«),        --  ■  -  6  >!/'  (aj?  -  6y) ; 
dz       '  dy 

\  dr      i  dr 

therefore,  — ;-  +  7  T"  ■  ^» 

,       a  ad7      6  dy 

1  df^       1  df^      dt^  /I  dz      1  d;sr\ 
a  do^      6  dj^      dz\adw      bdyl' 

Also   [o  +  c  —  j  (j)  {aw  +  c»)  a  a  \//'  {aw  -  6y), 

d)ir 
c  -j—d)  {aw  +  c«)  =  -  b\l/*  (aw  -  6y), 

dy  ^ 

Idz      Idz  1 

whence    --T-  +  7-r-= 5 

a a^      6 ay  c 

_    ,       .         1  dt«      1  dt£      1  du 

and  therefore    --r-  +  7-r"  +  -";~'=^- 

a  a<v      bdy      c  dz 

4 — 2 


I  ^ 


CHAPTER  V. 


APPLICATION     OP    THB    DIPFBRBNTIAL     CALCULUS    TO    THE    DEVELOP- 

Umr    OF    FUNCTIONS. 


Sec,  1.      Taylor's  Theorem, 

This  theorem,  the  most  important  in  the  Differential  Cal- 
culus, and  the  foundation  of  the  other  theorems  for  the 
development  of  Functions,  was  first  given  by  Brook  Taylor 
in  his  Methodua  Incrementorum^  p.  23.  He  introduces  it 
merely  as  a  corollary  to  the  corresponding  theorem  in  Finite 
Differences,  and  makes  no  application  of  it,  or  remark  on 
its  importance.  The  following  is  the  statement  of  the 
theorem : 

If  u  =/(«^)  and  w  receive  an  increment  h^  then 

du  ^      d^u  fj?        dJ^u      h^ 
•^  ^  ^  dof         da^  1.9,      da^l.2.3 

If  we  avail  ourselves  of  the  method  of  the  separation 
of  the  symbols  of  operation  from  those  of  quantity,  this 
theorem  may  be  expressed  in  a  very  convenient  form,  which 
is  useful  in  various  parts  of  the  Integral  Calculus:  viz. 

/(.^^)Hl^A-^__^,^-^^_^&c.}/(^) 

It  is  frequently  convenient  to  use  Lagrange^s  notation, 
and  to  represent  the  successive  differential  coefficients  of 
/(a?)  by  accents  affixed  to  the  characteristic  of  the  function. 
In  this  way  Taylor''s  Theorem  is  written 

f(a>  +  A)  =f(a>)  +/(^)  A  +/"(.r)  ^  +  f"(w)  ^-^  +  &c. 
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m 

If  we  stop  at  any  term,  as  the  n***,  which  is  /^""*  {off) 

-,  the  error  committed  by  neglecting   the  re- 

maining  terms  lies  between  the  greatest  and  least  values  which 

Jr*'  (a?  +  0h) can  receive ;    where  0  is   less  than  1. 

This  is  Lagrange's  Theorem  of  the  limits  of  Taylor's 
Theorem.  See  Lagrange,  Calcul  des  FoncHons^  p.  88.  Also 
De  Morgan's  Differential  Calculus,  p.  70. 

Ex.  (1)     Let  /(a?)  =  (a  +  wy.     Then 
(a  +  a?  +  A)»  =  (a  + .»)"+  n(a+cr)* "  '^  +  — ^^ (a+wY'^h^  +  &c 

(2)      Let  f(w)  =  a*.      Then  as  -—  o*  =  (log  «)•  a'\ 

acu 

a'*'^a'  {1  +  Gogo)  A+(loga)»  iL  +  (logo)'  -^  +  ...}. 

1  •  %  1  .  2  •  a 


If  we   stop   at   the  n     term  the    error  lies  between   the 

A" 
greatest  and  least   values   of  a^*"*"^*^  (log  a)* .     The 

least  value  is  found  by  making  d  -  o,  and   the  greatest  by 
making  0  s  1,  and  therefore  the  error  lies  between 

A"  A* 

«*■*■*  Gog  «)* »     *^^d  «'  (log  a)" 


1 .2,..»  ^    °        1  . 2...n 

(S)     Let  f(x)  =  log^.     Then  since  by  Chap.  II.  Sec,  1 
Ex,  11, 

—  (log^)  «=  (-y     -7z\ > 

^  »  i  *'      1  A^ 

and  the  error  of  stopping  at  the  w*^  term  lies  between 


log(a?  +  A)  =  loga?+  ---  — +  -  ::j-&Co 


A"         ,  A" 

±  — -    and  ± 


na?"  »  (a*  +  A)" 
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(4)     Let  f{w)  = .     Then  since  by  Chap.  II.  Sec.  1 

1  —  /» 


Ex.  12,    . 


d^    1  +  j;         r(r  -l)...S,2 


dor  I'-w  (1  -  0?)'+' 


l+a?  +  Al+^r         fA  A*  A^  „]. 

1  «  ^  «  A      1  -  0^        1(1  -  a^)«  ^  (1  -  a?)'»      (1  -^  0?)*  ^       J 

(5)  Let  /(ar)  =  €*'  cos  nw.       Then   as   by   Chap.    II. 
Sec.  1.  Ex.  10, 

d"  - 

-—  (€*'  cos  w^)  =  (a'+  w*)*  €*'  cos  (nao  +  r0), 

I  where  ^  =»  tan"'  —  j , 

e*'(*  +  *>cos»  (j7  H-  A)  =  €*"*  |cos  »^r  +  (a*  +  «*)icos(n^  +  0)  •  A 

A*  A' 

+  (a*+w*)cos(wd?+20)  —  +(a*+«*)'cos(»a?+30) +&c.} 

1.2  1.2.3 

If   a  =  cos  0,    9^  =  sin  0, 
6<*  +  *>«'««co8{(a?+A)sin0}  =  6'*^~^|cos(a?sin0)+Aco8(^sina+0) 

A*  A^ 

+ cos  (a?  sin  0  +  2  0)  H- cos  (ar sin  Q  +  30)  +  &c.t . 

1.2        ^  ^      1.2.S        ^  ^  * 

(6)  If /(/I?)  ;^  tan~*d?,  and  we  put 

■■    _^  =  sm y,  or  tan  >  =  -•  - y, 

1  +  jr  2 

we  have,  by  Chap.  11.  Sec.  I.  Ex.  24, 

f  —  I   tan-*  07  =  (-y-» .  (r  -  1)  (r  -  2).. .2  . 1  sinry  .  (siny)% 

therefore 

tan"^  (a?  +  A)  =;  taQ"*^^  +  siny  siny  —  sin  2y  (siny)^  — 

A'       .  .A* 

-I-  sin  3 y  (sin  y)' sin  4y  (sin  y)*  —  -f  &c. 

3  4 
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From  this   development   Euler*   has   deduced  many  re- 
markable theorems,  some  of  which  are  subjoined. 

In  the  preceding  example  let  ^  =  -  w^  then 

tan"*  (a7  +  A)  » tan"*  0  =  0; 
therefore  tan"'  a?  =  sin  y  .  sin  y  .  a?  +  (sin  y)*  sin  2  y  — 

+  (sin  yy  sin  Sy  —  +  (sin  y)*  sin  4  y  —  +  &c. 

3  4 

-..T                1         ^  1  cosy 

Mow  tan"*a?= y,    and  a  =  coty 


•  9 


2  sin  y 

therefore 

-  s  y  +  sin  y  COS  y  -I-  ^  sin  2y  (cos  yf  +  ^  sin  Sy  (cosy)*+&c. 

Again,   let   A  =  -  ( a?  +  - )  =  — : ;    then 

\        w)  sm  y  cos  y 

tan"*(a?  +  A)  =  tan"M )•-  tan"*-  « +tan"'j?; 

therefore 

TT     siny     .    sin2y  sin  3y       .   sin4y 

T  ^ +  2  7 ^  +  "k  7 Tq  +  i  } ^  +  ^^' 

2      cosy     *  (cos  yy      ^  (cos  yy     *  (cosy)* 

Again,  let  A  =  -  (l  +  w^)i  «  — r-r— ;    then 

sm*  y 

tan-*{a?-(l+a?')4=tan"^[^^^^^^^^«-tan-*[^^ 
therefore,  as  tan"*  ^  -  —  -  y> 

2 

-  «  -  +  sin  y  +  ^  sin  2y  +  ^  sin  Sy  +  &c. 
2       2 

If  we  differentiate  this  series  we  find 

0  s-  ^  4.  cos  y  +  cos  2y  +  cos  Sy  +  &c. 

In  these  formulae  y  lies  between  0  and  ^tt. 

•  Cale.  Diff,  p.  380. 
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(7)      Let  «*«  cot"* J?,  then  cot"*(«  +  A)  is  easily  found 
from  the  expression  for  tan~*  {ao  +  h).     For  since 


TT 


du 


cot'^j?  = tan"'  Xy    -r-  = o » 

and  we  have  merely  to  substitute  cot"*  a?  for  tan"*  a?  and 
to  change  the  signs  of  the  terms  beginning  with  the  second : 
and  as  in  this  case  y  ^Uy  we  find 

cot"'  (o7  +  A)  =  w  —  sin  «^  sin  t^  -  H-  (sin  uy  sin  2 1« &c. 


Sec.  2.     Maclaurin's  or  Stirling's  Theorem. 

This  Theorem,  which  is  usually  called  Maclaurin^s,  but 
which  ought  to  bear  the  name  of  Stirling,  was  first  given 
by  James  Stirling  in  his  Linece  Tertii  Ordinis  NewtoniaruBy 
p.  32.  Maclaurin  introduced  it  into  his  Treatise  of  FluMonSy 
p.  610,  and  his  name  has  generally  been  given  to  the  theo- 
rem from  an  erroneous  idea  that  his  work  was  the  first  in 
which  it  appeared. 

The  following  is  the  enunciation  of  the  Theorem : 

If  f{ai)  be  a  function  of  a?,  and  if  we  represent  the 
values  which  it  and  its  successive  differential  coefficients 
acquire  when  w^O,  by  /(O),  /'(O),  f'{p),  /'"<0),  &c ; 
then 

/W=/(o)+/'(o)y+/"(o)^+/"'(o)^-^  +  &c. 

This  Theorem  is  evidently  a  particular  case  of  that  of 
Taylor. 

Ex.  (1)     Let  «  ~f{ai)  =  (l  +  w)i  ;    /(O)  =  l, 
du_     1        1  ,  1 

diB«  2'  (l+ar)»'      ^     ^  '  2'' 
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&c.  &c. 

Therefore, 

,  1  I     a^        S       d/^  3.5        w^ 

^^  2  2M.2       2»  1.2.3         2*     1. 2,3. 4, 

(2)      Let  w  =  (1  +  20?  +  3ar2)-J. 

Then  by  the  formula  (B),  Chap.  II.  Sec.  1, 

— -=(-y  1.2.. .r(l  +  8a?y  (1+20?  + So?')"'""'*  >^ 
a  or 

lr(r-l)        2  1.3r(r-l),..(r-3)     _4 ^^ 

^       2      1.2     (1  +  307)*      2*  1.2.3.4         *(l  +  3o?)*""       ** 

Whence  we  find 

/(0)-l,    /'(O)--l,     r(0)-1.2(l-l)-0, 
y""(0)  =-1.2. 3  (1-3)  =  1-2. 3.  2, 

7  3 

/"'(0)  =  -  1.2.3.4.-,     /"(O)*  1.2.3.4.5.-. 

Therefore, 

7  3 

(l+2o?  +  3o?*)"*a"  1  -o?  +  2o?* 0^  +  -Of*-&C. 

2  2 

(3)  Let  u  a  cos  Wf 

d'u  (  7r\ 

then  as  -; —  =  cos    o?  +  r  -  , 
da'  V  2/' 

t^  ssCOS  iT  =  1 + —  &C. 

1 .2       1 .2.3.4 

(4)  Let  M  =  sin""^  0?. 
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Then  by  Chap.  II.  Sec.  l.  Ex.  23, 

d'u      1.2...(r- l)a?'^"*  ,        1  (r  -  1)  (r  -  2)   1 
d^  ^        (1  -«»y-i         ^^  "^2  TTi  ^ 

1.8  (r-l)(r-2)(r~3)(r-4)   1       .     . 

H —  +  &c.  > 

2.4  1.2.8.4  0^  ' 

Therefore, 

/(o)  =  o,       /'(0)  =  1, 

/"(0)  =  0,      /"'(0)  =  1.1.2, 

2 

/'^zrO,       /"(O)-!!^.  1.2. 3. 4, 

/"'(O)"©,     /''"(0)  =  ^44-^'2-3.4-5.6. 

2.4.0 

Whence 

.     .  1  a^      1  .3  af^      1.3.5  a'' 

sin"*  w  =  X  + + + —  +  &c. 

23       2.4  5        2.4.67 

It  was  by  means  of  this  series  that  Newton  calculated  the 
value  of  TT.     Commercium  Epistolicum^  p.  85,  2nd  Edit. 

(5)  Let  u  =  tan"^  (w). 

By  means  of  Chap.  II.  Sec.  1.  Ex.  24,  we  find 

a^      aP      aP 

tan"'a?  =  <» 1- h  &c. 

3        5        7 

This  is  Gregorie^s  series.      See  Commercium  Epistolicum^ 
p.  98,  2nd  Edit. 

(6)  Let  w  =  sec  IT ; 

then  /(O)  =  1,         /'  (0)  =  0,         /"  (0)  =  1, 
/"'(0)  =  0,        /"'(0)  =  5,         r(0)  =  0,         r'(0).6l. 

Therefore, 

ar"  5  .v'  61  a?« 

sectr  =  1  + -f 1-       ^  +  &c. 

1.2       1.2.3.4       1  .2  .3.4.5.6 

James  Gregorie,  lb.  p.  99' 
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(7)  Let  u  >  tan  a ; 

then  /(O)  -  0,     /'  (0)  -  1,       /"  (0)  -  0,      f"  (0)  -  e, 

r(o)-o,  r(o)=i6,  /''(o)-o,  /-(o)-?^. 

Therefore,  tana  ^w  ^ + + +  &c. 

1.3       3.5      3.5.7.9 

James  Gregorie,  lb. 

(8)  Let  «  =s  6*'co8n^r.     Then 

e^'cosnw  «!+(«'  +  n*)i  co80-  +  (a*  +  n*)  co820 

I  1.2 

a^  at* 

+  (a*  +  n*)t  cos  3d> +  (a*  +  «*)•  cos  40 +  &c. 

1.2.3  1.2.3*4 

If  a  «  cos  0,     nssind,     0=0,     a*  +  n*«l, 

c'**'^CO8(a?8in0)-  l+a?COS0+ CO820-I-  COS30-I-&C. 

^  1.2  1.2.3 

If  a  a  n  «  1,    o*  +  «*  =  2,    d)  "  - , 

4 

^1  IT  IT  1  W 

"^I^ii'    ^"^4"^'    ^^^I'^S'    cos4-  =  -l, 
"^^^I^'ii*   ^6^-0,   cos7^-^,   cosS^-l,  &c.; 
therefore, 


€^C08^«B   1  +— -  2. 


1  1.2.3       1.2.3.4       1.2.3.4.5 

2»a?'  2*a^ 


+  &c. 


1.2.3.4.5  .6.7       1.2.  ...7.8 
If  o=i,    w--,    o*  +  «*  =  l,    0  =  7; 

€*  COS =  1  +  * h •"  i 

2  *1       ^1.2       1.2.3      *1  .2.3.^ 

~~7 


+  i + ^  +  4 +&C. 

*1.2..5       1.2. ..6       *1.2... 
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(9)     Let     «  =  (1  +  e")", 
/(O)  =  2%  /'  (0)  «  n^'-\   f"  (0)  =  «2"-'  («  +  1), 

/'"(O)  »  «»2"-»(«+S),  /'"(O)  =«2»-«(«»+6n*  +  3n-2); 

« 

therefore, 

w  a?      w  (w  +  1)   0?^        «*  (n  +  8)      or'* 


^  ^  ^21  2*        1.2 


2'  1.2.S 


^  +  &c. 


2*  1.2.3. 4  j 

If  «  =  ^,  then 


(1  +  01=2^1  +  --  +  -^ +  -- 

^  ^  *         2*1       2M  .  2       2«  1  . 2 . 3 


9  a^  . 

+  — 8 —  +  &C 

2*  1  .  2  .  3  .  4 


•} 


Maclaurin^s  Theorem  may  also  be  applied  to  the  de- 
velopment of  implicit  functions,  the  differentiations  being 
effected  hj  the  methods  required  in  such  cases. 

(10)      Let  u^  ^  ua;  -  I  ==  0. 

Expand  u  in  terms  of  w. 

When   jf  =  0,    w*'*  =  1 ;    therefore  /(O)  s=  i  i. 

Differentiating  the  implicit  function  we  have 

•  » 

du         du 

^u- Off u  =  0; 

dw         dx 

when  a?  =  0,    t^  =  ±  1,   therefore  /'  (O)  =  ^. 
differentiating  again, 

■  du       ^du      ,  \  cPu      du 

when  <!•  =  0,    —  =  1^,    i^  =  =t  1 ;  therefore  /"  (o)  =  ±  ^. 
Differentiating  again, 

3(2—-  1);t-2+  (2?^-'i?)-T-7=  0; 
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du  ,,, 

when    ar  =x  0,     2 1  «  0,    therefore  /     (0)  =  0. 

In  the  same  way  we  should  find, 

therefore, 

-d?       1    ^        I'.S       a?*  1*3*. 5         ar* 

t^sdLl+-^-  ^ sf  — ^  — +&C. 

*1       i*1.2  2*     1.2.3.4  2*       1.2.3.4.5 

Since  the  given  function  is  a  quadratic  in  u  it  involves  • 
really   two  different  functions  of  «v,    which  in   the    develop- 
ment are  given  by  means  of  the  double  sign. 

(11)  Let  «^' -6t^^r -8  =  0, 

When  <r  »  0,  «^'  =  8,  t^  =  (8)i 

The   possible  root  of  this  is  2,  and  if  we  take  it,   we 
find  by  the  same  method  as  in  the  last  example  the  series 

1  aP  of' 

w  =  2  +  ^ + +  &c. 

2  1.2.3       1  .2.3.4 

The  other  series  for  u  would  be  found  by  taking  the  im- 
possible values  of  the  cube  root  of  8. 

(12)  Let  u^  -  cfu  +  acBu  -  ^  =  0. 
When   0?  =  0,  w'  -  o?u  =  0,   which  gives 

w  =  0,    «^  =  ±  a. 

Taking  the  first  of  these  values,  we  find  the  series 

0^      so^      csf" 

te  =----.---  &c. 

or      c?      a> 

Taking  the  positive  value  of  a, 

u^a -—  +  -—— ,   &c. 

2       8  a      l6o* 

Taking  the  negative  value  of  a, 

«=:-a4-~  +  --  +  -— ,  &c. 
2      Sa      %ar 
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(13)  If  sin  ^  a  ^  sin  {a  +  jf), 
expand  y  in  terms*  of  w. 

When  a?  =  0,  sin  y  ss  0 ;    therefore  y  «  rir,  r  being  0,  or 
any  positive  integer. 

Differentiating,  cos  y  -=-  =  sin  (a  +  y)  +  4^  cos  (a  +  y)  — ^ ; 

putting  ^  «  0,       y  =s  rTT,       we  have 

^,,  .       sin(o  +  r7r) 

/'(O)  = ^^ =  un  o. 

cosr^r 

Differentiating  again, 

cPy       .       (dy\^  ,         ^dy 

/dy\^  <Py 

-a?sin(a  +  y)  1^— J    +  a?cos  (a  +  y)  — . 

^//  X  V          .       COS  (a  +  rir)         ,  .    ^ 

f"(0)  B  S  sm  a ^^ =  2  sin  a  cos  a  "*  sm  2a. 

cos  TTT 

In  a  similar  manner  we  should  find 

/'"(O)  =  2  sin  a  {3  -  4  (sin  a)'}, 
and  so  on ;  therefore,  substituting  in  Maclaurin's  Theorem, 

ysrTT  +  sina  — +  sm2a  —  +  2 sin  a  i3-4(sinar{— h  &c. 

^  1  1.2  I         V         /  4^2.3 

(14)  If    u*logu^aWy     expand  u  in  terms  of  ^. 

When  c2?  =  0,  one  value  of  «^  is  1 ,  as  log  1=0;  therefore 
taking  /(o)  =  1,  we  find 

/'(0)-a,     /"(0)  =  -(2w-l)aS     /"(O)  =  (Sw  -  l^o^, 

.r(0)  =  -(4w-l)3«S  &c. 

Hence  we  have 

aV     ,  ^,  d^ar^       ,  ^,    aV 

w=l+aa?-(2w--l) +  (3w-l)* (4n-l)^ 4-&c. 

^  ^1.2      ^  ^  1.2.3      "^  ^   1.2.3.4 
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(15)     Let  y  »  1  +  w^  expand  y  in  terms  of  a. 
Here  /(O)  =  1,       /' (0)  =  6,       /"(O)  «  2€*, 

Therefore, 

y  =  1  +  6.jr  +  26* +  9e^ +  646* H-  &c. 

1.2  1.2.3  1.2.3.4 

As  the  calculation  of  the  high  differential  coefficients  of 
implicit  functions  is  necessarily  very  tedious,  this  application 
of  Maclaurin^s  Theorem  is  not  of  much  use;  and  a  better 
means  of  expanding  implicit  functions,  is  to  be  found  in  the 
Theorems  of  Lagrange  and  Laplace,  to  which  we  now  proceed. 

Sec.  3.      Theorems  of  Lagrange  and  Laplace. 
If  y  be  given  in  an  equation  of  the  form 

y  =  sf +  a70(y), 

and  if  w  -/(y)*  /  and  0  being  any  functions  whatever,  then 
u  may  be  expanded  in  ascending  powers  of  x  by  the  theorem 

This  is  Lagrange'*s  Theorem.  See  Equations  Numi- 
riqueSy  Note  XI;  MSmoires  de  Berlin^  1768,  p.  251. 

The  Theorem  of  Laplace  is  an  extensimi  of  the  preceding 
made  by  assuming  the  given  equation  in  y  to  be 

y  =  F{ar  +  a?0(y)|. 
Then  if  u^f(y),   and  if  we  put  fF(z)^f,(%),  and 
J^/^W-//W.    and    0FW  =  0,(^), 

^  «/(»)«/iW  +^W//(^)  Y  +  ^[l0i^}yi'W]^+  &c. 

Mhnoires  de  FAcadSmie  dee  Sciences j  1777,  p.  99. 
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In  these  theorems,  if  we  make  f\y)  =  y,  we  find 


andy-F(*)+0,WF(«)^+^[{0,(«)p/"(«)Jj^  +  &c 

Ex,  (l)     Let  y'-oy  +  6  =  0,  or    y  =  -^-^; 

a      a 

Expand  v  in  ascending  powers  of  -  . 

a 

b 
Here    f(y)  =  y,         0(y)=y',         *  =  "• 

Therefore  fj<p(.)}^^6Q\   ^  {0(.)P«9.8.(^)V  &c 

Whence    y  =     (i  ++  3  -  4. 12  -  +  55  -rr  +  &c.) 

(2)  Let  a  -  y  H-  6y"  =  0,     or  y  =  a  +  6y". 
Expand  y  in  terms  of  6. 

Here  f(y)  =  y,     0  (y)  =  y%     ;??  =  a.      Then 

^  ^  1.2  ^  ^  1.2.3  * 

(3)  Let  6  —  y  +  ca^  =  0,     or  y  =  fe  +  ca^. 
Expand  y  in  terms  of  e. 

Here  /(y)  =  y,        0(y)  =  aJ',       «  =  6.      Then 

y  =  6  +  a\  -  +  2log  aa'*        +  3*  (loga)*a»* +  &c. 

1  1.2  1.2.3 

If    6=1,        or  y  =  1  +  ca^, 

V=l  +  a-+2loffa +  3*  (log  a)'* +  &c. 

^  1  ^1.2  ^    &    >'   1.2.3 

See  Ex.  15  of  the  preceding  Section. 
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(4)  Let  .  y  a  a  +  ^  log  y. 
Expand  y  in  terms  of  x. 

Here  f(x)wB%,  f*(x)^ly  z^a,  <l>(x)^logz.  There- 
fore 

w      2  loff  a  a^       3  W  a  ^       ,  ^ 

y-a  +  log«.-  +  ^-— +  -^(2-loga)^^^ 

(5)  Let  a  ^y  +  b(f/*  +  cy")  »  0, 

or     y  =  a  +  fe(y"+cjf'^): 
expand  y  in  terms  of  6. 

Here    0 («)««*  +  car%       x  ^  a\    therefore 

h  V 

1  .  1  aZ 

+  &c. 

In  the  preceding  examples  it  will  be  seen  that  the  expan- 
sion of  y  in  terms  of  6  is  the  solution  of  an  equation  either 
algebraic  or  transcendental,  and  Lagrange  has  shown  that  the 
series  always  gives  the  least  root  of  the  equation. 

(6)  Let  y'  -  ay  +  6  =  0 : 

expand  y  in  terms  of  -. 

b  ' 

Here   f(z)  =  «",        0(«)  =  «*>        «  =  - . 

Whence 

n(n  +  9)(n  +  10)(n-f  11)   feM  ' 

•  1.2.3.4  o^a*  ^ 
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(7)  Let  1  -  y  +  ay*^  =  0 : 
expand  j^  in  terms  of  a. 

n        w(7H-2r-l)    ^     w(n+3r-l)(n+Sr-2)a' 
^  1  1.2  1.2. S 

n(7i+4r-l)(7H-4r-2)(w  +  4r-S)    .      „ 
+  — ^ ^ LI 1  a*  +  &c. 

1.2.3.4 

(8)  Let  1  -  y  +  aeS'  =  Oi 
expand  y"  in  terms  of  a, 

^  1.2  1.2.3 

Lagrange  has  shown*  that  if  by  his  theorem  we  develop 
the  nf^  negative  power  of  the  root  of  the  equation 

y  =  «  +  a70(y), 

and  if  we  only  retain  the  terms  involving  negative  powers  of  z, 
the  result  gives  us  the  sum  of  the  n^  negative  powers  of  the 
roots ;  while,  as  has  just  been  stated,  the  whole  series  gives  the 
n^^  negative  power  of  the  least  root. 

(9)  If  the  equation  be 

cj^  -  6y  +  a  =  0, 

of  which  the  two  roots  are  a,  /3,  then 

1        1    _  (by  r       nc  a      n{nS)i?    fa\^ 
^■*"i8^"W    ^^"T*fe"^      1.2      P'UJ 

n{n^^){n-  5)  c^  (a 


H^-^'""^' 


1.2.3  V 

the  series  only  continuing  so  long  as  there  are  positive  powers 

of  ~ ,  that  is,  negative  powers  of  -  or  %. 
a  0 


Equations  Numtriques^  p.  235. 
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(10)     Let  a  -  fey  +  cy"  =  0. 

Then  if  we  represent  the  sum  of  the  inverse  n***  powers  of 
the  roots  by  2  (a""),  we  have 

n  (n  -  Sr  +  1)  («  -  Sr  +  2)  /oN  *""*  c* 


1.2.3 


the  series  being  continued  only  so  long  as  it  involves  positive 

powers  of  -. 
a 

If  in  these   equations  we  substitute  -  for  y,  and  then 

find  the  sum  of  the  inverse  n^  powers  of  the  roots  of  the 
transformed  equation,  we  obtain  a  series  for  the  direct  n^ 
powers  of  the  roots  of  the  original  equation. 

(11)  If  we  thus  transform  the  equation   in  Ex.  10  it 
becomes 

c  -  fey  +  ay*  =  0; 
and  if  a,  /3  be  the  same  quantities  as  before, 

continued  so  long  as  there  are  positive  powers  of  -. 

(12)  Let  u  ^  m  +  eeinu. 

Expand     u  and  sinz^   in  terms  of  e. 
The  expression  for  u  is 

fissm  +  sinm.-  +  sin^m +  -(3sin  Sm-smm) 


1  1.2      4^  ^  1.2.3 


e' 


+  (8  sin  4m  -  4  sin  2fn) +  &c. 

^  ^1.2.3.4 


6 — 2 


68  DBVBSiOPMENT  OF   FUNGTIONfll. 


The  expression  for  sin  t^  is 

sin  2m  e      3  sin  3 m  —  sin  m   e' 


sm  ti  s  sm  m  + + 


1                     4               1.2 
+  (2  sin  4i»  —  sin  2m) h  &c. 

(13)  We  might  employ  Lagrange^s  Theorem  to  express 
h  in  terms  of  u  from  the  equation 

«^  H-  -r-  A  +  T-x +  -J-^  +  &C.  a  0 ; 

dw         dor  1  .2      dar  1.2.3 

but  the  following  method  is  more  convenient,  as  it  gives  at 
once  the  law  of  the  series.  It  is  easily  seen  that  the  series 
is  the  development  of  some  function  of  w  -¥  h,  which  when 
A  B  0  becomes  u. 

Let  u  ^fip),  then  f{w  +  A)  =  0.  But  since  u  ^f{ai)y 
w  ^f^^  (u)f  and  if  we  call  k  the  increment  of  u  due  to 
the  increment  A  of  Wy 

or,  expanding  by  Taylor's  Theorem, 

dx ,       d?w   k^       d^wJi? 

^  +  A  =  a?+---A?  +  — --  — -  +  ---z +  &c. 

du         d%jir  1  . 2      dvr  1.2.3 

But  from  the  given  equation  we  have 

u-\-  k^O^    or    k^  ^Uy    and  therefore 

dcB         d^w    u^       ^m       u^ 
du  du^  1  .2       du^   1.2.3 


dw  (f  Of        dv 

If  we   put   —-=--»,    then    ----  =  t>  -^ , 
'^        du  dw        dw 

dPw  d   (   dv\  f     dy 

-—s  «-<?—- lo-— )=-|t>---)    V,  and  so  on. 

du  dw  \  dwj  \   dw] 

d         u^        I     d\%  u^ 

Hence,     A  «  w  +  t>  --  t> . +  \^-t-'\  ^  • +  &c. 

dw       1.2       V   dw]        1,2.3 

This    is  the   form    of    the  expression  which    is    given   by 
Paoli,  Element  SAlgebra^  Vol.  ii.  p.  40. 
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'  (14)     As  an  example  of  Laplace^s  Theorem,  let  us  take 

y«=log(«  +  a?siny), 
and  expand  e^  in  tenns  of  w* 

Here   /(y)  -  6^,    /*(»)- log  «r,   /^W  «/(«)-«, 
0  (y)  «  siny,    0  F  (»)  =  (p^  («)  =  sin  (logy). 

d  1 

Therefore  //(»)  «  1,  t-|0,(«)  }*  «  2  sin  0«g«)  cos  (log*)  •  - 

■■sin(slogiir).  -  =  sin  (log  «*) .  -  . 

%  z 

^J0(,)p.!!!l?^)[2_3{8i„(log»)}«-si„(log*)oo8(log«)] 

= -^^-^-^^  {  8  -  9  sin  (log  «)  -  2  sin  (log  «•)  +  S  dii  (log  «»)  } . 

T.ri.                      «              .    ^        .  a?      sin  (log  «*)   a^ 
Whence  e^  =  «  +  sin  (log  «)  -  +  ^-^ + 

^SsioOog*)  j8-9sinaog«r)-2sinGogiO  +  SsinGog«»)}  Y^ 

+  &c. 

(15)     Again,  let         y^c'+'^^^r 
expand  y  in  terms  of  tT. 

Here      F  («)  =6*,     (p,  (z)  =  cos  e%      F"  (z)  =  c*.     Therefore 

y  =  6*  +  6*  cos  (e*)  T-  +  e*  cos  (c*)  j cos  (e*)  -  2  sin  6'.(e*)  } 

1  1.2 

+  6*  COS  (6*)  {(cos  e*)'  -  9€' COS (6*)  sin  (e*) 

+  9  e**  (sin  6*)*  -  Se'*^ +  &c. 

^  M  .2.3 

Sec.  4.     Earpansion  of  Ftmctiana  by  particular  methods. 

The  preceding  Theorems  sometimes  fail  from  the  function 
which  is 'to  be  expanded  becoming  infinite  or  indeterminate 
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for  particular  values  of  the  variable,  and,  more  frequently, 
they  become  inapplicable  from  the  complication  of  the  pro- 
cesses necessary  for  determining  the  successive  differential 
coefficients.  Recourse  must  then  be  had  to  particular  ar- 
tifices depending  on  the  nature  of  the  function  which  is 
given.  One  of  the  most  useful  methods  is  to  assume  a 
series  with  indeterminate  coefficients,  and  then  to  compare 
the  differential  of  the  function  with  that  of  the  assumed 
series;  so  that  by  equating  the  coefficients  of  like  powers 
of  the  variables  conditions  are  found  for  determining  the 
assumed  coefficients.  This  method  has  the  advantage  of 
furnishing  the  law  of  dependence  of  any  coefficient  on  those 
which  precede  it. 

Ex.  (1)     Let       u  =  €^.  (1) 

Assume 

w  =  flo  +  «i  ^  +  ^  ^^  +  &c-  +  a«  ^  +  &c.  (2) 

Differentiating  (l)  we  have 

du  ,  XV 

Differentiating  (2)  we  have 

du 

-—  =  Oi  +  2a2a?  +  &c.+wa„a^"^  +  (n  +  l)an+i^"+  &c.     (4) 

dw 

*  ar^  of" 

Now       e'  =  1  +  ^  + +  &c.  +  +  &c., 

1.2  1.2...?^ 

and  substituting  in  (3)  for  6^  the  assumed  series,  it  be- 
comes 

—  =  |ao  +  «!  ^  +  flFg  0?^  +  &c.  +  a^af"  +  &c.}  (5) 

X  ji  -f  a?  H- +  &c.   +  +  &c.|. 

^  1.2  1  .2  ...n  ' 

Comparing  now  the  coefficients  of  w^  in  (4)  and  (5)  we  find 
"**      w+ll  "1.2        1.2.3  1.2... nj 
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whence  any  coe£Scient  is  determined  by  means  of  those  which 
precede  it,  except  the  first  or  Oq,  the  value  of  which  is 
easily  found  by  putting  a?  >=  0  in  the  original  equation,  in 
which  case  Oq  »  e^  «  e.  Therefore,  forming  the  successive 
coe£Scients  from  this  first  one, 

*  1.2       1.2.3      1.2.3.4      1.2.3.4.5  ^ 


(2)     Let  w  «€"*"'. 

Then  by    the  same   process   as  before   we  find   the    co- 
eflScient  of  the  general  term  to  be  given  by  the  equation 

a- .  1  = <a^ h +  &C.J. 

^        «H-1^"       1.2       1.2.3.4       1.2.3.4.5.6  ^ 

There  remains  to  be  determined  a^y  which  is  easily  seen 
to  be  equal  to  1.     Hence  we  find 

smx  -  1  +  a?  + —  +  &c. 

1.2       1.2.3.4       1.2.3.4.5       1.2.3.4.5.6 

(8)     Let  u^^^'''. 

dof      (1  -  arp 

13  1.3.5 

and  (1  -  a/^)'^  =  1  +  i^  +  -^-  ^*  +         '    a^^  +  &c. 

^  *  2.4  2.4.6 

Therefore,  assuming  a  series  as  in  the  preceding  examples, 
we  find  for  determining  the  coefficient  of  the  general  term, 

W  +  1  *  2.4  ^ 

Also,  it  is  easily  seen,  that  Oq  «  1,   therefore 

€^"»    *=l+^+ + + + +  &c. 

1.2       1.2.3       1.2.3.4       1.2.3.4.5 

(4)     Let     w  =  (flto  +  ai  a?  +  Oj  a/*  +  &c.  +  a^a?"  +  &c.)*. 
Assume  this  to  be  equal  to 

Aq  +  AxX  +  A^uB^  +  &c.  +  -4»a?"  +  &c. 
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and  take   the   logarithmic   differentials  of  both  expressions: 
equating  these  we  have 

m{oi  +  2030?  +  Sa^a^  +  &c.  +  (^  +  l)  aii+i^*+  &c.{ 

1 

-rfi  +  ^AzOf  +  3-43/1?'  +  &c,  H-  (th-  1)  An+l^  +  &c. 
-4o  H-  Aiiff  +  A^d^  +  &c.  +  A^  +  &c. 

Whence,   multiplying  up  the  denominators  and  equating 
the  coefficients  of  like  powers  of  a^  we  have 

(w.  +  1)  a^A^^x  «*(»»-»)  o^-^n  +  {2m  -  (^  -  1)}  Os-A.^i 
+  {Sw  -  (n  -  2)}  asAn^2  +  {4f»  -  (w  -  S)|  a^An^s  +  &c. 

Also  since  u  is  reduced  to  ^o*  when  a?  =  0,  we  have  ^^^  =  a©". 
Therefore 

Euler,  Calc.  Dif,  p.  519. 

(5)        Let  U  =  €<'o+«i*+a2X«+ 

As  before,  assume 

w  =  -rfo  +  -^1^  +  -^2^*  +  &c.  +  A^af"  +  &c. 

By  taking  the  logarithmic  differentials  we  find 

(n  +  1)  An+i  «  aiA  +  2o8-4„.,  +  &c.  +  (n  +  1)  a^+iJo- 

Also  since  w  =  c"®  when  a?  k  0,  -4(j  s=  c"®,  so  that  we  have 

.  V  +  2a2  fli^  +  6^1  ^2  +  603 

w  =  €*^  }  1  +  OiW  + ar  + ^  a^  +  &c. J 

'  1.2  1 . 2.S  ^ 

Euler,  lb.  p.  535. 

In  some  cases  the  law  of  the  coefficients  is  best  found  by 
proceeding  to  two  differentiations. 

(6)     Let  it  be  required  to  expand  cos  nw  in  ascending 
powers  of  cos  w* 
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Assume 

cos«j?=OQ+OiCosa7+&c....+a^(cosa7y+..,+a;p+8(cos«y+*+8ic* 

Differentiating, 

nsinn^s  {ai+2o2Cosa7  +  ...+po^(cos^y~*+... 

+  (p  +  2)  Op+g  (cos  0?)^+ ^  +  &c. }  sin  w. 

Differentiating  again, 
»* cos noB^ai  cos *»  + ...  +pa^  (cos aiy-^  ...  +  (p+2)  a^j^^{co^aiy^^ 

+  &C. 

-  {20,+  ...  +p(p-l)  Op  (cos  a^y  "*+... 

+  (p  + 1)  (p  +  2)  a^+g  (cos  a?y+  ... }  (sin a?)*. 

Putting  1  —  (cos  ^)'  for  (sin  ^)*,  and  taking  the  coe£Scient 
of  (cos  wy  we  find  it  to  be 

pa^  +  p  (p  -  1)  Op  -  (p  +  1)  (p  +  2)  Op^.g ; 

and  this. must  be  equal  to  the  coefficient  of  (cos^y  in  the 
original  series  multiplied  by  n^i  equating  these  we  have  the 
condition 

by  means  of  which  any  coefficient  is  given  in  terms  of  that 
two  places  below  it.  There  remain  to  be  determined  by  other 
means  the  first  two  coefficients  o^  and  o^.     For  this  purpose 

make  w  «  (2r  +  1)  —  in  the  original  equation,  r  being  any 

integer.  Every  term  on  the  second  side  vanishes  except  the 
first,  and  there  remains 

Oq  «  cosn  (2r  +  1)  — . 

2 

To  find  Oi,  make  «=(2r+l)  —  in  the  second  equation, 
when  we  obtain 
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sin  7*  (2  r  +  1)  — 
ttj  =  w  — ^— i—  ra  n  COS  (n  -  l)  (2  r  +  l)  — . 
sin(2r  +  1)  - 

Starting  from  these  values  and  giving  p  successively  all 
integer  values  from  0  upwards,  we  find 

cos/}a7«cosn(2r+l)—  \1 (cosa?rH- — ^ ^(cosa7r-&c.J 

*^  ^2^       1.2^         ^      1.2.3.4^         ^  ^ 

4-  cos  (n  -  1)  (2r  +  1)  —  jn  cos  w (cos  aiy  +  &c.  j 

When  n  is  an  even  integer  the  second  line,  being  mul- 

tiplied  by  an  odd  multiple  of  — ,  vanishes,  and  the  first  line 

alone  remains:  when  n  is  an  odd  integer  the  first  line  vanishes 
and  the  second  line  alone  remains.  When  n  isa.  fraction  both 
lines  must  be  retained,  except  for  some  particular  values  of  n 
which  cause  the  factor  of  one  or  other  series  to  vanish. 

(7)  To  expand  sin  w^r  in  ascending  powers  of  sin  «r. 

Proceeding  in  the  same  manner  as  in  the  last  example,  we 
find 

sin  nof  =  sin  nrir  \  1 (sin  wY  + (sin  ai)  -  &c.  \ 

+  cos  (n-  l)T7r  \n  sin  a? (sin  off  +  &c.  \ 

^        ^  1 .2 .3  '^  * 

When  n  is  an  integer  the  first  series  always  vanishes,  and 
the  second  is  positive  or  negative  according  as  (ti  —  l)r  is  even 
or  odd.  When  7i  is  odd  the  second  series  terminates ;  when  n 
is  even  it  continues  to  infinity.  When  n  is  fractional  both 
series  coexist,  except  for  particular  values  of  r. 

(8)  To  expand  cos  w<r  in  ascending  powers  of  sin  a?,  and 
sin  wo?  in  ascending  powers  of  cos  d?. 
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Proceeding  as  in  the  last  two  examples,  we  find 
COS nw  -  cos  wrTT  j  1 (sin  xf  -f (sin  a?)*  -  &c.| 

^         1.2^         ^         1.2.3.4    ^  '  ^ 

—  sin  (n  -  l)  TV  \n  sin  w "  (sin  sif  +  &c.} 

When  n  is  an  integer  the  second  line  always  disappears, 
and  the  first  series  terminates  when  n  is  even,  and  does  not 
terminate  when  n  is.  odd.  When  n  is  fractional  both  series 
are  retained,*  except  for  particular  values  of  r. 

sinn^a:sinn(2r+l)  -  Jl (cosa?r+ (cosa7r-&c.{ 

^  ^2*        1.2^         ^       1.2.3.4^         ^  * 

+  sin  (n  - 1)  (2r  + 1)  -  \n  cos  w (cos  ay  +  &c.} 

When  n  is  an  odd  integer  the  first  line,  when  n  is  even 
the  second,  alone  remains ;  but  when  n  is  fractional  both  series 
are  retained  except  for  particular  values  of  r.  In  no  case  do 
the  series  ever  terminate. 

For  an  exposition  of  the  difiiculties  concerning  these  ex- 
pansions, and  the  discussions  to  which  they  have  given  rise, 
the  reader  is  referred  to  Poinsot^s  Memoir  on  Angular  Sec- 
tuma^  where  the  complete  form  of  these  expansions  was  first 
given. 


17 

(9)     To  expand  — —  in  ascending  powers  of  a?. 

6—1 


If  we  were  to  endeavour  to  efiect  this  by  means  of  Mac- 
laurin^s   Theorem,    we   should  find   that    all   the  differential 

coefficients  take  the  form  - .    An  artifice  of  Laplace*  however 

enables  us  to  avoid  this  difficulty.     Since 


i^  i 


p^  —  1        - 

•  Mimoires  de  PAcadimie^  1777,  p.  106. 


76  DBVELOPMENT   OP   FUNCTIONS. 


the  coefficient 


^*  w   ...    >  —  — is  the  same  as  that  of  af 


6*  —  1 


•la?  W 

in    /       .     Now  it  is  easy  to  shew  that  — can  contain  no 

€5  +  1  ^  "^ 

odd  powers  of  w  above  the  first ;  for  if  we  assume 


Oq  +  Oj^  +  (h^^  +  ^^  +  &c., 


we  have  =  a^  — UiX  +  a^a^  —  030;'  +  &c.; 

e"'— 1 

and  subtracting  the  latter  from  the  former, 

s=  -  0?  =  2\aiaf  +  a^ar  +  &c.}, 

and  comparing  the  coefficients  of  like  powers  of  zr, 
ai  =  -  ^,  ©3  «  0,         aft  =  0,    &c. 

Also  it  is  easy  to  see  that  a^  =  1 ;  we  may  therefore  assume 

=  l--4-i?i i?3 +  &c. 


€*-!  2  '1.2  '^1.2.3.4 

JBj,  JBj,  &c.  being  coefficients  to  be  determined. 

The  coefficient  of  w^  in  the  expansion  of is  there- 

fore  (-)"'*'* ^^^~ — :  >  and  consequently  the  corresponding 

coefficient  in 

4^  is  (-r-i     ^^"-^ 


€«   -1 


2'^«  1.2.5...(2n) 


If  therefore  Czn  be  the  coefficient  of  a^  in    /      ,  we  have 

6^+1 

the  equation 
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^    ^        \2^         J    1.2.3...  (2n)  ""• 

^      2««1.2...(2w-l)  VdW         W+l/ 

and  if  in  Ex.  (27)  of  Chap.  II.  Sec.  1,  we  make  r  =  2n  -  1, 
<v  s  0, 

(^)'""{7^)-«'-i[.--{«--¥.-i 
+  ja—  .  ^j~-.  ^  ''"^°-" ,«-.}  -  ic.]. 

Substituting  these  values,  we  find 

Co.,      2n    ^   ,      2w(2»-l)      '    ,.  - 

*  1  1.2  *  ■* 

These  coefficients  Bi^  ^s.-.^^^.i,  are  of  great  use  in  the 
expansion  of  series,  and  bear  the  name  of  Bernoulli's  numbers, 
having  been  first  noticed  by  James  Bernoulli  in  his  posthu- 
mous work  the  Ar8  Conjectandi,  p.  97 ;  but  the  complete 
investigation  of  the  law  of  their  formation  is  due  to  Euler^  ' 
Calc.  Diff.  Part  ii.  Cap.  V. 

(10)     To  expand    tan  6   by   means  of  the  numbers  of 
Bernoulli 

1      ^(-1^^^  - 1         1      J  2        \ 

^  ^  -  (..)J  e(-)*2a  +  1  -  (Z)J  f  -  1  +  €(-)*2aJ  ' 

The  coefficient  of  0*""*  in  the  expansion  of  this  function 

will  be  the  same  as  that  of  a^  in  the  development  of  

multiplied  by  2'"(-)*.      By  what  has  preceded  it  appears, 
therefore,  to  be  equal  to 

g'"(2*'-l)  J 
1.2...  (2n)     *"  *' 
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Hence,  giving  n  successive  values,  we  find 

^      4.3^^       16.15    ^^           64.63        ^^      ^ 
tan6l=  —BJd^- ^8^  + ^B50*  +  &c. 

1.2      ^         1.2.3.4  1.2.3.4.5.6     ^ 

(11)     To  expand  cot  Q  by  means  of  Bernoulli's  numbers. 

,€(->2e+i  r  2        1 

cot  e  =  (-)*  ^n^r203T  =  (-)*  f  +  ,(-)^2a  ,  J  • 

Now  the  coefficient  of  Q^-^  in  this  expression  is  the  same 

so 

as  that  of  j?^"  in  the  expansion  multiplied  by  (— )*2**: 

it  is  therefore  equal  to 

1.2.3...(2w)  ' 

Hence  we  have 

1        2^  2* 

cot  e  = Bid ^8^  -  &c. 

0      1.2     *         1.2.3.4     ^ 


CHAPTER  VI. 


KVALUATION    OF   FUNCTIONS    WHICH    FOB    CERTAIN    VALUES    OF  THE 

VARIABLE    BECOME   INDETERMINATE. 


P 

If   tf  be   a  function  of  no  of  the  form  —■ ,    and  if  for 

Q 

the  value  w^a^  P  and   Q  both  vanish ;  u,  taking  the  form 

',    is   indeterminate  and   its    true  value  will  be  found  by 

differentiating  the  numerator  and  denominator  separately  and 
taking  the  quotient  of  these  differentials :  that  is,  using  La- 
grange^s  notation,  the  real  value  of  u  will  be 

But  if  the  same  value  {w  =  a)  which  makes  P  and  Q  vanish 
also  make  P  ^  Oy  and  Q'  « o,  we  must  differentiate  again, 
and  so  on  in  succession,  as  long  as  the  numerator  and  the 
denominator  both  vanish  when  w  is  put  equal  to  a.  There- 
fore we  may  say  generally  that  the  true  value  of  u  when 
<v  s  a  is 

«  =  Q(r,; 

P*^  and  Q**^  being  the  first  differential  coefficients  of  P  and 
Q  which  do  not  vanish  simultaneously  when  w  is  put  equal 
to  a. 

This  theory  of  the  evaluation  of  indeterminate  functions 
^  was  first  given  by  John  Bernoulli,  Acta  Eruditorum,  1704, 
p.  375. 

1  —  0?^ 
Ex.  (l)  u  = when  a?  =  1. 

Here    P=l-a?»;  Q=l-a?; 

P's=  -w/»^-^  C^  -  1; 
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and  therefore  when  ^  =  1,    u  =  n, 

1  —  «*  . 

The  function     is  the  sum  of  the   series 

1  -a? 

1 +a7 +/!?*+   &c.  +a?*"S 

which  when  w  =  1  is  equal  to  n,  as  we  have  just  found. 

.  ^  a(aai)i  —  cf" 

(2)  w  = '- — -y-,    when  07  =  a. 

The  real  value  is   u^%a» 


The  real  value  is  t«  "=  ^« 

(2  a'a?  -  a?*)i  -  a  (a^ J?)* 
('^  ^= a^(a^)i  \    when.^a. 

The  real  value  is  u^ —  a. 

9 

This  was  one  of  the  first  functions  the  value  of  which 
was  determined  in  this  manner. 

(5)  Find  the  real  value  of 


u 


ha^  -^^hcw  H-  h& 


,    when  o)  =  c. 


Differentiating  twice,  we  find  w  =  -  =  -  . 

(6)  Let         u ^^— , ; 

when    0?  s=  «,     t*  =  0. 

(7)  Let         u  =  — T — — 3 — 3 i ; 

when     a? «  a,     w  =  oo . 
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(8)  u  = r —  ,  when  w  «  0. 

or 

After  two  differentiations  we  find   w  =  — . 
,  ^  (a*  +  a^  +  a?*)*  -  (a^  -  aj?  +  a?*)i 

When  tV  =  0,    w  =  ai. 

One  of  the  most  important  applications  of  this  process 
is  to  find  the  sums  of  series  for  particular  values  of  the 
variable.  The  first  example  was  an  instance  of  this,  and  we 
shall  here  add  others  taken  like  that  from  Euler''s  Calc.  Diffi 
p.  746. 

(10)     The  sum  of  the  series 

Of  +  2a7*  +  Sa^+ +«^5 

0?  -  (n  +  !)«?""*■*  +  wa?"+* 


IS      u 


(1  -  a,y 


and  we  are  required  to  find  its  value  when  ^r  »  1,  or  when  the 
series  becomes  that  of  the  first  order  of  figurate  numbers. 
By  two  differentiations  we  find 

0      n(n-¥l) 
w  =  -  « . 

0  2 

(U)     The  sum  of  the  series 

a  +  4a^  +  9a^  + +n*a7*, 


IS     u  ^ 


(1  -  a,y 


and  we  are  required  to  find  the  real  value  of  u  when  ^r  »  l, 
which  in  this  case  is  the  sum  of  the  squares  of  the  natural 
numbers.     Differentiating  three  times  we  have 

0      n(n  + l)(2n-i- l) 
0  6 
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(12)     Let  «-_-_^; 

find  its  value  when  a  ^  I,     Since  u  may  be  put.  under  the 
form 


u 


1  +  a?P  1  -wP^ 


of  which  the  latter  factor  alone  becomes  indeterminate,  we 
need  only  differentiate  that  factor  so  as  to  find  its  real 
value  when  a? «  1,  and  then  multiply  it  by  the  value  of  the 
first  factor  when  ^  =  1.     The  real  value  of  the  fraction  is 


n 
u  =  — 
2p 


(IS)     Let  u  = 


a  —  OB 


log  a  —  log  Off  * 
When     Off  =  aj     u  =  na^. 

losoff 

(14)  Let  u^--^--r. 
^    ^  (1  -  offp 

When     c»  =  1,     u^  0. 

(15)  Find  the  true  value  of 

u  = ,   when  off  =  a. 

(a?  -  ay  ' 

Differentiating  r  times  with   respect    to  off    we   find   the 
real  value  to  be 


I7K  € 


W  = 


r(r  "  1) S.2.1 ' 

This  result  is  of  use  in   the  integration   of  differential 
equations. 


(l6)     Let  u  = 


6—6 


log  (  1  +  ^) 

When    off  =  0,     w  =  2. 
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w*  —  w 


(17)  u  = ,    when  «r  =  1. 

1  —  J?  +  log  x 

After  two  differentiations  we  find  w  =  —  2. 


(18)     Let     u  =  (     .         I  ,  m  being  an  integer. 


sin  m0\  ^ 
\  sin  9 

When     6  =  0,      u  -  vfi\ 

Airy's  Tracts^  p.  328. 

1  —  cos  <r 

(19)  »^  =  — i z r  5    when  .r  =  0. 

w  log  (1  +  0?) 

After  two  differentiations  we  find  u  ^  ^, 

,    ^     ^  cos  wQ  -  cos  n9 

(20)  Let  w  = ^ ; 

rr  --  or 

find  its  value  when  x  ^  n. 

Here    />'  =  -  6  sin  /P0,      (J'  =  -  2  ^, 

and    w  =  —  sin  n9^    when  x  ^n, 
2n 

(21)  Take  the  more  general  case  of 

cos  x9  —  cos  wfl 

u  = ;:^ ,   when  x  ^  n 

(n^  -  x^y 

Here  w  may  be  put  under  the  form 

1         cos  x9  —  cos  n9 
(w  +  xy         (n  -  xy 

and  as  the  second  factor  alone  becomes  indeterminate  for 
X  ^n,  we  differentiate  it,  and  then  multiply  by  the  first 
factor,  as  in  Ex.  12. 

Let  then  P  =  cos  x9  -  cos  n0,     Q  =  (w  -  xy. 
Differentiating  r  times  with  respect  to  a?, 

p(*^  =  0*^  cos  (070  +  ^rir)  =  0^ cos  (w0  +  ^rir),  when  a? =n, 

.  Q('^)=  (-)'r(r-l) 3.2.1. 

6 — 2 
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Also    when   x  ^  n^     -. —  becomes    - — -  ;    therefore   we 

{n  +  wy  (2  ny 


obtain  for  the  real  value  of  u^ 
u  =  (-) 


6*^  cos  {nQ  +  ^rTr) 


r(r-l) 2.2.1  (2wy' 

The  results  in  the  last  two  examples  are  of  considerable 
importance  in  the  Integral  Calculus. 

,    ^      ^  1  -  sin  ii?  +  cos  w 

(22)  Let  u  =  -, . 

sm  cV  +  cos  «j?  -  1 

When  a?  =  -  ,     t«  s=  1. 

2 

The  method  employed  in  the  preceding  examples  applies 
only  to  those  functions  of  which  the  differential  coefficients  do 
not  become  infinite  when  a?s=  o.  It  will  therefore  fail  in  those 
cases  in  which  the  numerator  and  denominator  of  the  fraction 
involve  fractional  powers  of  a?  —  a,  or  generally  in  those  func- 
tions for  which  Taylor''s  Theorem  is  said  to  fail.  The  follow- 
ing process  is  equally  applicable  in  all  cases,  and  in  some  of 
the  preceding  examples  might  perhaps  be  found  practically 
more  convenient.      "  If  <J7  =  a  cause  the  fraction  to  assume  the 

form  -,  substitute  a  +  h  for  w  in  both  numerator  and  de- 
0 

nominator,  and  develop  both  according  to  powers  of  h;  re- 
duce the  new  fraction  to  its  simplest  form,  and  then  make 
A  =  0 ;  the  result  will  be  the  true  value  of  the  fraction."  It 
is  easily  seen  that  this  includes  the  method  by  differentiation. 

(23)  u  =  — -T- ,     when  w  -  a, 

^    ^  (a?  -  a)t  ' 

In  this  case  the  first  differential  coefficients  both  become 
equal  to  0,  for  <r  =  a ;  while  the  second  and  all  the  subse- 
quent differential  coefficients  become  infinite  for  the  same  value 
of  X. 

Let  «r  =  a  +  A,  then 


(2 


AS  Ai 
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and  expanding  the  binomial, 

(2  a)UI  (1  +  ^  —  +  &c.) 

» a! •• 

w  =  (2  a)l  (1  +- +  &c.) 

=  (2  a)t,    when  A  =  0 ; 
and  this  is  the  true  value  of  the  fraction. 

,    .  (a*  —  da7*)i  +  a  —  a?      0        , 

(24)         u  =  :; 1     y  ^ ;ri  =  ->    when  w  ^  a. 

^    ^  (a-/r)i  +  (a*-a73)i      o' 

Since  in  this  case  u  would  be  impossible  if  a  were  greater 
than  a,  assume  j?  s  a  -  A;  the  result  is 

u^-^-,    whenA-0, 
l  +  sia 

which  is  the  real  value  of  the  fraction. 


.     ,  tan  irx  —  irso        _ 

(25)  u^  ,  when  ^  =  0. 

2  or  tan  ttiT 

Let  07  s  0  +  A,  or  A ;  then,  expanding  the  circular  function 
by  the  formula 

2^ 

tan  d  =  d  + +  &c. 

1.2.3 

we  have   u  • 


2A«  ,     ^      2(irhy     ^     , 

2A{7rA+^^+&c.} 

27r^A*      « 

1.2.3  ^  1.  r        ^ 

—  ■!--,  when  A  «  0. 


'  1.2.3  * 
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This  is  the  sum  of  the  series 

1  1  ^         c 

— I-  —  +  -^  +  &c.   to    00. 
l-*  ^  g-*  ^  3^ 

There  are  other  forms  of  functions  which   become  inde- 
terminate for  a  particular  value  of  the  variable,  but  these  may 

0 
generally  be  reduced  to  the  form  '- .     Thus,  if  w  =  P .  Q,  and 

if  for  a?  =  a,   P  =  0,  Q  »  oo,   we  have  w  =  0  x  oo,  which  is 

indeterminate.     But  if  we  assume  Q  =  -^ ,  we  have 

u  --—  =  -  ,     when  w  ^  a. 

Therefore,  applying  the  rule  for  vanishing  fractions, 

P'  P' 

But  if  Q  =  00  when  a?  =  a,  all  its  differential  coefficients  will 
also  be  infinite,  and  t^,  taking  the  form  ^ ,  is  still  indetermi- 
nate, unless  the  factor  which  becomes  infinite  should  happen 
to  divide  out. 

P 

To    determine   the   value    of  a   function    t*  =  — ,    which 

becomes  -tt  for  w  ^  a.  we  assume  P  =  -zr  j    Q-  -^  •»  so  that 
CO  P/  Qi 

w  =  —-  =  - ,  when  w  =  0, 
Pi      o' 

Treating  this  as  a  vanishing  fraction, 

Q/     P'  Q' 

^  "  P~'  ""  Q^  ?  '     ^         '^  "  ^' 

P      P' 

Whence    u  =  --  =  -—,.    when  w  =  a. 

Q    q: 

But  if  P  c  00,  and  Q  =  oo,  for  a?  =  a,  all  their  differential 

P' 

coefficients  will  also  become  infinite,   and   --;   will  still  have 
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the  form  ~ .     This  reduction,  then,  will  not  give  us  the  true 

value  of  the  fraction  unless  some  factor  divide  out,  or  we  can 
find  some  relation,  depending  on  the  nature  of  the  functions, 
between  the  new  numerator  and  denominator  which  will  enable 
us  to  trace  the  real  value. 

A  function  u^  P  -  Q^  which  becomes  oo  -  oo  when  «  «  a, 
can  frequently  be  reduced  to  the  form  - ;  for  if  P  «  —  ,  and 

^     Q.' 

Qr-Pi       0 
«  =    ^  ^ —  ™  - ,     when  0)^  a, 

and  its  value  is  to  be  found  by  the  usual  method. 

De  Morgan^s  Differential  Calculus^  p.  172. 

TT 

(26)  w  =  (1  -  ti?)  tan  —  a?  =  0 .  00,  when  ^  =  1. 

2 
The  real  value  is    w  =  -,    when  a7  «  1. 

TT 

1 

(27)  w  =  €*  sin  07,    when  a?  s=  0 ; 

ub  0.  00  =  09. 

(28)  u  =  €"*  (1  -  log 0?),    when  a  ^0; 

1  11 

Here    />'=--,     Q'«--^e', 

07  or 

-1 
and     u  =  c"'. 0?  =  0,     when  07  =  0. 

(29)  «=7-|.     when.,-*. 

Differentiating  the  numerator  and  denominator  n  times 
in  succession, 

n(n-l)...2.1  , 

i^  -  __± i 0,    when  07  K  00. 

6' 


88  ISVALUATION    OF    INDETBRMINATfi   FUNCfTIONS. 


(SO)  u  a  — ^—  ,    when  a?  =  oo : 

t^  =»  --;  =  —  «  0,  when  0?  «s  00. 

(31)  w  =  ^  log  a?    when  a?  =  0,  n  being  positive. 

Put  a?  =  - .     Then  t^  = —  ,  and  when  a?  =  0,  y  =  oo ; 

and  therefore  by  the  last  example 

u=^  a^  log  a7  =s  0,     when  a?  =  0. 
If  n  be  negative,    w  =  -  oo. 

1  2 

(32)  f*  = —  =  00  -  00,  when  a7  «=  1. 

1  —  a?      1  —  ar 

l+a?-2      0 

tt  = s—  =-=:-*,  when  a?  «  1. 

1  -  a?*         0  -^ 

(S3)         w  = — ■—  =00-00,  when  a?  =  1 : 

^    ^  a?  -  1      log  a? 

a?  loff  a?  —  a?  +  1       0      -        _ 

y,  -        ^ =  -  =  i    when  a?  =  1. 

(a?  -  1)  log  a?        0      ^ 

(34)     The  sum  of  the  series 

111 

+  : 3  +  :: 3  +  &c-  to   od, 


1  +  a?'*      4  +  a?*      9  +  ^'^ 

Tra?  —  1  TT 


IS     t«  = 


2a;^         a?(€«'^^-l)' 
find  its  value  when  a?  =  0. 

Here    t^  = —r— =  -  *  when  a?  =  0, 

2a?'*(6*^*- 1)  o' 

Differentiating  three  times,  we  find  the  real  value  to  be 
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which  is  the  sum  of  the  reciprocals  of  the  squares  of  the  natural 
numbers. 

(35)     The  sum  of  the  series 

1  1  ^  c 

+  -z +  — i  +  &c-  to   00, 


IT  W  , 

IS  tt  = y—- r  «  00  -  00,    wheu  ^  «  0 : 

w  = ; r  =  -  ,    when  ^  "B  0. 

4  a;  (e^*  +  l)      0  ' 

Differentiating  once,  we  find 

which  is  therefore  the  sum  of  the  squares  of  the  reciprocals  of 
the  odd  numbers. 

The  reader  will  find  other  examples  of  a  similar  kind 
relating  to  the  summation  of  series  in  Euler'^s  Cole,  Diffi 
p.  760,  seq. 

Sometimes  the  value  of  an  indeterminate  function  may  be 
most  readily  found  by  throwing  it  into  a  form  in  which  its 
real  nature  is  more  easily  seen. 

(36)  If  u^rm^i 

find  its  value  when  ^a  00. 

.    a 

sm  — 
2* 
This   function   may    be  put   under  the   form    a  — ^ , 

2* 
which,   if  —  «  0,    becomes    a  —^  .     When   a7  =  00,   0  =  0, 

and  — ^—  SB  1,    and  therefore  u  ^  a, 
u 

(37)  Let  w  «  (a*  -  aj^)i  cot  |-  f J  >  »  0 .  00,  when 

47   as  d. 
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This  may  be  put  under  the  form 

u  = 7 ' — rr  = r  ^  -  (a  +  ^) ; 

tan^-    >      tan-     

[2  \a  +  zr/  j  2   xa-^-x] 

w  fa  -  w\h 

,  2  U  +  a?/  ^        , 

and  as  ^  =  1,  when  <j?  =  a, 

a  —  <j?\2 


tan 


TT  la  —  w\ 
2   \a  +  op) 


we  have     t«  =  — ,    when  ^  =  a. 

TT 

loff  (tan  2  a?) 

(38)     Find  the  value  of  «  =  -z^-\ ,  when  w^O. 

log  (tan  0?) 

(Q  tan  tH  \ 
T—  I  =  log  {2  tan  x)  -log  (1  -tan*  a?) ; 
1  —  tan*  00 } 

therefore   ^^»<>gOa°^) +log2  -  log  0  -  tan»^) 

log  (tan  ^) 

loff  2  —  log  (l  —  tan^  oo\ 

t^  =  1  +  — ^^ r— ^-^^ '  =  1,    when  0?  =  0. 

log  tan  00 

Functions  which  for  a  particular  value  of  the  variable 
take  the  form  0°  oo^  \^^ ^  may  be  reduced  to  a  shape  in  which 
the  preceding  methods  are  applicable.  Let  z  and  y  be  func- 
tions of  00  and  u  =  z^^  then  if  for  x  =  a 

i5?  =  0,    y  =  0   we  have  u  =  0^, 

^  =  oc,  y  =  0  we  have  w  =  o^^ 

i^  =  1,   y  =  =t  00   we  have  u  =  1=^°°. 

Now  since  %  =  €^®^%  z*  =  c^^®^"" ;  and  these  three  cases  are 
reduced  to  the  determination  of  y  log  sr,  which  takes  the  form 
0  X  ±  00  . 

De  Morgan's  Biff,  Calc.  p.  175. 
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(39)  Find  the  value  of  aT  when  ^  «  0,  a  being  positive. 
This  is  equivalent  to  6**^**',  and  we  have  to  find  the  value  of 
0^"  logo?  when  J7  =  0. 

Now  by  Ex.  (31)  a?"  log  .r  =  0  when  a?  =  0.     Therefore 

iT^  =  €°  SB  1  when  57  =  0. 
If  a  be  negative  ot**  =  0  when  a?  =  0. 

(40)  Find  the  value  of 

t^  =  f  —  I     =00°  when  ^  =  0. 

As  before,  a?™  log  .r  =  0  when  a?  =  0 ; 

therefore     m  =  €°  =  1  when  a?  =  0. 

(41)  t«  =  ^'^^'  when  a?  «=  0. 

We  may   arrive   at   the  value   of  this   function  by    the 

sin^ 

consideration  that,  when  oc  is  indefinitely  diminished, »  1, 

w 

or   sin  od^w\    therefore  when  a?  =  0,  a?""' «  ^  «  1,  by  Ex* 
(89)- 

In  the  same  way  it  would  appear  that 

(sin  0?)  *^"  *  =  1   when  x  ^0. 
Also,  since  ^"^ *  «  giog* .  sin*  ^  j  ^1,^^  ^  ^  q^ 

it  appears  that  sin  x .  log  w  =^0  when  dV  »  0 ; 

and  similarly  that      sin  x .  log  (sin  a?)  =  0  when  a?  =  0. 

(42)  u  =  (cot  a?)""  '  =  00°  when  ^  «  0. 
By  similar  considerations  it  appears  that 

(cot  x)  "°  *  =  1  when  a?  «  0. 

1 

(43)  w  =  (l  +  w^) '    when  .r  =  0. 
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10g(l+m) 

Here  u  ^  e       *      »   and   we   have   to  find  the  value  of 

— ^-^^ when   0?  =  0.      Differentiating   we   nnd   this  to 

w 

n 

be =  n  when  iv  ■■  0.     Therefore 

1  +na? 

1 

w  =  (l  +  naiy  =  6*  when  a?  =  0. 

This  result  may  be  verified  by  expanding  u  by  the  bino- 
mial theorem :   that  gives 

1^1/1       \  nV      1  /I       \(l       \  n^af^      ^ 
x^      ^     w\w       J    1.2        af\x       I  \w       I  1.2.3 

=  l+w  +  —  (1-^)+  (1  -  3a?  +  2a^)  +  &c. 

1.2  ^  ^       1.2.3  '^ 

=  1  +  »  +  —  + H  &c.  =  €    when  a?  =  0» 

1.2       1.2.3 

•     X  ^  .(cosecjS*)*      , 

(44)       u  e  (cos  ao?)  when  a?  =  0 ; 

a* 

The  real  value  is  t^  =  e^^- 


Functions  which  for  a  particular  value  of  the  variable 
take  the  form  0%  have  been  used  by  Libri  to  introduce 
discontinuity  into  ordinary  functions. 

Thus,  if  it  be  desired  to  express  a  function  f(jv)  which* 
shall  be  equal  to  <f>{ai)  from  a?  =  -  oo  to  a?  =  w,  and  to  ^(o?) 
from  CD  ^n  to  a?  =  oo,  he  writes 

/(a?)  =  (1  -  00'-)  0(0?)  +  00'-  ^  (a?). 

See  his  Memoires  de  Mathematique  et  de  Physique^  Vol.  i. 
p.  44,  and  Crelle's  Journal^  Vol.  x.  p.  303.  In  the  same 
Jov/rnal^  Vol.  xii.  p.  134  and  p.  292,  the  reader  will  find 
some  discussion  on  the  real  value  of  this  indeterminate  ex- 
pression. 


CHAPTER  VII. 


MAXIMA    AND    MINIMA. 


Sect.  1.     Explicit  Functions  of  One  Variable. 

If  u  be  an  explicit  function  of  x^  then  the  real  roots  of 

-—  «  0  are  the  values  of  x  which  render  u  a  maximum   or 
ax 

a  minimum. 

du  ,     ,  ,     dru 

If  a  root  of  -—  «=  0  substituted  in  — — -   give   a  negative 

ax  dor 

result,  the  corresponding  value  of  e^  is  a  maximum.      If  a 

root  of    —  =  0  substituted  in  -— -  give   a  positive    result, 
dx  dx^ 

the  corresponding  value  of  z^  is  a  minimum. 

du  dfu 

If  a  root  of  -~  =  0  also  make  --—-  =  o,  the  correspondin£r 

dx  dx^  ^  ^ 

dPu 
value  of  u  is  neither  a  maximum  nor  a  minimum,  unless  

daP 
also  vanish  for  the  same  value;  and  generally,  u  is  neither 
a  maximum  nor  a  minimum  for  a  given  value  of  w^  unless 
the  first  differential  coefficient  which  does  not  vanish  for 
that  value  of  x  be  of  an  even  order. 

If,  when  0?  +  A  is  substituted  for  x  in  w,  the  expansion 
in  terms  of  h  assume  the  form  PA"  +  &c.,  where  a  is  less 
than  unity,  the  values  of  x  which  make  u  a  maximum  or 
mininium  are    to    be   sought   in   the   roots   of  the   equation 

1 

du 

dx 
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P 

If  u  be  of  the  form  — ,  the  equation  for  determining  w 

dP         dQ 

is  Q P —  =  0,  unless  the  same  value  of  w  make  Q  =  0, 

dof  dx 

du      0 
in  which  ease  -—  =  - ,  and  its  real  value  must  be  found  by 

dx      0  ^ 

the  usual  method.      The  corresponding  value  of  u  will  be 

a  maximum  or  a  minimum  according  as  the  value  of  w  when 

substituted  in  Q  — -^  —  P  ——  gives  a  negative  or  a  positive 

result.  The  values  of  ob  which  make  Q  =  0  make  t^^oo, 
unless  P  a=  0  at  the  same  time ;  and  this  value  of  u  will 
sometimes  be  a  maximum,  sometimes  not.      If  the  same  value 

of  30  which  makes  w  =  oo  make  —  a  minimum,  then  t*  «  oo 

u 

is  a  maximum  ; — otherwise  not. 

The  investigation  of  the  maximum  and  minimum  values  of 
u  is  sometimes  facilitated  by  the  following  considerations. 

If  t^  be  a  maximum  or  minimum,  and  a  be  a  positive 
quantity,  au  is  also  a  maximum  or  minimum. 

When  w  is  a  maximum  or  minimum,  aw^""*"^  is  so  also: 

but  — - — -  is  inversely  a  minimum  or  maximum. 

If  t*  be  a  positive  maximum  or  minimum,  av^^  is  also 
a  maximum  or  minimum.  \i  u  be  a  negative  maximum  or 
minimum,  av^"^  will  be  a  minimum  or  maximum.  The  same 
remarks  apply  to  fractional  powers  of  the  function  u^  except 
that  when  the  denominator  of  the  fraction  is  even  and  the 
value  of  u  negative,  the  power  of  u  is  impossible. 

When  t^  is  a  maximum  or  minimum,  log  u  is  generally 

a  maximum  or  minimum,  except  when  the  same  value  of  the 

diL 
variable  makes  both  u  and  -—  vanish.     This  preparation  of 

dw 

the  function  is  frequently  made  when  the  function  u  consists 
of  products  or  quotients  of  roots  and  powers,  as  the  dif- 
ferentiation is  thus  facilitated. 

Other  transformations  of  u  are  sometimes  useful,  but  as 
these  depend  on  particular  forms  which  but  rarely  occur,  they 
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may  be  left  to  the  ingenuity  of  the  student  who  desires  to 
simplify  the  solution  of  the  proposed  problem. 

In  testing  by  the  sign  of  -— -  whether  the  value  of  u  be 

dor 

a  maximum  or  a  minimum,  the  following  consideration  will 
sometimes  shorten  the  process. 

If  —  be  of  the  form  Vi.v^. t?3...i?„,  and  a? «=  a  be  a  value 
dof 

which  causes  one  of  the  factors  as  v^  to  vanish,  the  only  term 

of  — —  which  is  to  be  considered  is  that  involving  — -^,  as 
da^  dof 

all  the  others  vanish  with  v^  when  x  is  put  equal  to  a,  so 

d?u 
that  ——  is  reduced  to  one  term. 
dar 

Ex.  (1)  u^  (c  -  ^*. 

-—  s=  1  -  2  J?  =  0,    whence    «  =  i ; 
dm 

d  i£ 

=  -  2,  and  0?  =  i  makes  w  =  4-,  a  maximum. 

daf^  ^  * 

(2)  w  «  a?*  -  8  a?^  +  22  a?^  -  24  ^  +  12. 

du 

—  ==  4  4^  -  24  0^  +  44  a?  -  24  =  0, 

dcs 

or     ^  —  6ii?*  +  11  ^  -  6  =  0. 

The  roots  of  this  equation  are  1,  2,  3,  and 

for  07  s  I9     t«  is  a  minimum; 
for  0?  =  2,     t^  is  a  maximum  ; 
for  <a7  s  3,     t^  is  a  minimum. 

(3)  w  =  .t?*  -  5  a?*  +  5  ^  +  1. 

—  =  5 .2?*  -  20ci?'  +  15  !»*  =  0, 
div 
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or         .r*  —  4  ^  +  3  ^  =  0, 
the  roots  of  which  are  0,  0,  1,  3. 

The  roots  0  make  u  neither  a  maximum  nor  a  minimum  ; 

the  root  1  makes  u  a  maximum ; 
the  root  3  makes  u  a  minimum. 

(4)  w  =  (^  -  ay. 

du 

ax 

X  =  a  makes  t^  =  0,   which  is  a  minimum  when   n  is  even, 
and  neither  a  maximum  nor  a  minimum  when  n  is  odd. 

(5)  t^  =  a?*"  (a  -  wy. 

dw 
the  roots  of  which  are  ti?  =  0,  «!?  =  «,    and   a?  = 


^«-i  (flr.  -  a?)""'  |ma  -  (m  +  n)  tt?}  =  0; 


m  +  n^ 


w  xzO  makes  t^  =  0,    a  minimum  if  ni  be  even,   and  neither 
a  maximum  nor  a  minimum  if  m  be  odd. 

w  ^  a  makes  t^  ==  0,  a  minimum  if  n  be  even,  and  nei- 
ther a  maximum  nor  a  minimum  if  n  be  odd. 

-— e— |a?*"-^(a-a?)"-'}{wa-(m+w)^}-(m+w)a?"*"Xa--a?)"-\ 
ci/tv      aoc 

which  for  a?  = becomes 

m  +  n 


»»— 1  /   iM «    \  »i-i 


/  ma  N*"-^  /   na    y-' 
\fn  -k-  nj        \m  +  n) 

and  therefore  x  = makes  u  a  maximum. 

This  is  the  solution  of  the  problem.  To  divide  the 
number  a  into  two  parts,  such  that  the  product  of  the 
m*^  power  of  the  one  by  the  n*^  power  of  the  other  shall 
be  a  maximum. 
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,-.  Of  du  1  —  tt?* 

Whence    a?*=l,     a?as  +  l,     j?=-i; 

d^""  (1  4  ai'y  ' 
li    a?  =  +  1,     -—  =  -  1,     w  =  ^,  a  maximum ; 

.V  =  —  1,     -—  =1,         u  -  _  ^^  a  minimum. 

.  .1?^  -  ^  +    1 

<7)  w  =  -— . 

.ir  -f.  .r  -  1 

,r  =  0,      w  =  -  1 ,     a  maximum  ; 
.r  =  2,     ;/  =  -  ,     a  minimum. 

(s)  „.<^ti);. 

27 
for  .1?  SB  0,       t^  =  — ,  a  minimum ; 

4 

for  ^  s  -  3,  t«  is  neither  a  maximum  nor  a  minimum; 
for  .r  =  —  2,  t«s=  00,  a  maximum. 


(9)  u 


(Of  +   1)' 


2 
X  ^  5  gives  w  =  — ,  a  maximum  ; 

^  s  1  gives  t^  =  0,  a  minimum  ; 

t^  =s  —  1  gives  t^  «  00,   which  is  neither  a  maxi- 
mum nor  a  minimum. 

a?*  du      2a?(o*-2^*) 

a  4 

whence  ^  =  — , ,    and  w  = . ,  a  maximum. 

2^'  27  a* 
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This  is  the  solution  of  the  problem,  To  find  the  height 
at  which  a  light  should  be  placed  so  that  a  small  plane 
surface  at  a  given  horizontal  distance  shall  receive  the 
greatest  illumination  from  it. 

(11)  u^ 


X 


(a  +  w)  (b  +  w) 
«  («6)J,     u  «    ,  ,  ^  ,,  , ,  a  maximum. 

This  is  a  solution  of  the  problem,  To  find  the  mag- 
nitude of  the  body  which  must  be  interposed  between  two 
others  so  that  the  velocity  communicated  from  the  one  to  the 
other  shall  be  a  maximum. 

(12)  z*  «=  w  sin  (a?  -  o)  cos  jff, 

•r  as  -  +  —     gives    w  =  —  (1  -  sin  a),  a  maximum ; 

aw,                      ^  /^        •       X 
0?  as gives    w  « (1  +  sm  o),  a  minimum. 

2        4  2 

This  is  a  solution  of  the  problem,  To  find  in  what 
direction  a  body  must  be  projected  with  a  given  velocity 
that  its  range  on  a  given  plane  may  be  the  greatest  possible. 

r  «N  (sinm,!p)*         ,    . 

(IS)  w  =  -y-, — r^  ,  m  being  an  integer. 

The  values  of  w  derived  from  mtan  w  =  tan  ma?,  make 
u  a  maximum. 

The  values  of  x  derived  from  sin  wia?  =  0,  make  u  a 
minimum. 

The  values  of  x  derived  from  sin  x  =i  0,  make  u  a  max- 
imum and  equal  to  m*. 

Airy's  Tracts^  p.  328. 

lo£:  X 
(14)  U^^. 

0?  =  €     gives  w  =  — ,     a  maximum. 
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1  ^  1 

(15)  u^  w'\     a?  =  6  gives  w  =  €« ,     a  maximum. 

(16)  w  =s  (a^  +  c^  -  2  cx)i  +  ^. 

a*       .  a^  4-  2  c*  ,  * 

a?  =  —    cives  u  = .    a  maximum. 

2c    ^  2c 

2^at  +  a?t 

o      .  1 

a?  =  -  gives    w  r=  —  ,     a  maximum. 

(18)  Let     w  «=  6  +  c  (a?  -  o)?. 
Here     37-  ■=  f  c  (a?  -  o)"*, 

and     -;—  as  0,     when  00  ^  a, 
du 

dw 

If       ^r  B  a  +  A,     w,  as  fe  +  cA* ; 
w  ^  a  -^  h^     u^^h  +  cA*. 

Therefore  if  e  be  positive  w  ^  a  makes  u  a  minimum ; 
and  if  c  be  negative,  a  maximum. 

(19)  Let     tt  =  6  +  c  (j?  -  o)^. 

It  will  be  seen  by  the  same  means  as  in  the  last  example, 
that  X  ^  a  gives. neither  a  maximum  nor  a  minimum. 

(20)  w  =  (1  +  a?i)  (7  -  xy. 

^  s  7  gives  u  a  minimum ; 
w  ^  1  gives  u  a  maximum ; 
(B  ^  0  gives  u  a  minimum. 

(21)  To  divide  a  number  a  into  a  number  of  equal  parts 
such  that  their  continued  product  shall  be  a  maximum. 

Let  w  be  the  number  of  parts,  then  -  is  one  of  the  parts, 

«.d  (2)'  is  the  continued  product,  which  is  to  be  a  maximum. 

7—2 
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Taking  the  logarithmic  differential,  we  have 

log  a  —  log  «r  —  1  =  0. 

Whence  log  x  =  log  a  —  1  =  log  a  —  log  €  =  log  - ; 

c 

therefore    ^  =  -  ,    and    (-  |    =  e*  . 

(22)  From  two  points  A^  B  (fig.  l),  to  draw  two 
straight  lines  to  a  point  P  in  a  given  line  ON  such  that 
AP  +  BP  shall  be  a  minimum. 

Take  the  given  line  as  the  axis  of  a?,  O  the  origin. 

Let  OP  =  Xy  and  let  the  co-ordinates  of  A  and  B  be  a,  6, 
«!,  hi*     Then 

u  =  AP+BP=  {6V  (^-a)2|i+  {V  +  (ai-cr)2}*  =  minimum. 


Whence 


w  —  a  tti  '-  w 


\b'  +  (d?  -a)^}i       {6i«  +  (a,  -^2?)^^ 
or  the  angles  APM^  BPN  are  equal. 

(23)  To  find  the  point  in  the  straight  line  AD  (fig.  2), 
at  which  BC  subtends  the  greatest  angle ;  ABC  being  per- 
pendicular to  AD, 

If  the  angle  be  a  maximum  its  tangent  is  also  a  maximum. 

Let  P  be  the  point,  AP  =  w^  AC  =  a,  AB  =  h  ; 

tan  SPC  -  tan  (APC  -  ^PS)  =  ^  V  ^^^ ; 

therefore    — is  to  be  a  maximum. 

ab  ■\'  or 

Whence    ah  —  a^  =  0  and  w  =  (afe)i. 

(24)  Through  a  point  il/  (fig.  3)  within  the  angle  BAC 
draw  the  line  PQ  so  that  the  triangle  PAQ  shall  be  a  mini- 
mum. 

Draw  MN  parallel  to  AQ^  and  let  AN  =^  a,  MN=b, 
AP  =  w.  Then  «r  =  2a  makes  P^Q  a  minimum,  and  PQ  is 
bisected  in  M, 
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(2.5)  Given  the  length  of  the  arc  of  a  circle,  find  the 
angle  which  it  must  subtend  at  the  centre  in  order  that  the 
corresponding  segment  may  be  a  maximum. 

Let  a  be  the  half-length  of  the  arc,  x  the  radius  of  the 
circle;  then  -  is  the  half-angle  of  the  segment. 

If  u  be  the  segment, 

a         a  , 
u  =  ax  —  w^  sin  -  cos  -  is  a  maximum. 

X  X 

Whence    cos  -    a  cos .2?  sm  -  I  =  0. 

X  \  X  xj 

If  cos  -  =  0,  or  -  =  —  ,  the  segment  is  a  semicircle  and 
X  .r       2 

a  maximum. 

a  a 

If  -  =5  tan  -  ,  a?  =  CO  ,  and  u  =  0  is  a  minimum. 

X  X 

This  last  equation  might  be  equally  satisfied  analytically 
by  a  value  of  -  between  w  and  —  ,  but  such  an  angle  is 

excluded  by  the  geometry  of  the  problem. 

A  geometrical  solution  of  this  problem  is  given  in  the 
Mathematical  Collections  of  Pappus,  Book  V.   Theor.  16*. 

(26)  AC  (tig.  4)  and  BD  being  parallel,  it  is  required 
to  draw  from  C  a  line  CXY^  such  that  the  sum  of  the 
triangles  ACX  and  BXY  shall  be  a  minimum. 

If  AC  ^  a,    AB^hy  AX^x^  it  is  easily  seen  that  the 

area  of  the  triangle  ACX  is  proportional  to  a  a?,  and  that  of 

a  (h  —  ZP^^ 
BXY  to If*,  iso  that  we  have 

X 


mmimum. 


{        (6  -  *f) 
a  {x  +  -  > ,  a  mmi 


Whence  we  find  ^p*  —  6*  =  0,  or  *t  =  6^,  which  determines 
the  line  CXY. 

Vincent  Viviani,  Geomctrica  Divinatio^  p.  152. 
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(27)  OMj  OP  (fig.  5)  are  two  arcs  of  great  circles  on 
a  sphere,  and  the  arc  PM  is  drawn  perpendicular  to  0M\ 
find  when  the  difierence  between  OP  and  OM  is  the  greatest. 

Let  POM  «  a;,  OP  =  0,  OM  «  0 ;    then  we  have 

0  —  0  =  a  maximum  ; 

while,   by    Napier'^s   rules    for   the   solution   of   right-angled 
spherical  triangles, 

tan  0  s  cos  a  tan  0. 
Difierentiating  with  respect  to  0,  we  have 

d(j> 


de 


-1=0, 


dd) 
1  +  tan*0  =  cos  a  (1  +  tan^  (p)  --^ ; 

du 

therefore     1  -♦-  ian^O  =  cos  a  (l  +  tan*0), 

or      1  4-  cos^a  tan*'^^  =  cos  a  (l  -♦-  tan^0). 
Whence     tan  0  =  (sec  o)*,    tan  9  =  (cos  a)i. 

(28)  To  determine  the  dimensions  of  a  cylinder  open  at 
the  top,  which,  under  the  least  surface,  shall  contain  a  given 
volume. 

Let  TTtt^  be  the  given  volume,  w  the  radius  of  the  cylinder, 
y  its  base.  Then  w  ^  y  ^  a  determines  the  cylinder  of  least 
surface. 

(29)  The  content  of  a  cone  being  given,  find  its  form 
when  the  surface  is  a  maximum. 

Let  be  the  given  content,  x  the  radius  of  the  base, 

3 

a 
y  the  height  of  the   cone.      Then  a?  =  -r ,  y  =  2  a  determine 

the  cone  of  greatest  surface. 

(30)  To  inscribe  the  greatest  cone  in  *a  given  sphere. 

Let  the  radius  of  the  sphere  be  r,  and  the  distance  of  the 
base  of  the  cone  from  the  centre  be  w.  Then  a?  =  ^  r  gives 
the  maximum  cone. 
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(31)  To  find  the  point  in  the  line  joining  the  centres 
of  two  spheres,  from  which  the  greatest  portion  of  spherical 
surface  is  visible. 

If  r,  /  be  the  radii  of  the  spheres,  a  the  distance  of 
the  centres,  and  a?  the  distance  of  the  required  point  from 
the  centre  of  the  sphere  whose  radius  is  r. 

Then  w  =  -r— 


r »  +  r 


§• 


{Si)  A  regular  hexagonal  prism  is  regularly  terminated 
by  a  trihedral  solid  angle  formed  by  planes  each  passing 
through  two  angles  of  the  prism ;  find  the  inclination  of 
these  planes  to  the  axis  of  the  prism  in  order  that  for  a 
given  content  the  total  surface  may  be  the  least  possible. 

Let  ABC  ah  c  (fig.  6)  be  the  base  of  the  prism,  PQRS 
one  of  the  faces  of  the  terminating  solid  angle  passing  through 
the  angles  P,  R.  Let  S  be  the  vertex  of  the  pyramid. 
Draw  SO  perpendicular  to  the  upper  surface  of  the  prism. 
Join  OM,  RPj  SQ  intersecting  each  other  in  N.  Then  it 
is  easy  to  see  that  MN  =  NO  and  consequently  SO  =  QJV, 
and  as  the  triangles  POR^  PMR  are  equal,  the  pyramids 
PSRO  and  PMRQ  are  equal,  so  that,  whatever  be  the  in- 
clination of  SQ  to  OM^  the  part  cut  ofi^  from  the  prism  is 
equal  to  the  part  included  in  the  pyramid  SPRj  and  the  con- 
tent of  the  whole  therefore  remains  constant.  We  have  then 
to  determine  the  angle  ONS  or  OSN  so  that  the  total  surface 
shall  be  a  minimum.  Let  AB^  the  side  of  the  hexagon,  »  a, 
AP,  the  height  of  the  prism,  =  6,  OSN  =  9.     Then 

OJV  =  JVJIf  =  ^  a,    and  5iV  «  1  a  cosec  0,    and  Qjlf  =  ^  o  cot  0. 
The  surface  of  ABPQ  =  ^a  (26- Jacot^). 

The  surface  of  PQRS  =  Pi? .  ^'AT  « cosec  9. 

2 
Whence  the  total  surface  of  the  solid  is  * 

a                 S-a^ 
Sa  (2b cot  9)  +  ^ cosec  0, 

which  is  to  be  a  minimum.      Differentiating  we   have 

1              i  cos  0  ,     1        i.  /»        1 

-  3t  =s  0  ;      and   therefore  cos  0  st  — 


sin^e  sin"6>  "  3* 
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Hence  tan  SRN==  -r ,     and  tan  SRQ  =  2*. 

This  is  the  celebrated  problem  of  the  form  of  the  cells 
of  bees.  Maraldi*  was  the  first  who  measured  the  angles  of 
the  faces  of  the  terminating  solid  angle,  and  he  found  them 
to  be  109°.  28'  and  70°.  32"  respectively.  It  occurred  to 
Reaumur  that  this  might  be  the  form,  which,  for  the  same 
solid  content,  gives  the  minimum  of  surface,  and  he  requested 
Eoenig  to  examine  the  question  mathematically.  That  geome- 
ter confirmed  the  conjecture; — ^the  result  of  his  calculations 
agreeing  with  Maraldi'^s  measurements  within  2'.  Maclaurin"(" 
and  L'Huillier:]:,  by  different  methods,  verified  the  preceding 
result,  excepting  that  they  shewed  that  the  difference  of  2' 
was  due  to  an  error  in  the  calculations  of  Koenig — not  to  a 
mistake  on  the  part  of  the  bees. 

(33)  To  determine  the  greatest  parabola  which  can  be 
cut  from  a  given  cone. 

Let  JBC(fig.  7)  be  the  cone  BC^a,  JC=^b,  BN=a\ 

Then   DN  =  -  ^,  and  EN  =  (a<x?  -  ar')l 

a 

4 
The  area  of  the  parabola  is  -  EN .  DN^  or 

4  6 

a?  (aw  —  ar^)K   which  is  to  be  a  maximum. 

3  a      ^  ' 

___,                    3a          ,    ,                 .   ,                          ah3^ 
Whence  x  ^  — ,  and  the  area  of  the  parabola  = . 

(34)  To  determine  the  greatest  ellipse  which  can  be 
cut  from  a  given  cone. 

Let  AC  (fig.  8)  =  a,  CD  =  6,  CN  =  a?,  BP  being  the 
major  axis  of  the  ellipse.  Then  the  condition  that  the  area 
of  the  ellipse  shall  be  a  maximum  gives 

26  (a^  -  6*0  ±  6  (a^  -  I4a^6-  +  6')i 


<r 


3  (a'  +  6^) 


*  Memoir es  de  VAcadimie  des  Sciences^  1712,  p.  299. 
•f*  Philosophical  Transactions,  1743,  p.  565^ 
X  Berlin  Memoirs,  17BI,  p.  277. 
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In  order  that  this  may  be  possible  we  must  have 
a>  —  14a*6*  4-  6*  >  0,  or  a  >  6  {2  +  3^}; 

that  is,  the  angle  of  the  cone  must  be  less  than   15^ 

When  this  is  not  the  case,  the  ellipse  increases  continually 

till  it  coincides  with  the  base. 

It  may  happen  that  the  maximum  value  of  the  section 

is  less  than  the  base  of  the  cone;  and  this  will  be  the  case 

unless  the  vertical  angle  of  the  cone  be  less  than   11^.5?'. 

Sect.  2.     Implicit  Functions  of  Two   Variablea. 

I{  u  be  an  implicit  function  of  two  variables  tv  and  y, 

du 

——  =  0    will    determine   the  values   of  j?  for  which    v    is    a 
d.v  ^ 

maximum  or  minimum,     y  will  be  a  maximum   for   a  given 

d'u 

doj^ 
value    of    OB    when    that    value    substituted    in    —   srives  a 

du    ^ 

dy 
positive    result,    and  a  minimum  when   it    gives  a   negative 
result. 

Ex.  (l)  u  =  y^  -  x^y  +  a?  -  a?^  =  0. 

du 

—  =  1  -  2«ry  -  3a?*  =  0 ; 
dx 

whence  y  = ,  and  substituting  this   value,    x   is    de- 

termined  from  the  equation 

2.1?^  +  9a?*  +  2a?^  -  6a?''  +  1  =  0 : 
*  one  root    of    this    equation  is  .i?=  -  i,    which  gives    y  =  1  ; 

dcB^      -  6w  -  2y 

and  as     ——  = 5—  =  +  4,  f/  =  1   is  a  maximum. 

du         2y  -  cv'^  '  ^ 

dy 
(2)  y^  +  2ya;^  +  4a?  -  3  =  0. 

<r  =  -  ^  gives  y  =  2,  a  maximum  ; 
0?  =  1  gives  y  =  —  1,  neither  a  maximum  nor  a  minimum. 
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(S)  ^  -k-  ar^  "  Sa^w  =  0. 

<r  =  +  a  gives  j^  «  2i  a,  a  maximum ; 
^  sx  ~  a  gives  y  =»  —  2i  a,  a  minimum. 

(4)  w  =  y^  +  0?^  -  3aa?y  =  0. 

Of  ss  2^a  gives  y  =  4*  a,  a  maximum ; 
07  s  0  gives  2^  =  0,  a  minimum. 

The  nature  of  this  last  value  cannot  be  determined  by 

dy      0  d^y      0 

the    usual   method,    since   —-  =  - ,  and   also    — -  =  - .      To 

djs      0  dor      0 

determine    it,    differentiate   u   a    second   time    considering  y 
and  ^  both  to  vary,  y  being  a  function  of  tV ;  we  then  get,  on 

making  ci?  =  0,  y  =  0,  —  =  0,  or  =  - .     Differentiating  a  third 

time    on   the   same .  supposition,   and   making   ^  =  0,    y  ^0, 

^W    MM  ^W        MM  O 

—  =  0,  we  find  — -  =  — ,  which  being  positive  shows  that 
dx  dor      3a 

y  ^  0  is  a  minimum. 

(5)  u  ^  y*  +  a^  —  Aixy  +  2. 

— -  =  — ,  whence  y  =  a^\ 

dx      y^  —  X 

and  x^^  -  Sx^  +  2  =  0; 

whence  x  =  -\-  \   or  —  1,   and  y  =  +  1   or   —  1. 

dy      0 
Therefore  —  =  - ;   and    proceeding    as    in    the  last    ex- 
dx      0 

ample  we  find  that  y  =  +  l  and  y  =  —  \   are  neither  maxima 

nor  minima. 

(f))  u^  tf  —  2mxy  +  x^  —  a^  -  0. 

ma  .  a 

X  = -v    mves  v  =   , -^  ; 

(1  -  m')^    "="         ^      {\  -m')i 

d^y 

and  as  these  values  of  x  and  y  when  substituted  in  — -    give 

dXr 

a  negative  result,  the  value  of  t/  is  a  maximum. 

The    preceding   examples    are   taken  from   Euler's   Calc. 
Diff.  Part  II.  Cap.  xi. 
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Sect.  3.     Functions  of  two  or  more  Variables. 

Let  u  be  a  function  of  two  variables  a  and   y;    then 
the  conditions  for  u  being  a  maximum  or  minimum,  are 

du  du 

—  =0;  -v-^O. 

dof  dy 

In  addition  to  these  Lagrange  has  shewn*  that  the  con- 

d^u  ^u      I  cPw  \* 
dition    •- —  .  -— 3  >  ( -; — 7-      must  also  hold,  in  order  that 
da?*   dy*       Kdwdyl 

the  function  may  not  change  its  character  from  a  maximum 

to  a  minimum,  or  vice  versd,  in  the  course  of  the  changes 

of    the  variables.       From    this    condition    it    appears    that 

d^u  d^u 

——-  and  -r-r  must  have  the   same  siirn  ;    and  the  function 

d^p*  djr 

will  be  a  maximum  if  that  sign  be  negative,  and  a  minimum 

if  it  be  positive. 

If  the  values  of  a?  and  y  which  make  -—  =  o,  — -  =  0,  also 

diV  dy 

make  the  second  differentials  vanish,  there  will  be  no  maximum 
or  minimum  unless  the  third  differentials  also  vanish,. while  the 
fourth  neither  vanish  nor  change  their  sign. 

If  z^  be  a  function  of  three  variables  x  y  ss^  the  con- 
ditions for  a  maximum  or  minimum  are 

du  du  du 

ajf  dy  dx 

and  Lagrange^s  condition  becomes  in  this  case 

\d^  dUi^  l<Pu  y\idru  d'u       I  O'u  y\ 

\d,v'  dy^       Kdofdy)  j\daf^  dz^       \dafdz)  j 

d^u     d^u        (Pu      d^u  \* 

dydz* dar^      dwdy  dwdzj 

In  like  manner  if  there  be  a  function  of  n  variables  ^,  y> 
sf,  ^.,.we  shall  have,  for  determining  their  values  when  the 
function  is  a  maximum  or  minimum,  the  n  equations  : 

du  du  du  du 

d,v  dy  dz  dt 

•  Turin  Memoirs^  Vol.  i.  p.  Ifl. 
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In  this  case  Lagrange's  condition  becomes  too  complicated 
to  be  easily  expressed,  and  as  such  functions  rarely  if  ever 
occur  in  practice,  it  is  unnecessary  to  give  it  here. 

Fran^ais  has  shewn*  that  in  a  function  of  two  variables, 

when  the  equations 

du  du 

—  =  0,     —  =  0, 
ax  dy 

are  satisfied  simultaneously  by  the  vanishing  of  one  factor, 
they  are  really  equivalent  to  only  one  condition,  by  which 
we  cannot  determine  oo  and  y^  but  can  only  find  a  relation 
between  them.  This  corresponds  geometrically  to  a  locus  of 
maxima  and  minima,  such  as  would  be  produced  by  the 
extremity  of  the  major  axis  of  an  ellipse  which  revolves 
round  an  axis  parallel  to  the  major  axis.  In  these  cases 
we  have 

rf^w    d'u       I  dPu  y  _ 

da?^    dy^       \dafdyl 

an  equation  which  is  usually  excluded  from  Lagrange's  con- 
dition. It  is  to  be  observed,  however,  that  this  view  supposes 
a  mawimum  to  be  a  value  not  less  than  any  other  immediately 
contiguous,  whereas  it  is  generally  considered  to  be  a  value 
greater  than  any  other,  and  conversely  for  a  minimum.  This 
remark  of  Fran^ais  is  of  more  importance  geometrically  than 
analytically ;  and  I  may  add,  that  in  geometry  the  failure 
of  Lagrange's  condition  indicates  that  there  is  a  maximum 
for  some  sections,  and  a  minimum  for  others. 

When  a  function  of  two  or  more  variables  is  to  be  made 
a  maximum  or  minimum,  it  frequently  happens  that  there  are 
given  certain  equations  of  condition  between  the  variables,  so 
that  the  real  number  of  independent  variables  is  less  than 
the  number  of  variables  in  the  function.  When  this  is  the 
case,  instead  of  getting  rid  of  the  superfluous  variables  by 
direct  elimination,  it  is  usually  more  convenient  to  employ 
Lagrange's  method  of  indeterminate  multipliers."!-  The  fol- 
lowing is  the  theory  of  the  method. 

•  Annates  de  Gergonne,  Vol.  iii.  p.  132. 
t  Mecaniquc  Analytiquc^  Vol.  i.  p.  74. 
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Let  w  be  a  function  of  n  variables  a?,,  j?2,...a?„,  these 
being  subject  to  the  r  equations  of  condition, 

Li  «  0,    1,2  =  0, L,  =  o. 

When  t^  is  a  maximum  or  minimum, 

du   ^  du  ^  du  ^         ^       X  . 

du  =  -—  do?!  +  -■ —  dx2  +  ..•  +  y—  a<r„  «  0       (1), 

which  is  to  be  combined  with  the  r  equations 

dLi=0,     dig^O,  ...  dL^  =  0      (2), 
the  general  form  of  each  of  which  is 

dL  ^         dL  ^  dL  ^ 

— —  a<2?i  +  - — da^z  +  ...  +  - —  dw^  =  0. 

dwi  dx2  a<37„ 

These  equations  are  all  linear  in  do?,,  d^g,  ...dti?^;  mul- 
tiply therefore  the  equations  (2)  by  indeterminate  multipliers 
Xi,  X2»-.-Xr,  and  add  them  to  (l).     We  then  get 

du  -\-  XidLi  +  XgdL^  +  ...  +  X^dLr-  0; 

an  equation  which  is  of  the  form 

Midwi  +  M^diV^i  -f  ...  +  My^dx^  =  0, 

in  which  each  quantity  M  is  of  the  form 

du  dL^  dLi  dLr 

-/tt  «=  -—  +  Ai  -r—   +  A2  -3—  +  ...   +  Ar  —7—  ' 

diV  ax  aw  ax 

If  we  determine  the  r  quantities  \  from  the  conditions 
that  they  make  the  terms  involving  dx^^  dtPg, ...  dx^  vanish, 
that  is  to  say,  if  we  determine  them  by  the  conditions 

Ml  =  0,     Jfg  «  0,  ...  Mr  =  0, 

the  variations  d^i,  dxzj  ...  dx^  are  eliminated,  and  there 
remains 

Mr^idx^j^i  +  ...  +  M^dx^  =  0  : 

and  as  the  n-r  quantities  dx^^i.^^dx^  are  independent,  their 
coefficients  are  separately  equal  to  zero.  Hence  if  we  deter- 
mine \i,  \2,  ...  Xr  by  the  equations 

il/i  =  0,     JI/2  =  0...  3f^  =  0, 

we  shall  also  have 

Jf^^i  =3  0...  j(f„  =  0; 


110 


MAXIMA    AND    MINIMA. 


and  the  n  quantities  <r  and  the  r  quantities  \  satisfy  the  f»  +  r 
equations, 

As  it  is  indifferent  which  of  the  variables  we  eliminate  in 
order  to  determine  Xi  ...Xrs  the  most  general  way  of  stating 
the  result  is,  that  we  have  the  n  +  r  equations, 

Li  e=  0,     £2  =  0  ...  Lr  =  0, 


du  dLi         dL2  ^    dLf 

+  X, -i +X2-; +  •-.  +  \r-- =0. 


dwi  dxy^ 


dofi 


dWi 


du  dLi  dL2  dLf 

+  Xi  -; —  -f  X2  - —  +  ...  +  X, 


(3), 


dXj^  dw^  dw„  "  doff^ 

to  determine  the  »  +  r  quantities  a?i,  a?2, ...  a?„,  Xi,  X2,  ...  Xr- 

If  u  be  homogeneous  in  cTj,  ,X'2v*^'n9  ^^^l  ^^  A9  -^29 •••^r 
consist  of  homogeneous  terms  and  constants,  there  exists  a 
simple  relation  between  the  quantities  X,  which  is  very  useful 
in  many  problems. 

Let  u  be  homogeneous  of  m  dimensions,  and  let  Li  «=  0, 
ig  =  0,  &c.  be  put  under  the  form 

Ma-k-A^Oj     JVft  +  5  =  0,  &c. 

where  Ma  is  homogeneous  of  a  dimensions,  JV^  homogeneous 
of  b  dimensions,  &c.,  and  where  A^  JS,  &c.  are  constants. 
Then  multiplying  equations  (3)  by  <ri,  0^29  •••*>'n  ^^^  adding, 
we  have,  by  a  property  of  homogeneous  functions, 

mu  +  aX^Ma  +  6X2^^6  +  &c.  =»  0, 
or     mu  =  aXi^  +  bX^B  +  &c. 

Ex.  (1)  w  =  a?*  +  ^  -  Saivy. 


du         ,  -  .  du         ,  „ 

—  =  S  (^  -  ay)  «  0,     —  =  3  (y«  -  aj?) 

007  ay 


0, 


whence     tt?*  —  d^oc  =  0. 
Therefore     a?  =  0,    or  a?  ■=  a,    and  y  =  0,  y  «=  a. 
Lagrange^s  condition  becomes     36^y  -  pa^  >  0. 
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Therefore  ^  «  0,  y  »  0  gives  neither  a  maximum  nor  a 
minimum,  and  ar  =  o,  y  =  o  gives  w  =  —  o',  a  minimum  when 
a  is  positive,  and  a  maximum  when  a  is  negative. 

(2)  tt  =  a?*  +  y*  -  2^  +  ^wy  -  2yS 
du        ^  du 

d^  ay 

Eliminating  y  between  these  equations,  we  find 

a^{{a^  "If-l]  =0, 
whence    a?  =  0,     a7=±2i,    y  =  0,    y=:p2i: 
07  s  0,    y  =  0    give  t«  »  0,    a  maximum; 
or  s  Js  2i^  y  s=  tp  2I   give  w  =  -  8,  a  minimum. 

(3)  w  =  a?3y«(o- a7-y), 

a  a      .  a*^ 

j;  =5  - ,    v  =  -    crive  w  «  —  a  maximum, 
2^3®  432 

j7  =  0,  y  ^  0^  give  t«  s  0  neither  a  maximum  nor  a  minimum. 

""  (a  +  ^)  (a?  +  y)  (y  +  ijr)  («r  +  h)  * 

Taking    the   logarithmic    differential,    since   log  u   is   a 
maximum  when  u  is  so.     Then 

\   du      I  1  1 

=  0, 


0, 


wdiy      «      y+«      «+6 
or    oy  -  JT*  =  0,    fl7«f  -  y*  =  0,    6y  -  ;5*  »=  0 ; 

.  a      w      y      X 

whence     -  =  -  =  -  bs  -. , 
J7      y      iir      6 

or     a,  dT,  y,  )ir,  b  are  in  geometric  progression. 

Let  each  of  these  ratios  be  equal  to  — .     Then,  multi- 

n 

plying  them  together,     -«— ,     orw=(-j. 


u  dof      w 

a  -{-  X 

^  +  y 

1  du      1 

1 

1 

u  dy      y 

^  +  y 

y  +  « 

1   du      1 

1 

1 
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Let  log  w  =  V,  then  proceeding  to  the  second  differentials 
we  get,  on  substituting  for  Wy  y,  %  the  values  wo,  n*a,  w^a, 

d^  "  "  a'w  (1  +  »)' '     d^^  "  aJ'n?  (l  +  nf  ' 
(Pv  2  <P«  1 


d*t>  1  cPtJ 


so  that  Lagrange^s  condition  becomes 

12  4 


0; 


"4» 


and  the  corresponding  value  u  =  — -^^ ^.-r-  is  a  maximum. 

(ai  +  biy 

k 
(5)     Let    -  =  rw^  +  20?^  +  t'f ; 

^  and  y  being  connected  by   the  equation 

1  =  (1  +  p^)  w^  +  9,pq  oyy  -f  (1  +  7^)  y^. 

Differentiating  these  two  equations, 
0  =  {rx  +  sy)  doD  +  {sx  +  ^y)  dy, 
0  =  {(1  +pO  .r  +P<iy}  dx  +  jpga?  +  (1  +  q^)y\  dy. 

Multiply  the  second  of  these  equations  by  an  indetermi- 
nate quantity  \,  add  it  to  the  first  and  equate  to  zero  the 
coefficients  of  the  differentials :  this  gives 

^  K^  +  P^)  '^  +  P^y}  -^  rx  -['  sy  ^  0, 
\  \pqx  +  (1  +  q^)y\  +  sx  +  ^y  =  0. 

Multiply  these  equations  by  <r,  y  respectively  and  add, 

k 
then,  by  the  original  equations    X  +  -  =  0. 

Substituting  this  value  of  X  in  the  preceding  equations, 
and  grouping  together  the  terms  multiplied  by  the  same 
variable. 
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j-  (1  +  p^)  -  1-L  =  ^  (-  pq  -  «j  y, 

j-^  (1  +  ?')  -  4  y  «  -  (-  P9  -  «j  ^- 

Multiplying   these  together  so  as  to  eliminate  w  and  ^ 
we  find 

P  P 

a  quadratic  equation  in  ~,  whence  a  maximum  and  a  mini^ 

P 
mum  value  may  be  found. 

This  is  the  equation  for  determining  the  radii  of  maximum 
and  minimum  curvature  in  a  curved  surface. 

(6)     Let    t*  «  ay  (c  -  j8f)  =  6«f  (a  -  .r)  «  c^  (6  -  y). 

Then    w^^a^    yss^A,    jjf  =  ^c,    give 

u  tsi  ^abCf    a  maximum. 

^7)     Let    tt  —  a  cos' 47  +  b  cos^y ; 
w  and  y  being  subject  to  the  condition  y  —  ^  «  ^  ir. 
Differentiating,  we  have 

0  =  a  cos  dT  sin  ^  +  6  cosy  sin  y, 
or   0  s  a  sin  2^  +  6  sin  2y. 

From  the  equation   of  condition 

sin2y  =  sin  ( — I-  2af\  «  cosSo?. 

Therefore    tan  2.r  « ;     whence 

a 

and   «  =  ^  {a  +  6  ±  (a'  +  6*)^}- 

The  upper   sign  giving   a    maximum    and    the   lower   a 
minimum. 

(8)     Let    u  »  cos  w  cos  y  cos  z, 

with  the  condition   «  +  y  +  ar  =  ir- 
8 
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By  taking  the  logarithmic  differential,  and  using  an  in- 
determinate multiplier,  we  easily  find 

x  =  yz=i%=z^'jr^      and  w  =  -|^,  a  maximum. 

(9)  Find  the  maximum  value  of 

u  =  al-^-  bm  -f  cw, 
/,  wi,  n  being  variable  and  subject  to   the  condition 

We  easily  find  by  the  use  of  an  indeterminate  multiplier 
that 

a       h       c  _    ,       ^ 

-=-  =  —,  and  therefore 
I      m      n 

a  b  c 

and  therefore  t^  =  (a^  4-  6^  4-  c^)i. 

This  is  the  solution  of  the  problem,  "  To  find  the  po- 
sition of  the  plane  on  which  the  sum  of  the  projections  of 
any  number  of  planes  is  a  maximum*/^  /,  m,  n  are  here  the 
cosines, of  the  angles  which  the  plane  of  projection  makes 
with  the  co-ordinate  planes. 

(10)  Find  the  maximum  value  of 

z^  =  (^r?  +  1)  (y  -f  1)  (5?  +  1), 
07,  y,  z  being  subject  to  the  condition. 

Taking  the  logarithmic  differential  of  both  equations  we 
have 

dx  dy  d% 

+  — —  + =  0, 


dco  log  a  +  dy  log  b  -{-  dz  log  c  =  0. 
Whence,  by   using  an  indeterminate  multiplier  X, 

=  log  a,      =  log  6,     =  log  c. 


a?+l  y+1  z  + 1 
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From  these  we  find 


log(Aabc)  log  {Aabc)  log (Aabc) 

a?  +  1  «  — — ,  y+  1  =  — -^ — r — 1  «  +  1  = — -z , 

3log«  3  log  6  Slogc 

and  u-      {^-s{Aabc)\> 

log  o' .  log  iP .  log^ 

This  is  the  solution  of  the  problem :  If  a,  6,  c  be  the 
prime  factors  of  a  number  A^  to  find  how  many  times  each 
factor  must  enter  into  it,  that  it  may  have  the  greatest 
number  of  divisors.     Waring,  Medit.  Algeb*  p.  344. 

(11)  To  find  the  rectangular  parallelopiped  which  shall 
contain  a  given  volume  under  the  least  surface. 

If  <2Z,  y,  isr  be  the  edges  of  the  parallelopiped,  and  if 
€^  be  the  volume  of  a  cube  to  which  it  is  equal,  then  by 
the  condition  of  the  minimum  we  easily   find 

07  =s  ^  85  isr  =  a, 

so  that  the  surface  equals  6a^,  a  minimum. 

(12)  To  inscribe  the  greatest  rectangular  parallelopiped 
in  a  given  ellipsoid. 

Let  the  equation  to  the  ellipsoid  be 

of      ff^      x^ 

and   let   a?,    jf,  z  be   the   half  edges   of  the   parallelopiped, 
then 

u  s  %wyx  is  to  be  a  maximum, 

<r,  y,  z  being  subject  to  the  condition, 

of        t^        SI? 

By  the  method  of  indeterminate  multipliers,  we  easily 
find 


a  be  Sabc 


^^  Ti  ^    2^  =  ^-1  »^=:t,   t^  = 


3^  '     ^        3i  '   '^"3^'     •^  si     ' 


8 — 2 
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(13)  To  find  the  triangle  of  least  perimeter  which  can 
be  inscribed  in  a  given  triangle. 

Let  ABC  (fig.  9)  be  the  given  triangle,  o,  6,  c  the 
sides,  Ai  By  C  the  angles,  and  DEF^  being  the  inscribed 
triangle,  let  CD  =  w,  AE  =  y,  BF  =  %.  Then  if  u  be  the 
perimeter, 

u  ^  {t^  ->t  {c  —  %y  -  2y  (c  -  z)  cos  A}i 

+  {a?*  +  (6  -  yY  -  2/c(b  -^  y)  cos  C]i 

+  {«^  +  (a  -  wy  -  2ar  (a  -  ^)  cos  B]i 

is  to  be  a  minimum.      Whence  we  find 

^  —  (6  —  y)  cos  C 
{w'  +  (6  «  yy  -  2^  (6  -  2^)  cos  Cp 

(a  —  a?)  —  J??  cos  jB 


{i?r*  -h  (a  -  0?)*^  —  2«f  (a  —  ^)  cos  B|i ' 
y  —  (c  -  «)  cos  -4 


{y^  +  (c  -  iJ^y  -  2y  (c  -  i!f)  cos  ^  I  i 

(6  —  y)  —  0?  cos  C 


|a?«  +  (6  -  yy  -  2.17  (Z»  -  y)  cos  C^  ' 
iif  —  («  —  x)  cos  5 


{«^  -f  (a  -  j?)^-  25?  (a  -  ^)  cos5}^ 

(c  "  %)  —  y  cos  -4 


{y^  +  {c  -  %y  -  2y  (c  -  %)  cos  A\^' 
From  these  equations  it  appears  that 
FEA  =  jDjBC,    EDC  =  ^D/'   and    jB/'D  =  AFE. 

It  is  shown  by  Geometry  that  if  lines  be  drawn  joining 
the  points  where  the  perpendiculars  from  the  angles  meet  the 
sides,  each  intersecting  pair  makes  equal  angles  with  the  side 
in  which  they  meet;  consequently  the  triangle  formed  by  these 
lines  is  the  triangle  of  least  perimeter  which  can  be  inscribed 
in  the  given  triangle.  See  Cambridge  Mathematical  Journal^ 
Vol.  I.  p.  157. 

(14)     To  find   the   least  distance   between    two    straight 
lines  in  space. 
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Let  the  equations   to  the  lines  be 

X  —  a      y  —  h      z  —  c 
I  m  n 


=  n  (1) 


Th^n  if  .r,  y,  ar,  tp',  y',  ar'  be  the  co-ordinates  of  the  ex- 
tremities of  the  least  distance  (h)^ 

is  to  be  a  minimum,  the  variables  being  subject  to  the  con- 
ditions (l)  and   (2).      Differentiating, 

0  =  (<r - cr') (dx  -  dx)  +  (y-f/) (dy -  dy)  +  (« - x) (dz  —  d%'). 
But  from  (l)  and  (2)  we  have 

dx  =  /dr,     dy  =  mdr,      di^f  =  wdr, 
dx'  =  /'d/,   dy'=  rndr,  dz'  =  »'d/. 

Therefore,  substituting  these  values,  and,  as  r  and  r' 
are  independent,  equating  to  zero  the  coefficients  of  the 
differentials,  we  have  the  two  conditions 

/  (07  -  a?')  +  m  (y  -  y')  +  w  (ijf  -  z)  =  0,  (3) 

t(x-  x')  +  m'(y  -  y')  +  n'(iy  -  z)  =  0.  (4) 

Between  which,  eliminating  successively  each  of  the  quan- 
tities (x  -  x')  &c.,  we  find 

'^  -^'         y  -  y    _  _5j:_^  .  /ex 

mw  —  wi  w      nl  —  n  I      Im  —  v  m 

each  of  these  ratios  being  equal  to 

\iw  -  w'y  +  (y  - y'y  +  {z  -  zy\h 

{(»»»<  -  m'ny  +  (nt  -  «'0«  +  (Im'  -  l'my\i  ' 

Now  multiply  each  term  of  (s)  and  (4)  by  the  corre- 
sponding members  of  (l)  and  (2),  subtract  the  one  result 
from  the  other  and  transpose ;  then  observing  that 

(.r  -  a>y  +(y-  yj  +  {z  -  zj  =  ^, 
^'  =  (ff  -  a')  (.c  -  v)  +  (6  -  b')  (y  -  y)  +  {c-  c')  {z  -  z'). 


(6) 
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Dividing  the  first  member  of  this  by  (6),  and  each  term 
of  the  second  member  by  each  member  of  (5),  we  find 

>      (g -  a') (mn- mn)  +  (6 - b') (nt- nH)  +  (c - c){lm-rm) 
■"  \{mn'-'mnf+  (nt-nlf-^-  {Im  -  rmy}i  ' 

Equations  (5)  are  the  equations  to  the  line  of  least  dis- 
tance, and  it  appears  that  it  is  perpendicular  to  both  the 
lines  (l)  and  (2),  since  we  have 

/  {mn  -  mn)  -k-  m  (nt  —  n  I)  ^'  n  {Im'  -  trn)  =  0, 

and  V  {mn  —  m'n)  +  w  {nt  -  nl)  +  n  {Im'  -tm}^  0, 

which  are  the  conditions  of  perpendicularity. 

(15)  To  find  the  maximum  and  minimum  radii  of  a 
section  of  the  surface,   the  equation  to  which  is 

made  by  the  plane       Iw  +  my  +  ««f  =  0. 
We  have  here  to  find 

r^  =  a?'  +  y^  +  %'^    a  maximum, 
0?,  y,  z,   being  connected  by  the  equations 

0=^l{v-^my-{-nz. 
Differentiating,   we  have 

afdx  +  ydy  +  %d%  =  0.  (l) 

a^adx  H-  b^ydy  +  (^zdz  =  G.  (2) 

/rfa?  +  w*dy  +  ndz  =  0.  (3) 

(1)  +  X(3)  -  ja(2)  =  0  gives,  on  equating  to  zero  the  co- 
efficients of  each  differential, 

0?  +  \/  =  /uLa^<r,     y  +\m  =^  fib^y,     z  -\-  Xn  ^  julc^z. 
Multiply  by  ^,  y,  ^,  and  add,  then  by  the  original  con- 
ditions r^  ="  fJ^f\      or   u  =  -  , 
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Substituting  this  value,  and  transposing, 

Xlr^  \mr^  \nt^ 

Whence    jp  = ,     y  =  ,     «  =  -- — ^ . 

Multiply  by  /,  m,  n,  and  add.  Then  by  the  original 
conditions  and  dividing  by  \r^, 

a  quadratic  equation  for  determining  r^,  and  consequently  r. 

This  is  the  equation  in  the  Wave  Theory  of  light  by  which 
the  vdocities  of  a  wave  propagated  in  a  crystalline  medium  are 
determined.  The  surface  r*  «  a^oo^  -f  6^^  +  (?s^  is  called  tne 
surface  of  elasticity.  See  Fresnel  Memmres  de  Vlnstitut^ 
Vol.  VII.  p.  130,  and  HerscheFs  Light,  Sec.  1012. 

(l6)     To  find  the  area  of  a  section  of  the  ellipsoid, 

ar^      y^      z^ 
a^      b^      & 

made  by  the  plane     las  -t-  my  +  «i8f  =  0. 

By  the  same  method  as  in  the  last  example  we  obtain  as 
the  equation  for  determining  the  principal  axes. 

The  last  term  of  this  when  arranged  according  to  powers 
of  r^  is 


and  this  being  equal  to  the  product  of  the  roots,  the  area 
of  the  section  is 

(17)      To  find  the  volume  of  the  ellipsoid  whose  equa- 
tion is 
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As  in  the  preceding  examples  we  have  first  to  find  the 
value  of  the  principal  axes,  or  rather  of  their  product ;  and 
if  this  be    ajS^^   then   the  volume  of  the   ellipsoid  will  l^e 

Now  the  principal  axes  are  maxima  on  minima  values  of 
the  radius;    we  therefore  have 

r*  =  a?^  +  y^  +  ar^  a  maximum; 

w^  yy  X  being  subject  to  the  equation  of  condition 

aai^  +  ay^  +  a'«'  +  2byx  +  ^b'ax  +  ^b"wy  =  c. 

Differentiating, 

wdx -k-ydy -\- zdx -Oy  (l) 

(aa+b'x-{'b''yydaf+(ay-^bX'^b''wydy-^(a'x+by+b'wydx'BO,  (2). 

X(l)  +  (2)=  0  gives,  on  equating  to  zero  the  coefficients  of  each 
differential, 

Xd?  +  aw  +  b'x  +  b''y  =  O 

Xy  +  ay  +  bx  +  6" a?  =  0  ^ .  (s) 

\x  -f-  a"x  +  by  +  b\v  =  0 

Multiply  these  equations  by  a?,  y,  x  respectively  and  add> 

then  by  the  equation  of  condition, 

c 
\r-  +  c  =  0,     and  X  =»  -  -3 . 

On  substituting  this  value  of  X  in  the  equations  (3), 
they  become 

(3  -  a  j  0?  -  6'V-  b'x  =  0-, 

b'x  •\'by  "  I -5  -  o"  J  sf  =  0. 

To  eliminate  <if,  j^,.  iir,  multiply  the  first  of  these  by 
(~  -  «')  (J  -  «")  -  h'v  the  second  by  -  Ibb'-^  b'  (^  -  a"]  }; 
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the  third  by  -  |**''+ *' (;5  "  ^J  [  ^"^  ^^>  ^'^^w  V  ^^^  ^ 
disappear,  and  x  dividing  out,  there  remains 

(^•)(^«')(p-"-)-"e-")-'-(^»') 

a   cubic    equation    in    --.       If  it   be  arranged  according   to 

powers  of  r*,  the  last  term  with  its  sign  changed  will  be 
equal  to  the  product  of  the  roots^  that  is,  to  the  product  of 
the  squares  of  the  principal  axes;  and  its  square  root  is  the 

quantity  which  we  seek.     Multiplying  it  therefore  by   — , 

we  find  that   the  volume  of  the  ellipsoid  is  equal  to 

T  (aa'a"  -  a¥  -  o'6'«  -  a"6"«  +  266' 6")*  ^ 

(18)  To  find  the  least  ellipse  which  will  circumscribe 
a  given  triangle. 

Let  ABC  (fig.  10)  be  the  triangle.  Take  C  as  the  origin, 
CA,  CB  as  the  axes  of  w  and  y.    AC  ^a^BC^  6,  ACB  =  9. 

The  general  equation  to  an  ellipse  is 

A&^  +  Bwy  +  Cf^  +  DtV  +  Ey  +  1  «  0, 

which  involves  five  arbitrary  constants ;  three  of  these  may  be 
determined  by  the  conditions  that  the  ellipse  shall  pass  through 
the  three  points  J,  -B,  C.  Instead  however  of  directly  express- 
ing the  undetermined  coefficients  in  terms  of  those  which  are 
determined,  it  will  conduce  to  the  symmetry  of  our  analysis  to 
assume  two  indeterminate  quantities  of  which  the  coefficients 
of  the  equation  are  functions  which  can  be  determined  by  the 
conditions  of  the  ellipse  passing  through  the  three  given  points; 
and  then  the  actual  values  of  the  indeterminate  quantities  may 
be  found  by  the  condition  of  the  minimum.  The  two  quan- 
tities which  we  shall  assume  are  the  co-ordinates  of  the  centre 
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of  the  curve-     Let  them  be  a,  jS;   then  the  equation  to  the 
ellipse  may  be  put  under  the  form 

^  (a?  -  ay  +  25  (a?  -a)(y  -  /3)  +  C(y  -  /3)*  +  1  »  0, 

where  -4,  B,  C  are  to  be  determined. 

Now  the  condition   that  the    ellipse   shall   pass   through 
the  origin  gives 

Aa""  +  ^Ba(i  +  CjS^  +1=0.  (1) 

The   condition    that    the   curve    shall   pass    through    the 
point  J?  =  a,    j(  ■=  0,  gives 

^  (a  -  a)^  -  2  S  (a  -  a)  jS  +  C/J^  +  1  =»  0.  (2) 

Subtracting  (l)  from  (2)  we  have 

-4  (2a  -  a)  +  2  S/3  =  0.  (S) 

The   condition   that   the    curve   shall  pass    through   the 
point  «r  =  0,  y  =  b,  gives 

C  (6  -  /3)"  -  2Ba  (6  -  iS)  +  Aa'  +  1=0.  (4) 

Subtracting  (l)  from  (4)  we  have 

C(2j8-6)  +  25a  =  0.  (5) 

Also  a  (3)  +  /3  (5)  -  2  (1)  =  0,  gives 

^aa+ C6j3  +  2  =  0.  (6) 

Combining  (3),  (5)  and  (6),  we  find 
^^_        -(2/3-6)  ^^        -(2a-a) 


a(a*+/3a-a6)'  /3(a6  + /3o  -  a6)  ' 

■^  (2a -g)  (2)3 -5) 

2aj3(a6  +  /3a  -  a6)  ' 

It  remains  now  to  express  the  area  of  the  ellipse  in 
terms  of  these  coefficients.  The  method  to  be  adopted  is 
the  same  as  that  used  in  the  preceding  example. 

If  r  be  any  radius  measured  from  the  centre,  so  that 

r^  =  (a?  -  a)^  +  (2^  -  fiy  -  2  (a?  -  a)  (y  -  /3)cos0, 

the   axes  of  the   ellipse  are  determined  by  the  equation 

{AC  -  fi^)  r'  -  (^  +  C  -  2  S  cos^)  1-2  +  sin-  0  «  0. 
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The  area  of  the  ellipse  will  therefore  be 

TT  sin0 
{AC  -  B')^ ' 

which  is  to  be  a  minimum,   involving  the  condition  that 

AC  -  B^  shall  be  a  maximum. 

Substituting  in  this  the  values  of  A,  By  C  previously  de- 
termined, and  differentiating  with  respect  to  a  and  )3,  we 
obtain  equations  for  determining  these  quantities.  The  re- 
sult involves  several  factors,  but  those  which  correspond  to 
the  problem  are 

26a  +  a/3  -  06  =  0,     2a/3  +  6a  -  06  =  0 ; 

whence    a  =  -  ,     3  =  -  »    aod  therefore 

3        '^      3 

3  ^         »  •** 


a*  6^  2a6 

The  area  of  the  ellipse  is  therefore 

—r-absiud. 

si 

It  appears  then  that  the  area  of  the  ellipse  is  to  that  of  the 
triangle  as  4ir  :  st,  and  that  its  centre  coincides  with  the 
centre  of  gravity  of  the  triangle.  This  problem  is  given  ' 
by  Euler  in  the  Nova  Acta  Petrop.  Vol.  ix.  p.  147,  but  his 
method  of  solution  is  deficient  in  symmetry.  In  the  same 
volume  he  has  also  discussed  the  more  general  problem — 
To  describe  the  least  ellipse  which  passes  through  four 
given  points. 

The  preceding  solution  is  due  to  Berard.  Annates  de 
Gergonney  Vol.  iv.  p.  288. 

(19)     To  inscribe  the  greatest  ellipse  in  a  given  triangle. 

By  following  a  method  similar  to  that  adopted  in  the  last 
example  it  will  be  found  that  the  area  of  the  maximum 
ellipse  is  to  that  of  the  triangle  as  tt  :  3^ ;  that  its  centre 
coincides  with  the  centre  of  gravity  of  the  triangle ;  and 
that  the  points  of  contact  bisect  the  sides  of  the  triangle. 
Berard,  lb.  p.  284.   ' 
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(20)  To  find  a  point  within  a  triangle  from  which  if 
lines  be  drawn  to  the  angular  points  the  sura  of  their  squares 
is  the  least  possible. 

The  centre  of  gravity  of  the  triangle  is  the  point  which 
possesses  this  property. 

(21)  Among  all  triangular  pyramids  of  given  base  and 
altitude,  find  that  which  has  the  least  surface. 

Let  a,  6,  c  be  the  sides  of  the  base,  h  the  height, 
0^  (p^  yjf  the  angles  of  inclination  of  the  faces  to  the  base : 
then 

a  b  c  , 

+  -. — r  +  -; — r  =  mm. 


sin  0      sin  0      sin  \|^ 

O9  0>  ^  being  subject  to  the  condition 

a  cot  0  +  b  cot  (J)  -^  c  cot  ^  =  const» 

We  find  that  0  t=  <^  =  \|^^  or  that  the  faces  are  equally  in- 
clined to  the  base. 

(22)  To  find  a  point  within  a  triangle  from  which  if 
lines  be  drawn  to  the  angular  points  their  sum  may  be  the 
least  possible. 

The  direct  solution  of  this  problem  is  long  and  compli- 
cated, but  we  may  without  much  difficulty  obtain  a  geometrical 
condition  by  which  the  point  is  readily  determined. 

Let  ABC  (fig.  11)  be  the  given  triangle,  a,  6,  c  its  sides; 
let  O  be  the  required  point,  OA  =  u,  OB  =  v,  OC  =  w.  Draw 
ON  perpendicular  to  AB^  and  let  AN^Wy  ON=y;  also  let 
AON  =  0,  BON  =  0,  CON  =  x//.     Then 

In  order  that  t^  +  v  +  w  may  be  a  minimum,  we  must 
have 

du      dv      dw 

du      dv      dw 

__  +  —  +  —  =0. 

dy       dy       dy 
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Now 


du     JB      ,    ^    dv         c— .1?  .  dw        bcosA—of 

—  s-=sin0,  -r-  = =-sind),  - —  = =  -sin\//, 

dof     u  dec  V  ^     dx  w 

du    y  ^   dv      f/  dw        hcosA-y 

—  =  —  =cos0,  --—  s=  '-  =  cos  0^  — —  = =»  cos  \//, 

dy     u  dy      V  ^  dy  w  ^ 

Therefore  we  have  the  conditions 

sin  0  =  sin  0  -H  sin  \^, 

cos  0  =s  —  (cos  (f>  +  cos  ^^), 

Squaring  and  adding,  we  find 

cos  (>|^  -  0)  =  -  ^,     or  >/f  -  <^  =  120°. 

That  is,  the  angle  BOC  »  120" ;  and  in  the  same  way  it 
may  be  shewn  that  AOC  =  120" «  AOB.  Hence  if  on  any 
two  sides  of  the  triangle  we  describe  segments  of  circles 
containing  angles  of  120°,  their  int^section  will  determine 
the  point  O.  The  actual  length  of  the  lines  «,  v,  w^  and 
the  value  of  the  minimum  sum  may  be  found.  For  from 
the  geometry  of  the  figure  we  have  the  equations 

v^'  +  viv  +  w*  =  a\ 

u^  +  uw  +  w^  =  6% 

and     un  +  uw  +  nw  = 


m^  being  the  area  of  the  triangle.      Adding  the  sum  of  the 
first  three  equations  to  three  times  the  last, 

2  (t*  +  f?  +  wf  =  a^  +  6^  -H  c^  +  4  .  si  !»*; 

whence      w  +  t?  +  w  ■=  {^  (a*  +  6'  +  c*)  +  2  . 3*  m*}i. 

Calling  this  r,  and  subtracting  the   first  three  equations 
two  and  two,  we  have 

r  (tj  -  w)  =  »^  -  &^    r  (m?  -  «)  =  6*  -  c%    r  (t*  -  w)  =  c*  -  «^ ; 

whence     t?  =  t^  -h  — ,     m?  =  w  + , 


and  therefore     u-^-vAf^w^^r^^u^- 


T 


Sr 

a» 

+  c'- 

26* 

Sr 

a' 

+  6*- 

.2c« 
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From  this  we  find 

r      6^  +  c^  -  20^ 
«^  =  -  + , 

3 
r 

«=-  + 

r 

w  =  "  + 

S  St 

This  problem  possesses  considerable  interest  in  the  history 
of  mathematics.  It  was  proposed  by  Fermat  to  Torricelli, 
who,  after  some  time  gave  three  solutions  of  it.  He  com- 
municated it  to  Vincent  Viviani,  who  also  solved  it,  and  gave 
the  geometrical  construction  mentioned  above;  but  he  says 
that  it  is  a  problem  ^^quod,  ut  vera  fateor,  non  nisi  iteratis 
oppugnationibus  tunc  nobis  yincere  datum  fuit.''  For  bis 
demonstration  see  his  Geometrica  Divinatio  de  MctwimU  et 
Minimis^  p.  150.  The  reader  will  also  find  a  discussion  of 
this  problem,  and  of  the  more  general  one  where  the  minimum 
function  is  aw  +  /3«  +  7«r,  in  a  paper  by  Fuss  in  the  Nova 
Acta  Petrop.  Vol.  xi.  p.  235. 


CHAPTER  VIII. 


ON    THE    GENERATION    OP   CURVES    AND   THE    INVESTIGATION    OP    THEIB 
EQUATIONS    FROM   THEIR   GEOMETRICAL    PROPERTIES. 


As  in  the  following  chapters  frequent  reference  will  be 
made  to  certain  curves  which  have  acquired  historical  im- 
portance, and  have  in  consequence  been  distinguished  by 
particular  names,  I  shall  here  describe  the  mode  of  their 
generation  and  deduce  their  equations  from  their  definitions, 
adding  some  notice  of  the  principal  properties  which  possess 
interest. 

(1)     The  Cissoid  of  Diodes. 

This  curve,  named  after  Diodes,  a  Greek  mathema- 
tician, who  is  supposed  to  have  lived  about  the  sixth 
century  of  our  era,  was  invented  by  him  for  the  purpose 
of  constructing  the  solution  of  the  problem  of  finding  two 
mean  proportionals.  The  curve  is  generated  in  the  follow- 
ing manner:  In  the  diameter  ACB  (fig.  12)  of  the  circle 
ADBE  take  BM  =  AN^  erect  the  ordinates  QM,  RN  and 
join  AQ\  the* locus  of  the  point  P  where  the  line  AQ  cuts 
the  ordinate  RN  is  the  cissoid  of  Diodes.  To  find  its 
equation,  put  AN^a;,  PN^y^  AC^^a:  then  as 

PNQM      y  ^  (2aaf  -  <)i 

AN     AM^     OB  2a  ^x 

or  2^  (2  a  —  a?)  =  a^^   ^ 

which  is  the  equation  to  the  curve. 

The  curve  has  an  equal  and  similar  branch  on  the  other 
side  oi  AB\  the  two  branches  meet  in  a  cusp  at  the  point 
A^  and  have  the  line  HK  as  a  common  asymptote.  The  area 
included  between  the  curve  and  the  asymptote  is  three  times 
the  area  of  the  generating  circle. 
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The  application  of  this  curve  to  the  solution  of  the 
problem  of  two  mean  proportionals  is  very  simple.  Pappus 
has  shown  that  if  J8C,  CS  be  the  two  quantities  between 
which  the  two  mean  proportionals  are  to  be  inserted,  and 
if  the  lin«  APQ  be  drawn  so  that  QT «  PT^  the  line 
CT  is  the  first  of  the  two  mean  proportionals:  it  is  ob- 
vious from  this  that  P  is  a  point  in  the  cissoid.  If  there- 
fore we  wish  to  find  two  mean  proportionals  between  BC 
and  CS,  we  construct  the  cissoid  JQD  and  produce  BS 
till  it  meet  the  curve  in  a  point  P.  Joining  AP,  and  pro- 
ducing it  to  meet  CS  produced,  we  determine  the  line  CT 
which  is  the  first  of  the  two  mean  proportionals  required. 

According  to  the  geometrical  ideas  of  the  ancients  a 
problem  was  not  thought  to  be  completely  solved  unless  a 
mechanical  construction  was  given.  To  complete  therefore  the 
theory  of  the  cissoid^  Newton*  invented  the  following  means 
of  describing  it  by  continuous  motion.  At  the  centre  C  of 
the  circle  ADB  (fig.  13)  erect  the  perpendicular  CDE,  of 
indefinite  length.  Take  a  point  O  in  CA  produced  such 
that  AO  ^  AC ;  then  if  the  rectangular  ruler  NLM,  of 
which  the  leg  LM  is  equal  to  the  diameter  of  the  circle, 
be  moved  so  that  the  leg  NL  always  slides  along  O,  while 
the  end  M  slides  along  CDE,  the  middle  point  P  of  LJU 
will  trace  out  the  cissoid. 

(2)     The  Conchoid  of  Nicomedes. 

This  curve,  the  invention  of  Nicomedes,  who  lived  about 
the  second  century  of  our  era,  was,  like  the  preceding,  first 
formed  for  the  purpose  of  constructing  the  solution  of  the 
problem  of  finding  two  mean  proportionals,  or  the  duplica- 
tion of  the  cube,  but  it  is  more  readily  applicable  to  an- 
other problem  not  less  celebrated  among  the  ancients,  that 
of  the  trisection  of  an  angle.  The  curve  is  generated  in 
the  following  manner:  take  the  indefinite  straight  line 
HK9  (fig.  14)  and  from  a  fixed  point  O  draw  a  line  OMP 
cutting  the  line  HK  in  iW ;  take  the  point  P,  such  that 
PM  shall  be  always  of  a  constant  length :  the  locus  of 
the  point  P  is  the   conchoid.     The  point  P  may  be  taken 

•  Append,  ad  Arith.  Univ. 
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between  O  and  M^  in  which  case  it  will  trace  out  another 
branch  of  the  curve  which  is  called  the  inferior  conchoid. 
To  determine  the  equation,  let  AN^Wy  PN^y^  PM  (which 
is  of  constant  length)  -  a,  OA  =  6. 

Then  as  PM""  «  PN^  +  MN\  and 

MN'-AN^AM^AN-~MN, 

PN 

1    ; 

Wp,  have  a^jf^  -  (a*  -  y^)  (6  +  y)% 

which  is  the  equation  to  the  curve,  including  both  the  su- 
perior and  the  inferior  conchoid. 

It  is  evident  from  the  construction  of  the  curve  that 
the  line  KH  is  an  asymptote  to  both  branches.  When 
a>b  there  is  a  loop  in  the  inferior  conchoid  at  O  as  in 
the  figure ;  when  a^h  the  loop  degenerates  into  a  cusp ; 
and  when  a<b  there  are  two  points  of  contrary  flexure^ 
one  on  each  side  of  the  line  OA, 

The  application  of  this  curve  to  the  construction  of 
the  problem  of  the  trisection  of  an  angle  is  as  follows.  It 
may  be  readily  shewn,  that  if  AOB  (fig.  15)  be  the  angle 
to  be  trisected,  and  if  the  line  OMP  be  so  drawn  that 
th^  part  JfP,  intercepted  between  AB  and  BC  at  right 
angles  to  each  other,  is  double  of  OB^  the  angle  AOM 
is  the  third  part  of  AOB.  Now  if  we  describe  a  conchoid 
with  O  as  pole  and  the  line  AB  as  directrix,  the  constant 
parameter  being  equal  to  twice  Ojff,  its  intersection  with 
BC  will  determine  the  point  P. 

Nicomedes  appears  to  have  been  led  to  the  invention 
of  this  curve  as  a  means  of  solving  the  celebrated  problems 
mentioned  above,  by  the  facility  with  which  it  could  be  con- 
structed mechanically.  For  if  we  take. a  grooved  ruk  HK 
(fig.  16)  and  another  grooved  rule  PQ,  having  a  fixed  pin  at 
a  point  Jlf,  and  bearing  a  pencil  at  P,  and  if  we  cause  the 
pin  at  M  to  slide  along  the  groove  HK  while  the  groove 
MQ  slides  along  a  pin  fixed  at  O,  the  point  P  will  trace 
out  the  conchoid. 

.  (S)     The  Witcb  of  Agnesi. 

In  the  ordinate  produced  of  the  circle  AMB  (fig.  17) 
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take  a  point  P,  such  that      PN  :  AB  »  MN  :  AN\    the 
locus  of  the  point  F  is  the  curve  called  the  Witch. 

Putting    AC  ^  a^    AN  «  a?,    PJV  —  y,    we  find  as   the 
'equation  to  the  curve 

wi^  as  4a' (2a  —  ai). 

This  curve  is  given  by  Donna  Maria  Agnesi  in  her  /n- 
stitumani  Analitiche,  Art.  238,  and  is  called  by  her  the 
♦<  Versiera."" 

The  line  KAH  is  an  asymptote  to  the  curve,  which  has 

two  points  of  contrary  flexure  corresponding  to  w  ^  —  • 

(4)  The  Lemniscate  of  Bernoulli. 

If  a  point  be  taken  such  that  the  product  of  the  lines 
drawn  from  it  to  two  fixed  points  is  constant,  it  will  trace 
out  the  curve  called  the  lemniscate*.  If  2a  be  the  distance 
between  the  fixed  points,  and  if  the  origin  be  taken  at  the 
middle  point  between  them,  the  equation  to  the  curve  is 

When    c  ^  a^  the  equation  is  reduced  to 

C^+!^)*=2a»(^«-j^). 

This  was  the  curve  used  by  James  Bernoulli  f  in  the 
construction  of  the  curve  along  which  a  body  under  the 
action  of  gravity  will  advance  or  recede  uniformly  from  a 
fixed  point. 

It  is  the  locus  of  the  intersections  of  tangents  to  a  rect- 
angular hyperbola  with  perpendiculars  drawn  to  them  from 
the  centre,  and  its  form  is  that  of  the  figure  oo.  Of  the 
properties  of  the  arcs  of  this  curve,  which  have  been  in- 
vestigated by  Fagnani  and  Euler,  we  shall  treat  in  the 
chapter  on  the  comparison  of  Transcendants  in  the  Integral 
Calculus. 

If  we  assume  ^r  =  r  cos  0,     y  =  r  sin  0,    we  find 
r'ss2a*cos2  0  as  the  polar  equation  to  the  curve. 

(5)  The  Logarithmic  Curve. 

The  definition  of  this  curve  is  that  the  abscissa  is  pro- 

*  From  lemniscusy  a  ribbon.  f  Operay  p.  609. 
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portional  to  the  logarithm  of  the  ordinate.     Hence  its  equa- 

£ 

tion  is  y  zs  b€\ 

or,  as  it  is  generally  written,     y  «  a'. 

The  subtangent  is  constant,  and  the  axis  of  j;  is  an 
asymptote.  The  whole  area  included  between  the  curve,  the 
axis  of  w  and  any  ordinate  is  equal  to  twice  the  triangle 
formed  by  the  ordinate,  the  tangent  at  its  extremity  and 
the  axis  of  ^;  and  the  solid  formed  by  the  revolution  of 
the  curve  round  its  asymptote  is  equal  to  a  cylinder,  the 
radius  of  whose  base  is  the  bounding  ordinate,  and  whose 
height  is  the  tangent  at  its  extremity. 

This  curve  was  invented  by  James  Gregorie*,  who  in- 
vestigated some  of  its  properties:  others  were  discovered  by 
Huyghens.  Euler  j*,  and  more  recently  Vincent,  in  the  Jn-^ 
nales  de  Gergonnef  Vol.  xv.  p.  1,  have  conceived  that  the 
equation  y  ^  a*  expresses,  besides  the  continuous  curve,  a 
series  of  discontinuous  points,  forming  what  the  latter  calls 
a  ^*  courbe  pointillee.'"  This  conclusion  appears  to  me  to 
be  founded  on  an  erroneous  conception  of  the  principles  of 
the  interpretation  of  algebraical  expressions,  and  I  have 
elsewhere^  stated  my  reasons  for  believing  that  these  dis- 
continuous points  belong  each  to  a  separate  continuous  curve 
which  does  not  lie  in  the  plane  of  reference,  and  that  they 
cannot  be  properly  included  in  the  equation  to  one  curve. 
As  however  the  question  is  more  closely  connected  with  the 
analytical  Theory  of  Logarithms  than  with  the  subject  of 
which  we  here  treat,  I  shall  not  now  enter  into  the  argument, 
but  shall  content  myself  with  referring  the  reader,  who  is 
curious  in  such  matters,  to  the  papers  quoted  above,  and  to 
De  Morgan^s  Differential  Calculus^  p.  888,  where  he  will 
find  the  views  of  Vincent  supported  and  illustrated  (• 

*  Gwmetrim  Par$  Univer$alUy  PreJ, 

t  Iniroduetio  in  Anaiysin  Inflnitorumy  Vol.  ii.  p.  990. 

t  Comb,  Math,  Journal^  Vol.  i.  p.  231,  and  p.  304. 

§  Professor  De  Morgtn  says,  '^  that  those  who  object  to  the  pointed  bnmch  as 
introducing  discontinuity,  must  choose  between  its  discontinuity  and  that  of  an 
abrupt  termination.**  It  appears  to  me  that  if  we  interpret  our  analytical  symbols 
with  proper  generality  so  as  to  introduce  those  branches  of  curves  which  do  not 
lie  in  the  plane  of  reference,  we  avoid  the  secdnd  horn  of  his  dilemma. 
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(6)  The  Catenary. 

This  is  the  curve  which  a  perfectly  flexible  chain  will 
assume  when  suspended  from  two  points  in  the  same  hori- 
zontal line ;  I  must  refer  the  reader  to  works  on  statics  for 
an  investigation  of  its  equation,  which  is 

i 

Its  most  important  geometrical  properties  are  analogous 
to  properties  of  the  circle.  Thus,  the  part  of  the  normal 
intercepted  between  the  curve  and  the  axis  of  cs  is  eiqva}  to 
the  radius  vector,  but  measured  in  the  opposite  direction  ; 
and  if  we  represent  an  ordinate  corresponding  to  the  ab- 
8ci$sa  w  by  /(^)»  and  the  corresponding  area  by  c'F{m)^  we 
shall  readily  find  from  the  preceding  equation  that 

cfipo  +  a!)  -  f{ai)  f(a/)  +  F{x)  F{w% 

cF{x  +  a/)  =  F{ai)f(a/)-^f{ai)  F(a^'), 

cF  {x  -  a/)  =  F {Of) fix')  -/(^)  F  (x'). 

It  is  obvious  that  the  preceding  formulae  are  analogous 
to  those  connecting  sines  and  cosines  of  circular  arcs.  For 
these  and  other  properties  of  the  catenary  connected  with  the 
involute  of  the  parabola,  see  a  paper  by  Professor  Wallace 
in  the  Edinburgh   Transactions^  Vol.  xiv.  p.  625. 

(7)  The  Quad  rat  rix  of  Dinostratus. 

If  the  radius  CQ  of  the  circle  ABD  (fig.  18)  revolve 
uniformly  round  C  from  A  to  J?,  while  the  ordinate  NM 
also  moves  uniformly  parallel  to  itself  from  A  to  C,  the 
locus  of  their  intersection  will  be  the  quadratrix  of  Dinos- 
tratus. To  find  its  equation,  let  AM^Xy  PM^y^  AC^a. 
Then  from  the  uniformity  of  the  motion  of  CQ  and  MN 
we  have 

ACQ  :  ACB^AM  ;  AC; 

whence     ACQ^  -  -. 
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But  PM  «=  CM  tan  ACQ,^  therefore  the  equation  to  the 
curve  18 


y -(«-*)  tan  g.^). 


This  curve  was  used  by  Dinostratus  (a  mathematician  of 
the  school  of  Plato)  for  the  purpose  of  dividing  an  angle  into 
any  number  of  parts,  and  also  of  squaring  the  circle,,  from 
which  it  derives  its  name.  The  following  is  the  property 
which  enables  the  curve  to  be  so  employed. 

When  ^«  o,  we  have  (by  Chap.  VI.  Ex.  29)  y  -  CE^  — , 

80  that  CE  is  a  third  proportional  to  the  quadrant  and  th^ 
radius,  and  thus  if  the  point  E  could  be  determined  by 
means  of  the  straight  line  and  circle,  the  circle  could  be 
squared. 

Leotaud,  in  his  treatise  on  this  curve  appended  to  his 
Cffchmathia^  showed  that  it  is  not  confined  within  the  semi- 
circle ABDj  but  that  it  has  two  infinite  branches  extending 
below  the  axis  of  a^  and  bounded  by  asymptotes  parallel  to 
the  axis  of  y  at  distances  -a  and  Sa  from  the  origin.  \n 
addition  to  this,  the  curve  has  an  infinite  number  of  infinite 
branches,  which  are  bounded  by  asymptotes  parallel  to  the 
axis  of  y  at  distances  5ay  Ta,  &c.,  —  3a,  —  5a,  &c.  from 
the  origin,  and  which  cut  the  axis  of  w  at  distances  4a, 
-6a,  8cc.,  —  2a,  —  4a,  &c.  from  the  origin.  The  farther 
these  points  are  removed  from  the  origin  the  more  nearly 
is  the  curve  perpendicular  to  the  axis  of  of^  the  value  of 

dy '  .  ,  IT 

—  at   the  intersection  being  ±(2»— 1)— ,  2na  being  the 

abscissa  of  the  point  where  the  curve  cuts  the  axis  of  w. 
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(8)     The  Cycloid. 

This  curve  is  generated  by  a  point  P  in  the  circumference 
of  a  circle  bPc  (fig.  19)>  which  rolls  along  a  line  AA^,  To 
find  its  equation  put 
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AM^Wj      PM^y. 

Then    AM^Ab-Mb,     or  a?  =  a(0  -  sin0), 

PM'=^  O'b+O'd,     or  y  =  a  (l  -  cos0). 

These  two  equations  taken  simultaneously  rej^resent  the 
curve,  or,  if  we  eliminate  0  between  them,  we  obtain  as  its 
equation 

a?  =  a  vers" * {2ay  -^  y^)i. 

a 

If  we  take  C,  the  highest  point  of  the  curve  as  our  origin, 
and  put  CN-Wy  PN^y^  and  cO'p^^^  we  should  find 

«9  «  a  (l  —  cos  0),  y  ^  a  {(j>  +  sintp); 


<r 


whence     y  =  a  vers"  *  -  -+-  (Sa.r  —  cX**)^. 


a 


It  is  easy  to  see  both  from  geometrical  and  analytical 
considerations  that  the  cycloid  is  not  limited  to  the  space 
between  A  and  A\  but  that  it  consists  of  an  infinite  number 
of  portions  equal  and  similar  to  ACA'  and  touching  each 
other  in  cusps  as  in  the  figure. 

After  the  Conic  Sections  there  is  no  curve  in  geometry 
which  has  more  exercised  the  ingenuity  of  mathematicians 
than  the  cycloid,  and  their  labours  have  been  rewarded  by 
the  discovery  of  a  multitude  of  interesting  properties,  im- 
portant both  in  geometry  and  in  dynamics. 

The  invention  of  this  curve  is  usually  ascribed  to  Galileo, 
but  Wallis  in  a  letter  to  Leibnitz*  says,  that  it  is  mentioned 
by  Cardinal  de  Cusa  in  a  work  published  in  1510,  and  that 
in  the  MSS..  the  date  of  which  is  about  1454,  it  is  "pulchre 
delineatam''^  therein  difiering  from  the  printed  copies.  Ro- 
berval  proved  that  the  whole  area  of  the  cycloid  is  three 
times  that  of  the  generating  circle,  and  this  discovery,  which 
was  the  cause  of  many  disputes  between  rival  claimants  to 
the  honour  of  making  it,  drew  the  attention  of  mathematicians 
to  the  study  of  the  properties  of  this  new  curve.  Among 
others,  Descartes  occupied  himself  with   the  subject,  and  he 

•  Leibn.  Opera,  Vol.  iii.  p.  95. 
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showed  how  to  draw  tangents  to  the  curve,  and  proved  that 
the  tangent  at  any  point  P  (fig.  19)  is  perpendicular  to  the 
corresponding  chord  BQ  of  the  generating  circle,  and  con- 
sequently that  it  is  parallel  to  CQ :  from  this  also  it  readily 
follows  «that  if  QR  be  a  tangent  to  the  generating  circle  at 
Q,  QR  -*  PQ  8  arc  BQ.  Wren  was  the  first  who  rectified  the 
cycloid,  and  he  showed  that  the  length  of  an  arc  measured 
£rom  the  vertex  is  equal  to  twice  the  chord  of  the  generating 
circle  which  is  parallel  to  the  tangent  at  tjie  extremity,  so 
that  the  whole  length  of  the  curve  is  equal  to  four  times 
the  diameter  of  the  generating  circle.  Pascal  discovered 
the  means  of  finding  the  area  and  the  centre  of  gravity  of 
any  segment  of  the  curve  as  well  as  the  content  and  surface 
of  the  solids  formed  by  the  revolution  of  the  segment  round 
the  axis  of  the  curve,  and  the  base  of  the  segment,  and  to  the 
solution  of  these  problems  he  challengcfd  all  mathematicians 
in  a  letter  which  he  circulated  under  the  name  of  Dettonville, 
ofi*ering  at  the  same  time  a  prize  of  forty  pistoles  to  the  first 
and  one  of  twenty  pistoles  to  the  second  person  who  should 
solve  them.  Wallis  and  Lalou^re  appeared  as  candidates 
for  the  prize,  but  none  was  awarded.  To  Huyghens  is 
due  the  discovery  that  the  evolute  of  the  cycloid  is  an 
equal  cycloid  in  an  inverted  position,  and  that  the  radius  of 
curvature  is  double  of  the  chord  of  the  generating  circle 
which  is  perpendicular  to  the  tangent.  He  also  discovered 
the  important  dynamical  property  of  the  tautochronism  of 
a  cycloidal  pendulum;  that  is  to  say,  that  a  body  under 
the  action  of  gravity  falling  down  an  inverted  cycloid  with 
its  base  horizontal,  will  reach  the  lowest  point  in  the  same 
time  from  whatever  point  it  begins  to  fall.  Two  of  the 
most  remarkable  properties  of  this  curve  were  discovered 
by  John  Bernoulli:  1st,  that  it  is  the  curve  along  which  a 
body  will,  under  the  action  of  gravity,  fall  in  the  shortest 
time  from  one  given  point  to  another  not  in  the  same 
vertical:  2nd,  that  if  any  arc  of  a  curve  as  AB  (fig. 
21),  the  tangents  at  the  extremities  of  which  are  at  right 
angles  to  each  other,  be  evolved  into  a  curve  BA\  beginning 
from  Bi  and  if  the  same  operation  be  performed  on  A'B^ 
beginning  from  A\  and  so  on  in  succession,  the  successive 
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involutes  will  continually  approximate  to  a  <;oinincin  cycloid, 
the  uih  of  which  is  parallel  to  JG*-  The  preceding  are 
only  a  few  of  the  most  important  properties  of  this  curVie ;' 
for  a  detailed  account  of  all  which  the  industry  of  mathe^ 
maticians  lias  discovered,  the  reader  must  be  referred  to  the 
treatises  on  the  cycloid  which  have  been  written  by  variolic 
authors.  Such  are  the  Histoire  de  la  Roulette  of  PasoflA; 
the  History  of  the  Cycloid  of  Carlo  Dati;  the  Treatise  de 
Cycloide  of  Wallis;  the  Historia  Cycloidis  of  Grotiingiusr 
in  his  Bibliotheca  Universalis;  and  the  work  of  Lalou^e 
called  Geometria  promota  in  VII  de  Cycloide  libris. 

(9)  The  Companion  to  the  Cycloid. 

If  the  ordinate  QiV  (fig.  20)  of  a  semicircle  be  produced 
till  it  be  equial  to  the  arc  CQ,  its  extremity  will  lie  in  a 
curve  which  is  called  the  companion  to  the  cycloid.  The 
co-ordinates  of  a  point  in  this  curve  are,  putting  CO  b  Oj 
CN^w,  CN^y,  COQ^e, 

,v  =  a{l  —  cos  6)y     y  =  aO* 

It  has  points  of  contrary  flexure  at  the  extremities  D 
and  d  of  an  ordinate  passing  through  the  centre  of  the  gene- 
rating circle.  The  space  COD  is  equal  to  the  square  of  the 
radius;  the  whole  area  AC  a  is  equal  to  twice  that  of  the 
generating  circle,  and  if  the  line  AC  be  drawn,  the  area 
AMD  is  equal  to  the  area  CLD. 

(10)  If  instead  of  supposing  the  point  P  to  be  in  the 
circumference  of  the  generating  circle  we  suppose  it  to  be 
either  within  the  area  of  the  circle  or  without  it,  the  <;urve 
traced  out  is  called  a  Trochoid.  The  equations  to  such  a 
curve  are 

w  =  a  {9  -  n  sin  0), 

y  =  a(l  —  n  cos  0), 

where  n  is  the  ratio  of  the  distance  of  the  tracing  point 
from  the  centre  of  the  generating  circle  to  the  radius  of  that 
circle. 

*  John  Bernoulli,    Opera,  Vol.  iv.  p.  98.     Euler,   Commen,  Petrop,   1766, 
i^egendre,  Exereices  du  Calcul  Integral,  Tom.  ii.  p.  491. 
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(11)     Epitrocboids  aDjd  Hypotrochoids. 

When  the  generating  eifcle  rolls,  not  on  a  straight  line, 
but  on  the  circumference  of  another  circle,  the  curve  generated 
is  called  an  Epitrochoid  or  a  Hypotrochoid,  according  as  the 
curve  rolls  on  the  exterior  or  interior  of  the  fixed  circle.  Let 
O  (fig.  22)  be  the  centre  of  the  fixed  circle,  C  that  of  the 
generating  circle,  a,  h  their  radii.  Let  A  and  Q  be  the  points 
originally  in  contact,  P  the  tracing  point.     Then  if  we  make 

CP^hj   CN^se,   PN^y,  AOB^e,  m  atiot  QCB^^dj 

b 

lire  find 

a?  =  OjGr+ jGrJV«  (o  + 6)  COS0- Acos  [^^-^Ye, 

yCjff- CJr=(a  +  6)sin6>-Asin  (^~)  0. 

If  we  suppose  the  generating  circle  to  roll  in  the  inside  of 
the  fixed  circle  as  in  fig.  23,  we  should  find 

^  ^  «  (a  -  6)  cos©  +  A  cos  I — 7 — I  dj 

(a  —  b\ 
— h~]  ^' 

When  A  K  6  these  become  the  equations  to  the  Epicycloid 
and  Hypocycloid  respectively.  When  a  and  6  are  commen- 
surable the  curve  will  re-enter  after  a  number  of  revolutions 
of  the  generating  circle  equal  to  the  least  common  multiple  of 
a  and  b :  in  such  cases  the  curve  is  expressible  by  an  alge- 
braic^ equation  between  w  and  y.  When  a  and  b  are  iu- 
commensurable  the  curve  will  never  re-enter,  and  is  ex- 
pressible only  by  some  transcendental  equation  between  a 
and  y. 

If  A  >x  6  «nd  6  s  a  the  equations  to  the  epicycloid   are 

^  B  a  (2  cos  9  -  cos  2  0), 
y  =!  a  (2  sin  0  —  sin  2  0), 
or      ar  «  a  {l +2COS0  (l -COS0)}, 
y  «  2  a  sin  0  (1  -  cos  ^). 


188  GBNKRATIQN   OF   CUBVBg. ' 

Whence,  squariijg  and  adding, 

«*  +  j^  =  o*  {1+4(1 -cose)}. 

■ 

But  we  have  also 

(a?  -  o)«  +  y*  -  4o«  (1  -  CO8  0)*. 

Therefore    (^  + y* -a*)*- 4o«  |(.r  -  o)« +»*} 

i&  the  equation  to  the  curve  expressed  in  rectangular  co- 
ordinates.    If  we  put     Of  ^  a  +  r  cos  0,     y  ^r  sin  0, 

we  find     r  =  2o  (1  —  cos  0), 

as  the  polar  equation.  From  its  shape  this  curve  is  called  the 
Cardioid :  in  common  with  the  circle  it  possesses  the  property 
that  all  lines  drawn  through  its  pole  and  bounded  both  ways 
by  the  curve  are  of  equal  length. 

In  the  equations  to  the  hypotrochoid,  if  we  make  A «  ft 

a 

and  b  ^  -  J  we  obtain  by  the  elimination  <  of  9  the  equation 

4 

which  may  be  put  under  the  form     a?i  +  ^t «  ai. 

This  hypocycloid  occurs  in  the  solution  of  many  problems. 

If  in  the  equations  to  the  hypotrochoid  we  put  &  «  - ,  then 
0?  «  (- 4- AJ  COS0,     y=  ( A I  sin  0. 

Whence   (-  ^  h\\' -^  (""*"*)  ^' "  P  ""  *')   ' 

which  is  the  equation  to  an  ellipse  the  axes  of  which  are 

a  a 

-  +  A     and h. 

2  2 

If  A  =s  -  the  hypocycloid  becomes  a  straight  line,  which 

is  one  of  the  diameters  of  the  fixed  circle. 

Professor  Wallace*  has  made  a  very  elegant  application 
of  the  preceding  property  of  the'  ellipse  to  generate  that  curve 

*  Wallace's  Conic  Sections^  p.  182. 
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by  continuous  motion.  A  and  B  (fig.  S4)  are  two  wheels 
the  axes  of  which  turn  in  boles  O,  C  near  the  ends  of  the  con- 
necting bar  OC.  The  diameter  of  the  wheel  B  is  one  half  of 
that  of  Ay  and  a  band  EF  goes  round  them.  An  arm  CP 
is  attached  to  the  wheel  B^  and  bears  at  its  extremity  P  a 
tracing  pencil.  If  now  the  wheel  A  be  fixed  while  the  bar 
6C  is  turned  round  O,  the  wheel  B  will,  by  the  action  of  the 
band,  be  made  to  revolve  twice  round  its  centre,  while  the  bar 
revolves  once  round  O:  the  point  P  will  then  trace  out  an 
ellipse. 

All  Epicycloids  and  Hypocyclaids  are  rectifiable,  as  was 
first  shown  by  Newton*.  The  length  of  the  arc  of  the  epicy-f 
eloid  comprised  between  two  contiguous  cusps— -that  is,  the 
length  of  the  arc  produced  by  one  revolution  of  the  generating 

46 
circle— -is  —  (a  +  6),  and  the  corresponding  arc  of  the  hypo- 

Of 

cycloid  is  —  (o  —  6). 

The  corresponding  area  of  the  epicycloid  is  —  (Sa  +  2b) 

a 

and  of  the  hypocycloidit  is  {3a  -  26). 

The  evolute  of  the  epicycloid  is  a  similar  figure,  the  radii 

of  the  fixed  and  eeneratinir  circles  beinir  r  ^^  — ^— r 

®  ^  *^a  +  26  0  +  26 

respectively.      An  analogous  theorem   holds  for   the  hypo- 

cycloid« 

(12)     The  Spiral  of  Archimedes. 

While  the  straight  line  OM  (fig.  25)  revolves  uniformly 
round  0,  let  the  point  P  move  uniformly  along  OM:  the  locus 
of  the  point  P  is  the  spiral  of  Archimedes.  To  find  its 
equation  let  AOP  «  0,  OP  =  r,  and  when  0  ^2w  let  r  «  a. 

r       a  a 

Then         -  ■=  — ,    or  r  =  —  0, 
9      2x  2ir 

which  is  the  equation  to  the  curve. 

•  Prineipia  I.  Prop.  49. 
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The  following'  are  its  principal  properties.  The  ar^  of 
any  sector  bounded  by  a  line  as  OQ  =s  r  is  one  third  of  the 
circular  sector  QOR,  and  it  is  one  half  of  the  at^ea  of  the 

segment  of  a  parabola   I  whose  latus  rectum  is  —  j  included 

between  the  vertex  and  an  ordinate  =  r.  The  kngth  c*f  the 
arc  of  the  sector  of  the  spiral  is  equal  to  that  of  the  segment 
of  the  parabola.  If  a  tangent  be  drawn  at  the  extremity  of 
the  arc  formed  by  one  revolution  of  the  radius,  the  subtangexii 
will  be  equal  to  the  circumference  of  the  circle  whose  radius  is 
a.  If  at  the  extremity  of  the  arc  formed  by  two  revolutionsj, 
it  will  be  double  of  the  circumference,*  and  so  on.. 

This  curve  was  invented  by  Conon,  but  its  prindpaf 
properties  were  discovered  by  the  geometer  whose  name  it 
bears* 

(13)     The  Logarithmic  Spiral. 

The  definition  of  this  spiral  is,  that  the  radius  increases 

in  a  geometric  while  the  angle  increases  in  an  arithmetic  ratio. 

e 

Hence  its  equation  will  be  of  the  form     r  -  ce*^  y 

or,  as  it,  is  usually  written,     r  ^  a^  ^ 

This  curve  was  imagined  by  Descartes,  who  also  noticed 
two  of  its  properties ;  that  at  every  point  it  makes  equal  angles 
with  the  tangent,  and  that  the  length  of  the  curve  measured 
from  the  origin  is  proportional  to  the  radius  of  its  extremity. 
Since  r  =  0  when  0  =  -  oo,  it  appears  that  the  curve  makes 
an  infinite  number  of  revolutions  before  it  reaches  the  pole  ; 
a  property  which  was  at  first  disputed  by  Descartes.  From 
the  form  of  the  equation  it  is  easy  to  see  that  radii  including 
equal  angles  are  proportional :    for  if 


7». 

r  =^  a^     and    Vi  =  o^+" ,     —  =  a* 


Again,  if    /o  =  a^,     ^^  =  a<^+«,    ^  =  a«; 

and  therefore     ~  =  ^  . 

r        p 
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The  length  of  an  arc  of  the  curve  measured  from  the  pole 
is  equal  to  the  portion  of  the  tangent  at  its  extremity  cut  off 
by  the  subtangent,  and  the  area  is  one  half  of  the  triangle 
contained  by  the  bounding  radius,   the   tangent  at   its   ex- 
tremity,   and   the   subtangent.      But  the   most   remarkable 
properties  of  this  curve  were  discovered  by  James  Bernoulli, 
who  showed*  that  this  spiral  can  be  made  to  reproduce  itself 
in  many  ways.     The  evolute  and  involute  of  this  curve  are 
both  spirals  equal  to  the  original  one,  and  differing  from  it  in 
position  only ;    its  caustics  both  by  reflexion  and  refraction 
(the  pole  being  the  origin  of  light)  are  also  spirals  equal  to 
the  primary  one ;  and  if  another  equal  spiral  be  made  to  roll 
on  the  first,  the  pole  of  the  rolling  spiral  will  trace  out  another 
spiral  equal  to  the  original.     This  property  of  the  logarithmic 
spiral  of  constantly  reproducing  itself  appeared  so  remark- 
able to  Bernoulli  that  he  called  it  spira  mirabiliSy  and  he  was 
pleased  to  see  in  it  a  type  of  constancy  amidst  changes  and  in 
adversity,  and  a  symbol  of  the  resurrection.     As  a  specimen 
of  the  fanciful  light  in  which  he  viewed  the  properties  of  this 
curve,  I  add  the  concluding  paragraph  of  his  paper.     *^  Cum 
autem  ob  proprietatem  tam  singularem  tamque  admirabilem 
mire  mihi  placeat  spira  haec  mirabilis,  sic  ut  ejus  contempla- 
tione  satiari  vix  queam ;  cogitavi  illam  ad  res  varias  symbolice 
reprsesentandas  non  inconcinne  adhiberi  posse.    Quoniam  enim 
^mper  sibi  simUem  et  eandem  spiram  gignit,  utcunque  volvatur, 
evolvatur,  radiet ;  hinc  poterit  esse  vel  sobolis  parentibus  per 
omnia  similis  Emblema:     Simillima  Jilia  matri. ...  Aut,  si 
mavis,  quia  curva  nostra  mirabilis  in  ipsa  mutatione  semper 
sibi  constantissime  manet   similis  et  numero  eadem,  poterit 
esse  vel  fortitudinis  et  constantias  in  adversitatibus;.  vel  etiam 
carnis  nostrse,  post  varias  alterationes  et  tandem  ipsam  quoque 
mortem,  ejusdem  numero  resurrecturae  symbolum;  adeo  quidem 
ut  si  Archimedem  imitandi  hodienum  consuetudo  obtineret  li- 
benter  spiram  banc  tumulo  meo  juberem  incidi  cum  epigraphe: 
Eadem  mutata  resurgetr 

•  Opera,  p.  497- 


CHAPTER  IX. 


ON  THE    TANGENTS)    NORMALS    AND   ASYMPTOTES   TO   CURVIS. 


Sect.  1.     Rectilinear  Coordinates. 
If  the  equation  to  the  curve  be  put  under  the  form 

the  equation  to  a  tangent  at  a  point  a^y  is 

^y  f  '      \ 
y  -y  ^0^  -^)' 

a/  and  y  being  the  current  co-ordinates  of  the  tangent. 
If  the  equation  to  the  curve  be  put  under  the  form 

u^(f}(a,y)^  c, 
the  equation  to  the  tangent  takes  the  more  symmetrical  form 

du     ,  du 

If  t«  be  a  homogeneous  function  of  n  dimensions  in  w  and 
y,  by  a  well-known  property  of  such  functions 

du         du 

OB-—  -\-y  -T-  -nu^nc^ 
dw  dy 

and  the  equation  to  the  tangent  becomes 

, du        ,  du 
dx  dy 

The  equations  to  the  normal  are 

du     ,  du 

or  --  (y  -  y)  -  -—  (a?  -  a?)  =»  0. 
dar  dy 
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The  length  of  the  subtangent  is  y  —• 
The  length  of  the  subnormal  is  y  :~ . 
The  length  of  the  tangent  is  y  |l  +  (-7-)  J  . 

The  length  of  the  normal  is  y  |l  -»•  (;p)  [  . 

The  perpendicular  from  the  origin  on  the  tangent  is 

du         du 
ydw^wdy  dw         dy  nc 

if  t«  be  a  homogeneous  function  of  n  dimensions  in  a?  and  y. 

The  portion  of  the  tangent  intercepted  between  the  point 
of  contact  and  the  perpendicular  on  it  from  the  origin  is 

du        du 

w  —  —  y  — 

wdx-^ydy  dy         dw 

"  (d.r»+dy»)i  "  J/dtt\«       /dt^\«li' 

The  portions  of  the  axes  cut  off  between  the  origin  and 
the  tangent,  or  the  intercepts  of  the  tangent,  are 

dy 
y  -  ^  -7-  along  the  axis  of  y, 
dw 

dw 
4?  -  y  —  alcmg  the  axis  of  a. 

if 

These  I  shall  call  y©,  Wq  respectively. 

Ex.  (1).     The  equation  to  the  hyperbola  referred  to  its 

asymptotes  is 

wy  s»  m*. 

_-       du  du  _   -  .  , 

Then  -—  »  y,  -—  m  of,  and  the  equation  to  the  tangent  is 
dof  dy 

y  (.r  -  a?)  +  ^  (y' -y)  «  0; 
or    yof  +  wf/  B  2^y as  2m*. 
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Since  -r—  = r  J  tn^  subtangent  =  y  -r-  — «  ■■  -  *> 

OcP  0?*  oy  »» 

The  perpendicular  on  the  tangent  |)  =  -— ^-^ . 

(^  +  y  )* 

Also    yo  =»  y  +  —  =  2y,  and    cTo  =  a?  +  —  «=  2a?. 

0?  y 

Hence  the  product  of  the  intercepts  of  the  tangent 

s=  ^0^0  =  ^^y  ^  *^^  ^s  constant ; 

and  the  triangle  contained  between  the  axes  and  the  tangent, 
being  proportional  to  this  product,  is  also  constant. 

* 

(2)     The  equation  to  the  parabola  referred  to  two  tangents 
as  axes  is 

J       /ti\  i 


Hence  the  equation  to  the  tangent  is 


so  f/ 


(a«r)i      (6y)i 
The  intercepts  are  x^  =  (aa?)i,     y,  =  (fty)i ; 

therefore    ^  +  |»  =  f^)*  +  (-»V=  i ; 


<>^  ^09  ^0  ^^^  ^^  co-ordinates  of  the  chord  joining  the  points  at 
which  the  axes  touch  the  curve. 

(3)  The  equation  to  one  of  the  hypocycloids  referred 
to  rectangular  co-ordinates  is 

cc^  4-  y^  a=  ol 
The  equation  to  the  tangent  is 

a?3        yS 

Therefore  Wq  =  a^w\  y^  =  a^yi ;  and  the  portion  of  the 
tangent  intercepted  between  the  axes  =  (jvf  +  y/)J  =  a;  or  the 
hypocycloid  is  constantly  touched  by  a  straight  line  of  given 
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length  which  slides  between  two  rectangular  axes^.  The  con- 
verse of  this  proposition,  viz.  that  the  locus  of  the  ultimate 
intersections  of  a  line  of  given  length  sliding  between  rect- 
angular axes  is  this  hypocycloid,  was  first  diown  by  John 
Bernoulli.     (See  his  Works,  Vol.  iii.  p.  447.) 

For  the   perpendicular  from  the  origin  on  the  tangent 
we  find 

p  =  (awy)K 


(4) 

In  the  cissoid  of  Diodes, 

of" 
2a  —  a? 

iT  (2  a  —  a?) 

whence  the  subtangent   = ^ ; 

3a  —  X 

and  the  subnormal  =  —r^ zr- 

{2a -wy 

(5) 

In  the  logarithmic  curve 

* 

The  subtangent  s  a,  and  is  therefore  constant. 
The  tangent  =  (a^  +  y^)i. 

The  subnormal  «  — .       The  normal  —  -  (a*  +^)i. 


a  a 

2 


y(a-w)  y  -\-aaf 


(a»+y')»'  (a'+!^)*' 

(6)     In  the  catenary 


y=-(«'+6"). 


The  subnormal  =-(€''-e    **).      The  normal  =  — . 

The  subtangent  =  ^^^^  .      The  tangent  =  ^3^ • 
10 
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(7)     From  the  general  parabolic  equation 
we  find  the  equation  to  the  tangent  to  be 


y*        a^ 


m-l 


The  subtangent  « ma?.     The  subnormal  —        —  , 

mw     my""* 

m  -  1 

»o  =  -^^  »»         ^0  =  -  (*»  -  1)  ^» 

whence  i»*"yo"  ■=  —  (m  -  l)*""^  a*""^  /Pq, 
{m  -  1)  o^y  ^         moT*  +  y* 


(8)     In  the  curve  w  ^  e  ^    we  easily  find,  by  taking  the 
logarithmic  differential, 

yo  «  — ,         a?o  = 


a?  y  —  a? 


Subtangent-  — =  -y---.„-. 

(9)     The  equation  to  the  cycloid  referred  to  its  vertex  is 

dy       /2  a  — <r\i 


ay       f^a-^off\^ 
dw       \     w     )    ^ 


AB  (fig.  19)  being  the  axis  of  a?. 

If  M  be  the  point  where  the  ordinate  meets  the  generating 
circle,  and  if  we  join  MA^  MBy  then 

tan  MAN  =  -jrnr  =  ^^ =  t^  • 

AN  w  dw 

That  is  to  say,  the  tangent  to  the  cycloid  is  parallel  to  the 
chord  of  the  generating  circle.  The  normal  is  evidently  pa- 
rallel to  the  other  chord  MB,  Hence  also  the  angle  which 
two  tangents  make  with  each  other  is  equal  to  the  angle  be- 
tween the  corresponding  chords  of  the  generating  circle. 

y^^y-  (200?  -  a^)l  ^  PN --  MN  =  PM. 

But  from  the  generation  of  the  curve,  PM  is  equal  to  the 
arc  of  the  circle  AM,  therefore  y^  =  arc  AM, 
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^-{-©[■(t)- 


and  chord  AM  =  (^aw)i.     Therefore 

w  AN 


(^ax)i  chord  ^  Jf 

(10)  If  py  r,  be  the  perpendicular  on  the  tangent  and 
the  radius  vector  at  any  point  of  a  curve,  then  —  will  be  the 

perpendicular  on  the  tangent  at  the  corresponding  point  of 
the  curve  which  is  the  locus  of  the  extremity  of  p. 

Let  Wj  f/j  be  the  co-ordinates  of  the  first  curve,  a^  fit  of 
the  second;  then  p  being  the  perpendicular  on  the  tangent, 
its  equation  is 

a^  +  /Jy  =  p«  =  a«  +  /3S  (l) 

since  a,  j3,  are  the  co-ordinates  of  the  extremity  of  p.  But 
the  line  being  a  tangent,  this  equation  will  hold  when  we  put 
w  '\-daf  and  y  -¥  dy  for  <r  and  ^ ;  we  then  have 

a  da?  +  )8  dy  =  0.  (2) 

Now  if  r  =  0  be  the  equation  connecting  a  and  /3,  that  is 
to  say,  the  equation  to  the  locus  of  the  extremity  of  p,  and  if 
P  be  the  perpendicular  on  the  tangent  of  that  curve, 

dV      ^dV 

da  d(i 


But  from  the  equation  to  the  curve 

dV  dV    ^ 

-d«  +  ^d/3«0.  (3) 

Now  differentiating  (l)  considering  a?,  y,  a,  )8,  as  variables, 
and  paying  attention  to  (2),  we  have 

(a?  -  2a)  da  +  (y  -  2/3)  d)8  =  0.  (4) 

10—2 
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^  (^)  -  (4)  =  0  gives,  on  equating  to  7.ero  the  coefficients 
of  each  diiFerential, 

dV  dV 

dV  dV  . 

Substituting  these  values  of  —-  and  -j^  in  the  expres- 

da  dp 

sion  for  P,  it  becomes 

2  (a«  +  i30  -  (aw  +  )8y) 


P  = 


which  by  (l)  is  reduced  to 

(11)  To  find  the  least  polygon  of  a  given  number  of 
sides  which  will  circumscribe  a  given  oval  figure. 

Let  ABj  BCy  CD^  (fig.  26)  be  consecutive  sides  of  the 
polygon.  Produce  AB^  DC  to  meet  in  E^  which  take  as 
origin,  the  axes  being  EA^  ED,  Then  the  position  of  BC 
must  be  such  as  to  make  BEC  a  maximum. 

Now  calling  as  before  the  intercepts  of  the  tangent  x^^  y^^ 

doo  dy 

0?,  «  a?  -  2^  —  ,      y^  =  y  ^x~; 

ay  aw 

Of  and  y  being  the  co-ordinates  of  the  point  of  contact  P, 
The  area  BEC  =  ^  ^o  ^o  sin  £,   therefore 

/  da;\  (  dy\        (  dy\^  dx 

V-yTy)[^-''di)^[^-''T.)    Ty 

is  to  be  a  maximum,  (neglecting  the  negative  sign). 
Differentiate  with  respect  to  /p, 

/  dy\  d^y  dx  ^  dx 

The  last  factor  alone  gives  a  solution.      From  it  we  have 


^  =  i  (^  - 


dx\       , 
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That  is,  EM  =  ^  £5  =  MB,  and  hence  also  CP^  PB, 
or  CB  is  bisected  at  the  point  of  contact.  As  the  same  con- 
dition holds  for  every  side  of  the  polygon,  it  follows  that,  when 
the  polygon  circumscribing  an  oval  is  a  minimum,  each  side  is 
bisected  at  the  point  of  contact.  Hence  we  see  that  of  all  the 
parallelograms  which  circumscribe  an  ellipse,  those  are  least 
which  have  their  sides  parallel  to  conjugate  diameters. 

(12)     The  degree  of  a  curve  being  w,  there  cannot  be  more 
than  n{n  —  i)  tangents  drawn  to  it  from  one  point. 

Let  u  t:^  c^  (1) 

be  the  equation  to  the  curve,   then  the  equation  to  the  tan- 
gent is 

,  du        ,  du         du         du 

dx  dy  dw         dy 

and    the   condition  that    this   tangent  shall   pass   through    a 
given  point  a,  6,  is 

du         du         du         du 
dw         dy         dw         dy' 

The  equations  (l)  and  (2)  being  combined  together  will 

give  the  values  of  w  and  y  at  the  points  of  contact ;  and  as 

both  equations  are  of  n  dimensions  in  w  and  y,  (since  u  is 

du       -  du 
of  n  dimensions  and  -—  and  -7-    of    w  -  1,   and    therefore 

dw  dy 

du         du 
w  —-  -{■  y  -y-  of  n  dimensions),  it  would  appear  that  the  re- 
dw         dy 

suiting  equation  is  of  the  degree  n^,  and  therefore  that  there 

are  as  many  tangents  passing  through  the  point.     But  the 

degree  of  the  equation  can  always  be  reduced ;  for  we  may 

combine  (2)  with  any  multiple  of  (l),  and  the  result  of  the 

elimination  between  the  new  equation  and  either  of  the  others 

will   still  give  us  the  co-ordinates  of  the  point  of  contact. 

Multiply  (1)  by  n  and  subtract  it  from  (2),  then  we  have 

du       ,  du  du         du  .  ^ 

a-—  +  0-= nc  ^  X  -r-  +  y nu.  (3) 

dw         dy  dw         dy 
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Now  by  a  property  of  homogeneous  functions,  if  i)  be 
homogeneous  of  n  dimensions  in  w  and  y^ 

dv         dv 
0?  -—  +  y  --—  =  nv. 
dw         dy 

This  then  will  be  true  of  the  terms  of  n  dimensions  in  Uy 

and  they  will  therefore  disappear  from  the  second  side  of  the 

equation  (3),  which  will  thus  be  reduced  to  {n  - 1)  dimensions, 

du  du  - 

since   -—  and   3—  are  only  of  that  degree.     Hence  the  com- 
dof  dy 

bination  of  (l)  with  (3)  will  rise  only  to  the  degree  n  (n  -- 1), 
which  therefore  represents  the  greatest  number  of  tangents 
which  can  be  drawn  from  a  given  point  to  a  curve  of  n  dimen- 
sions. Waring  had  fixed,  the  limit  at  n^  as  it  at  first  sight 
appears  to  be ;  the  preceding  process  of  reduction  is  due  to 
Bobillier,  Annates  de  Gergonne,  Vol.  xix.  p.  106.  It  is  to  be 
observed  that  though  n(n—  1)  is  the  greatest  number  of  tan- 
gents which  can  be  drawn,  it  seldom  reaches  that  limit,  since 
the  final  equation  generally  involves  impossible  roots  which 
refer  to  tangents  drawn  to  the  branches  of  the  curve  which  do 
not  lie  in  the  plane  jpy.  Since  n(n  —  1)  is  essentially  even, 
it  may  happen  that  for  certain  positions  of  the  point  all  the 
roots  are  impossible ;  a  result  which  is  geometrically  apparent, 
inasmuch  as  from  the  interior  of  an  oval  curve,  such  as  the 
ellipse,  no  tangents  can  be  drawn  to  the  part  of  the  curve 
which  lies  in  the  plane  of  wy. 

Asymptotes. 

As  an  asymptote  is  a  line  which,  intersecting  the  axes  at 
a  finite  distance  from  the  origin,  is  a  tangent  to  the  curve  at 
an  infinite  distance,  it  appears  that  if  Wq  or  ^o  remain  finite 
when  a;  or  y  are  infinite,  their  values  will  determine  the 
position  of  the  asymptote. 

A  more  convenient  method  however  is  that  first  given  by 
Stirling,  in  his  Linece  Tertii  ordinis  Newtoniance,  p.  48. 

If  y  =  /(a?)  be  the  equation  to  the  curve,  and  if  we  can 
expand  f(jv)  in  descending  powers  of  tt?,  so  that 

y  =  a^oT  +  a^^i.r"*"'  +  &c.  +  a.x  +  ©o  +  — ^  +  — r^  +  &c. ; 
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then  when  a?  s  oo,  the  terms  involving  negative  powers  of  w 
vanish,  and  the  equation  to  the  curve  coincides  with  that  to 
another  curve  the  equation  to  which  is 

This  then  is  the  general  equation  to  a  curvilinear  asymp- 
tote, the  nature  of  which  will  depend  on  the  degree  of  the 
highest  power  of  ic  which  is  involved  in  it.  The  most  im- 
portant case  is  that  in  which  the  equation  is  reduced  to 

y  =  a^x  +  ©Of 

that  is,  in  which  the  asymptote  is  a  straight  line. 

This  method  fails  when  the  asymptote  is  parallel  to  the 
axis  of  9,  as  in  that  case  the  coefficient  of  ai  would  be  infinite : 
but  asymptotes  of  this  kind  are  visible  by  a  simple  inspection 
of  the  equation  to  the  curve  when  it  is  put  under  the  form 
y  =/(a?).  For  the  value  of  y  being  infinite  for  the  abscissa 
corresponding  to  the  asymptote,  we  have  only  to  find  what 
values  of  x  will  make  f{po)  »  oo ,  or  to  make  the  denominator 
olf{ai)  vanish^  since  no  finite  value  of  a  in  the  numerator  can 
make  fix)  »  oo.  These  values  of  a?  being  found,  the  ordi- 
nates  drawn  through  them  are  asymptotes  to  the  curve. 

(is)     Let  the  equation  to  the  curve  be 

dy      2aw  +  Sa^ 


Then 


dw  Sy"" 

2aa? -{•  So?      Sis^-aF)  -2aa^ 


and   ya  =  y  --  «  « 

^®      ^  Sy^  Sy* 

But  from  the  equation  to  the  curve,  S{^  -'  o/^)  ^  Saa^y 

a  0? 
therefore  ^o  *  i  ^  * 

To  find  the  value  of  —  when  x  and  y  are  infinite,  we  have 

jr 

from  the  original  equation 

^  s  -  +  1  s  1  when  do  and  y  are  infinite. 
ofi      X 
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Therefore  also  -r  «  1  when  x  and  t^  are  infinite, 

it 

and  hence  y^  =  - . 
Similarly,  w^^  w i  = 

3 
Hence  the  asymptote  cuts   the  axis  of  ^  at   a  distance 

-  ,  and  that  of  d?  at  a  distance from  the  origin,   and 

3  3 

as  it  is  therefore  inclined  at  an  angle  of  45^  to  the  axis  of 

OTf  its  equation  is 

a 

^  3 

(14)     Let  the  equation  to  the  curve  be 


f= 


Of  —  a 


Then  S^  =  -^  (,-_-,)  =^ 


=  <r2(x +_  +  __+  &c.)  ; 


a      a^ 


and   2/=±a?(lH--+  —  +  &c.). 

Therefore  y  =  =fc  (a?  +  a)  are  the  equations  to  two  asymp. 
totes  at  right  angles  to  each  other. 

Another  asymptote  parallel  to  the  fixis  of  y  is  given  by 
putting  a?  =  «» 

(15)     Let  the  equation  to  the  curve  bfB 

^  —  Sajff^  +  a^ 
^^  ct?^- 36^7 +  26^* 
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The  denominator  equated  to  O  gives  a?  s=  6,  ^  «  26 ;  there- 
fore the  corresponding  ordinates  are  asymptotes,  since  for  a^  =  6 
and  af^2b  y  is  infinite. 

^  /        3a      a^ 

Also  y  =  « 


^« 


(--J{-7) 


Whence,  expanding  and  rejecting  the  terms  involving 
negative  powers  of  a?,  Ive  have  y=^  —  3(a  —  6)  as  the 
equation  to  a  third  asymptote,  which  is  therefore  inclined 
at  an  angle  of  45^  to  the  axis  of  w. 

When  the  equation  cannot  be  solved  with  respect  to  y, 
we  are  sometimes  able  to  determine  the  asymptotes  by  as- 
suming y  =  wss^  and  then  by  means  of  the  equation  expressing 
Of  and  y  in  terms  of  %,  If  the  same  value  of  %  which  renders 
w  and  y  infinite  give  a  finite  value  for  the  intercepts  of  the 
tangents,  then  these  determine  the  position  of  the  asymptotes. 

(16)     Let  oj^  -  6a?^  +  c^wy  =  0 

be  the  equation  to  the  curve :  then  assuming  y  =  ats^  we  find 


6\J 


Now  w  and  y  are  both  infinite  when  x  ^  I  -  j  ,  and  the 

intercept  of  the  tangent  on  the  axis  of  y  is 

-  (?aiy  -c'z 


Vo" 


b\i 


which  when  «s  i-j   ,  and  consequently  0)=  co  becomes 


c* 


and  the  equation  to  the  ^ymptote  is 


»=(;)■  (^-3-^)* 
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(17)     If  the  equation  to  the  curve  be 

we  find  by  the  same  means  the  equations  to  two  asymptotes 
to  be 

6  ,  (        h 


and  y  =  —  I  ^  +  - 1  . 


(18)     Find  the  asymptotes  of  the  curve 

0?^  —  ay  (a?  -  6)  =  0. 
As  this  equation  can  be  put  under  the  form 


ay 


0?  —  6 ' 


the  curve  has  a  rectilinear  asymptote  in  the  ordinate  at  a 
distance  h  from  the  origin.  It  has  also  a  parabolic  asymptote^ 
for  we  have 

and  therefore  for  the  asymptote 

ay  =  0?^  —  6a?  +  6^ ; 

or     ay-|62=  (^-^6)*; 

the  equation  to  a  common  parabola,  the  latus  rectum  of  which 
is  a,  and  the  axis  of  which  is  parallel  to  that  of  y, 

(19)     The  curve  whose  equation  is 

aV-26^y-<!P*  =  0, 
has  two  parabolic  asymptotes  whose  equations  are 

00"  ^  a  \y J ,     and   00^  —  a\ y  I  . 

Their  common  axis  is  therefore  the  axis  of  y,  and  their 
latera  recta  are  equal  to  a,  but  they  are  turned  in  opposite 
directions. 

It  sometimes  happens  that  we  obtain  an  equation  for  an 
asymptote  with  possible  coefficients,  though  for  large  values 
of  one  variable  in  the  equation  to  the  curve,  the  other  va- 
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riable  becomes  impossible. .  This  apparent  anomaly  has  been 
explained  by  Mr  Walton*,  by  availing  himself  of  the  general 
interpretation  which  may  be  given  to  the  symbols  in  ana- 
lytical geometry.  The  impossibility  of  one  of  the  variables, 
when  certain  values  are  assigned  to  the  other,  may  be  in- 
terpreted as  signifying  that  the  curve  for  these  valued  leaves 
the  plane  to  which  it  is  referred.  Now  when  by  assigning 
an  indefinitely  large  value  to  the  one  variable^  the  other 
tends  to  become  again  possible  and  to  assume  the  form  of 
the  equation  to  a  straight  line,  as  is  the  case  when  we  find 
a  possible  rectilinear  asymptote,  this  indicates  that  the  curve 
tends  to  return  to  the  plane  of  reference,  and  that  at  an 
infinite  distance  it  will  coincide  with  it  in  a  line,  the  equa- 
tion to  which  is  that  of  the  asymptote. 

(20)     As  an  example  of  a  curve  having  a  possible  asymp- 
tote to  an  impossible  branch   let  us  take  the  equation, 

When  <r  =  0,  y  =  co  and  is  possible,  and  therefore  the  axis 
of  y  is  an  asymptote :  this  is  one  of  the  ordinary  kind.  But 
if  we  put  the  equation  under  the  form 


(y  -  c) 


a?* 


it  is  easily  seen  that  when  a? «  oo ,  jf « c.  On  the  other 
hand,  i{  w>a^  y  is  impossible.  Hence  the  line  whose  equa^ 
tion  is  2/  =  c  is  an  asymptote  to  an  impossible  branch  of  the 
curve ;  that  is  to  say,  a  branch  of  the  curve  leaves  the  plane 
of  reference  when  a?  =  ^t  a,  but  tends  to  return  to  it  again 
when  .1?  s  at  00  ,  coinciding  then  with  the  line  whose  equation 
is  y  =  c.  The  form  of  the  curve  is  given  in  fig.  27,  where 
the  dotted  curve  represents  the  impossible  branches  of  the 
curve  lying  in  a  plane  at  right  angles  to  the  plane  of  the 
paper. 

On  the  subject  of  asymptotes  to  curves,  the  reader  may 
consult  in  addition  to  the  work  of  Stirling  before  referred 
to,  Newton's  Enumeratio  Linearum  Tertii  ordinis^  and 
Cramer^s  Analyse  des  Lignes  CourbeSj  Chap.  viij. 

*  Cambridge  Mathematical  Jourrudy  Vol.  ii.  p.  236. 
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Sect.  2.     Polar  Co-ordinates. 

^   If  the^  curve  be  expressed  by  a  relation  between  r  and 
0,  then  the  tangent  of  the  angle  (0)  between  the  radius  vector 

and   the  tangent   to  the  curve  is  r  —  •      The   subtangent, 

which  is  the  portion  of  a  perpendicular  to  the  radius  vee^ 

dO 
tor    at  the  origin    intercepted   by  the  tangent,  is  r^ — ;  and 

•dv 

the  perpendicular  from  the  origin  on  the  tangent  is 

If  the  curve   be  expressed  by  a  relation  between  u  and  B 
where  w  =  - ,  the  subtangent  and  perpendicular  are  equal  to 

T 

— ;—  and  .,^ ,  respectively. 

Asymptotes   to  spirals  are  determined   by   finding   what 

value  of  0  makes   r  infinite;   and  if   the   same  value   of  Q 

dO 
make  r^-j-  either  finite  or  equal  to  zero,  a  line  drawn  through 
dr 

the  extremity  of  the  subtangent  parallel  to  r  is  an  asymp* 

tote  to  the  curve. 

Spirals   may    have  asymptotic  circles :    these    are    found 

by  the  condition    that   an   infinite  value  of  0  gives  a  finite 

value  for  r. 

Ex.   1.     The  equation  to  the  spiral   of  Archimedes  is 

r  =  a0. 

The  angle  between    the  radius  and  tangent  is 

.     d0 
(b  =  tan"^  r---  =  tan"*  Q, 

^  dr 

The  subtangent  =  —  . 
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The  equation  to  the  locus  of  the  extremity  of  the  subtan- 
gent  is  evidently 

a 

0  being  measured  from  a  line  90°  distant  from  the  original 
axis  as  /  is  at  right  angles  to  r.  If  in  a  similar  way  we 
find  the  locus  of  the  extremity  of  the  subtangent  of  the 
curve  r'  =  a0%  and  so  on  in  succession,  we  shall  have  a 
series  of  spirals,  the  equations  to  which  are 


1.2'  1.2.3 1.2. ..(»-!)' 

the  angle  6  in  each  case  being  measured  from  a  line  QCP 
distant  from  that   in  the  preceding  curve. 

(2)  The  equation  to  the  hyperbolic  spiral  is 

a  e 

r  ■=  -  ,     or   t*  =  - ; 
0  a 

therefore  the  subtangent  =8  —  aa  a. 

The  locus  of  the  extremity  of  the  subtangent  is  evidently 
a  circle,  the  radius  of  which  is  a :  and  as  0  —  0  makes  r  »  00 
while  the  subtangent  remains  finite  and  equal  to  a,  it  appears 
that  a  line  drawn  parallel  to  the  axis  at  a  distance  a  is  an 
asymptote. 

(3)  The  equation  to  the  lituus  is 

a  0i 

r  =  -J ,     or    t*  «  — ; 

then     <p  ss  tan~^  (-  20),     subtangent  «  2o0i; 

and  as  0  »  0  makes  r  ^  00  and  the  subtangent  »  0,  it  appears 
that  the  line  from  which  6  is  measured  is  an  asymptote  to  the 
curve. 

Also  since  r^Oszo?  it  appears  that  if  a  circle  be  described 
with  radius  r,  the  sector  between  the  axis  and  the  radius  r 
is  of  constant  area. 

(4)  The  equation  to  the  Lemniscate  is 

r^  as  a*  cos  20. 
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r3 
The  perpendicular  on  the  tangent  is    — : 

dO  *  IT 

<f)  =  tan-'r-7-  =  tan-^(-  cot  20)  =  20--. 
^  dr  ^  ^  2 

(5)  The  equation  to  the  logarithmic  spiral  is 

e 
r  =  €€«• 

Then  0*=tan*^a9  ^^^  ^^  therefore  constant; 

The  subtangent  =  ra. 

The  locus  of  the  extremity  of  the  subtangent  is  the 
involute  of  the  curve,  the  equation  to  it  being 

e 

and  therefore  a  similar  spiral. 

Also  if  rg  be  the  subnormal,  that  is,  the  portion  of  a 
perpendicular  to  the  radius  vector  at  the  origin  cut  off  by 
the  normal,  the  locus  of  the  extremity  of  r^  is  the  evolute 
of  the  spiral,  its  equation  being 

r      c    ? 

^2  =-=-■€«  . 

a      a 

(6)  The  equation  to  the  Cardioid  is 

r  =  o(l  —  COS0). 
If  r  be  a  radius  in  the  direction  of  r  produced  backwards, 

r'  =  a  {,1  -  cos  (0  +  tt)  }  =  a  (l  +  cos  0). 

Therefore  r  +  r'  =  2o,  or  the  chords  passing  through  the  pole 
are  of  constant  length. 

tan  (f>  =  tan ^9;  therefore  (j>  =  ^d. 

(7)  Let  the  equation  to  the  spiral  be 

r^  =i  a^  sin  nO. 

Then  tan  (f>  =  tan  n9;  and  (f>  =  nO, 

If  (j>i  be  the  value  of  (p  corresponding  to  an  angle  0+  tt; 
that  is,  to  a  tangent  at  the  other  extremity  of  the  chord  passing 
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through  the  origin,  0i  =  »(0  +  tt)  and  (p^^  (p^nw.  There- 
fore the  angle  between  two  tangents  at  the  extremities  of  any 
chord  passing  through  the  origin  is  constant. 

(8)  Let  the  equation  to  a  spiral  be 

0(2ar-r*)i-l. 

Then  when  0  ^  0O9  (2ar  —  r*)J  =  a  and  r  »  0,  r  =  2a. 

Therefore  the  circle,  the  radius  of  which  is  2  a,  is  an 
asymptote  to  the  spiral.  The  pole  also,  for  which  r  =  0, 
may  also  be  considered  as  an  asymptotic  circle  the  radius 
of  which  is  zero,  as  the  curve  makes  an  infinite  number  of 
revolutions  before  it  reaches  it.  The  same  remark  applies 
to  the  logarithmic  spiral,  and  many  other  curves  for  which 
r  is  zero  when  0  is  infinite. 

(9)  The  curve  whose  equation  is 

ofkts  examples  of  both  rectilinear  and  circular  asymptotes. 

dO         aGP 

For  if  0  »  ±  1,  r  =  00,  and   as  r*-—  « ,    the  sub- 

dr  2 

tangent    corresponding   to   0 «  sb  1   is   T  ^  a,  and  there  are 

therefore  two  rectilinear  asymptotes  inclined   at  angles   +  1 

and  —  1  to  the  axis. 

Also  since  r  =  -— =  «|l--;;:i      =«  when  0  =  co,  the 

circle  whose  radius  is  a  is  asymptotic  to  the  spiral. 
The  form  of  the  curve  is  given  in  fig.  28. 
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The  perpendicular  on  the  tangent  is    — : 

dO  ,      •  IT 

d)  =  tan'^r—-  =  tan-^(-  cot26)=  20-  -. 
^  dr  ^  ^  2 

(5)  The  equation  to  the  logarithmic  spiral  is 

e 
r  =j  C€^. 

Then  ^stan'^a,  and  is  therefore  constant; 

To, 

p  =  rsin(tan-^a)=  .. 

(1  -f  a*)2 

The  subtangent  *=  ra. 

The  locus  of  the  extremity  of  the  subtangent  is  the 
involute  of  the  curve,  the  equation  to  it  being 

e 

and  therefore  a  similar  spiral. 

Also  if  Tz  be  the  subnormal,  that  is,  the  portion  of  a 
perpendicular  to  the  radius  vector  at  the  origin  cut  off  by 
the  normal,  the  locus  of  the  extremity  of  r^  is  the  evolute 
of  the  spiral,  its  equation  being 

T      c    ? 

a      a 

(6)  The  equation  to  the  Cardioid  is 

r  =5  a  (l  —  cos  0). 
If  T  be  a  radius  in  the  direction  of  r  produced  backwards, 

r'  =  a  ^\  -  cos  (0  +  tt)  }  =  a  (l  +  cos  0), 

Therefore  r  +  r'  =  2  a,  or  the  chords  passing  through  the  pole 
are  of  constant  length. 

tan  (p  -  tan  ^9;  therefore  0  =  -l^l 

(7)  Let  the  equation  to  the  spiral  be    ' 

r^  =  a"*  sin  n9. 

Then  tan  (p  =  tan  n9;  and  (f>  «=  n9> 

If  (pi  be  the  value  of  (p  corresponding  to  an  angle  0+  tt; 
that  is,  to  a  tangent  at  the  other  extremity  of  the  chord  passing 
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odd  order,  then   -7?   is   a  maximum  or  minimum,   and   the 

dof 

curve  has  a  point  of  contrary  flexure.     Instead  ^of  finding 

what    differential   coefficient    vanishes,   it    is   generally   more 

convenient   to   try    whether   — -  change  sign  on  substituting 

in  it  values  of  <v  a  little  greater  and  a  little  less  than  that 

which  makes  it  vanish.     If  it  do  change  sign,  the  point  is 

<Py 
one  of  contrary  flexure,   otherwise   not.      If  -—  ^  «  co,  there 

dor 

may  be  a  point  of  contrary  flexure  provided  that  it  change 

sign   for   values  of  a?   a  little  greater   or  a  little  less  than 

that  which  makes  it  infinite. 

If  any  values  of  w  and  y  make  -p-  »  -,  it  is  an  indica- 
•^  ^  dw      0 

tion  generally  that  the  point  in  question  is  a  multiple  point, 

or  that  several  branches  of  the  curve  pass  through  it.    The 

multiplicity  may  be  of  different  kinds.     1st.  If  —  is  found 

by  the    usual  method    of  evaluating  vanishing  fractions,  to 

h&ve   several    different   possible   values   there    are    as'  many 

branches  of  the  curve  cutting  each  other  in  one  points    2nd. 

dy 
If   j^  is  found  to  have  two  or   more  equal  and  possible 
dof 

values,  there  are  two  or  more  branches  of  the  curve  touching 

each  other  in  one  point,  which  is  called  a  point  of  osculation^ 

dy 
3rd*  If  all  the  values  of  —  are  found  to  be  impossible,  then 

the  point  in  question  is  an  isolated  or  conjugate  point,  that 
is,  one  through  which  there  passes  no  branch  in  the  plane 
of  the  co-ordinate  axes.  In  fact  the  point  is  that  in  which 
impossible  branches  of  the  curve  meet  the  plane  of  the  axes. 
With  respect  to  the  2nd  and  3rd  class  of  multiple  points  a 

few    more    remarks   are   necessary^      If  when  — ^   has  two 

equal  values   for  a  given  value  a  of  one  of  the  variables, 
we  find  that  for  a  value  a  +  A  the  other  variable  is  possible, 
11 
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and  for  a  value  a  -  A  impossible,  or  vice  veradj  the  curve 

stops  short  at  the  point  in   question,  and  is  doubled  back 

on  itself,  forming  what  is  called  a  cusp.     The  cusp  is  said 

to  be  of  the  Jirst  species  or  a  ceratoid*  when  the  branches 

touch    the   common   tangent   on  opposite   sides;    and  of  the 

second   species   or  a   ramphoidf    when    they   touch  on   th^ 

same  side.     These  may  be  distinguished  by  the  consideration 

d^y 
that  in  the  first  the  values  of  — ^  are  of  opposite,  and  in  the 

second  of  the  same  signs.  It  is  to  be  observed  that  at  a 
cusp  the  two  branches  of  the  curve  never  make  with  each 
other  an  angle  the  trigonometrical  tangent  of  which  is  of 
finite  magnitude:  we  cannot  properly  say  that  the  angle 
itself  is  infinitely  small,  as  in  fact  it  is  equal  to  two  right 
angles,  the  inclination  of  the  one  branch  of  the  curve  being 
measured    in    a    direction    opposite    to    that    of    the  other. 

Although    the   condition  of  —  when  of  the  form  -  having 

impossible  values  always  indicates  a  conjugate  point,  yet  it 

dv  '  ■ 

may    happen    that  —  and   any    number   of  the   differential 

(tiV 

coeiBcients  are  possible  at  a  conjugate  point.  In  such  cases 
the  impossible  branch  of  the  curve  does  not  pierce  the  plane 
of  the  axes,  but  touches  it  at  the  conjugate  point,  the  order 
of  contact  being  that  of  the  highest  differential  coelHcient 
which  is  possible.  To  determine  with  certainty  whether  a 
point  be  or  be  not  a  conjugate  point  or  a  cusp,  it  is  always 
necessary  to  try  whether  the  equation  to  the  curve  gives 
possible  values  for  both  variables  on  each  side  of  the  point 
in  question. 

If  some  of  the  values  of  —  be   possible   and  some  im- 

UtXt 

possible  for  the  given  value  of  cT,  there  is  a  conjugate  point 
situate  on  the  curve;  that  is,  a  brsuich  in  the  impossible 
plane  pierces  the  plane  of  reference  in  a  point  through  which 
there  passes  a  possible  branch  of  the  curve. 

*  Ke/)as,  a  horn. 
t  'PdfKpo^,  a  beak. 
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For    a  fuller    development    of  the  relation   between    the 

various  kinds  of  points  indicated   by  the   condition   —  =  - . 

the  reader   is   referred  to  a  paper  by   Mr   Walton   in   the 
Cambridge  Mathematical  Journal,  Vol.  ii.  p.  155. 

If  the  equation   to   the    curve   be  put   under  the  more 
symmetrical   form 

we  easily  obtain  analytical  conditions  for   distinguishing  be- 
tween the   three  classes  of  double    points   indicated  by  the 

condition  -?■=-,  viz.  true  double  points,  points  of  oscula^ 

tion,  and  conjugate  points.     The  condition  -p-  =  -   involves 

dw      0 

the  two, 

du  du 

dw  dy        ' 

Proceeding  to  the   differential    of  the   second  order,  we 
find  in  consequence  of  the  preceding  condition 

(Pu  <Pu   dy      d^u  (dy 

da^        dwdy  dw      dy^  \ 

whence  we  find 


S)-»' 


*«   ■'"*■«  ^'    r#.^/*«\l' 


\  \dw  dy)    "  tej  V 


dy  dwdy      \\dwdyl         \da^j  \dy*/j 

dw  d^u 

d^ 

Now  for  a  true  double  point  we  must  have  two  possible 

values  for  -~- ;  for  a  point  of  osculation  we  must  bfive  the 
dw 

two  values  equal;  and  for  a  conjuga4;e  point  we  must  have 
the  two  vailues  impossible.  Hence  we  have  the  three  con- 
ditions : 

11—2 
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,dwdy)         \darj  \dy 

(  d'u  \*      fe^u\  fcPu\ 

Id^)  -  M  M  <'  ^*"  *  oonj^igate,  poi«t.     ,   ■, 

If  the  point  be  more  than  double,  it  is  necessary  to'  pi'dJ- 
ceed  to  higher  differentiations,  but  the  formulsa  become  tqo 
complicated   to  be  of  much    use. 

The  second  of  the  preceding  conditions  furnishes  ad 
easy  demonstration  of  the  following  general  property  of 
curves  of  the  third  order.  "  The  three  asymptotes  of  a 
curve  of  the  third  order  being  given,  the  locus  of  the 
points  of  osculation  is  the  maximum  ellipse  which  can  be 
inscribed  in  the  triangle  formed  by  the  asymptotes:  the 
locus  of  the  conjugate  points  is  within,  and  of  the  double 
points  without  this  ellipse."*' 

If  we  refer  a  curve  of  the  third  order  to  two  of  its 
asymptotes  as  axes,  their  intersection  being  the  origin,  its 
equation  must  evidently  be  of  the  form, 

aoj^y  +  2bwy  +  cooy^ »  A. 

Hence  ---  =  2a  a?y  +  26  y  +  cy% 
dw 

-__  =  aw^  +  200?  +  9.cxy^ 
dy 

d^u  d^u  d'^u 

-j-^^^ay,       — -  =  2c<r,       —-— -  =  2  (oo?  +  6  +  cy). 

dor  dy^  dwdy 

Therefore  by  the  condition   for  a  point  of  osculation 

{aoD  4-  6  +  cyY  -  acwy  =  0, 

or  a^ar'  +  acay  +  c^y^  +  2abos  •{-  2bcy  +  6*  =  0, 

which  is  the  equation  to  an  ellipse. 

That  this  ellipse  is  the  maximum  ellipse  inscribed  in 
the  triangle  formed  by  the  asymptotes  is  easily  shown.  The 
equations  to  the  three  asymptotes  are 

^  =  0,  y  =  0,  and   a.r  +  cy  +  26  =  0. 
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From  the  last  it  appears  that  the  intercepts  of  the  axes 
cut  off  by  the  third   asymptote  are  -  —  and .     Also 

from  the  equation  to  the  ellipse  it  appears   that  it  touches 

he 

the  axes  at  distances and from  the  origin,   or  that 

a  a  ■ 

the  points  of  contact  bisect  these  two  sides  of  the  triangle. 

dy         , 
If   in   the   value   of  3—   derived  from    the   equation   to   the 

ellipse  we   substitute  the  values and for  ^p  and  y, 

a  c 

we  find  ^  -  -  - ,  which  is  the  same  as  that  derived  from 
ao?  c 

the  equation  to  the  third  asymptote,  and  as  these  values 
of  <r  and  y  satisfy  both  the  equation  to  the  ellipse  and 
that  to  the  asymptote,  it  appears  that  the  ellipse  touches  all 
the  three  sides  of  the  triangle  in  their  middle  points,  which 
by  Chap.  vii.  Ex.  19,  is  the  property  of  the  maximum  el- 
lipse. The  latter  part  of  the  theorem  is  too  obvious  to 
need  demonstration.  This  proposition  is  due  to  Plucker, 
Journal  de  MathematiqueSy  {Liouville)   Vol.  11.  p.  11. 


Points  of  Contrary  Flexure  or  of  Infleadon. 

Ex.  1.     The  equation  to  the  Witch  of  Agnesi  is 

wy  =  2a  (2aaf  -  x^)i ; 

whence  we  find 

d-y      2a*  (So -2a?) 
da?*      Of  {^aa  — /v*)i  ^ 

^y  .  Sa        .  .  2«  J  3«      »         , 

— ^  =  0   gives   af  =  —   and    y  =  ±  -j ,   and    as    -^  +  A   and 
oar  2  3»  2 

A,  when  substituted  for  ar,  make  -—  change  sign,  there 

are  two  points   of  contrary    flexure   corresponding  to   these 
values  of  a?  and  y. 
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d^y  dy 

——-  and  -—  both  become  infinite  when  a?  =  0  and  when 

dor  dx 

^  =  2  a,  but  neither  of  those  values  gives  a  point  of  in- 
flexion, since  y  is  impossible  when  ai  is  negative  or  greater 
than  2  a. 

(2)  The  curve  whose  equation  is 

a^  -  3fea?*+  a^y  «=  0 
has  a  point  of  inflexion  the  co-ordinates  of  which  are 

'^  "*  *'  y  =  -^r  • 

a 

(3)  Let  the  equation  to  the  curve  be 

aa^  H-  62/'  -  c*  =  0. 
There  are  two  points  of  inflexion,  the  co-ordinates  of  the 

one  being  a?  =  0,    y  =  c  (7 )  » 

those  of  the  other         «»  =  c  (  -  J   ,    y  =  0. 

(4)  Let  the  equation  to  the  curve  be  * 

00^  —  aJ^ar^  +  a^y  =  0. 
There  are  two  points  of  inflexion  corresponding  to 

a  5  a 

eV     ^       36 

(5)  Let  the  equation  to   the  curve  be 


m 


y  =  6  +  («r  —  a) »  , 
where  m  and  n  are  both  odd. 

If  —  >  I5  a?  =  a  gives  a  point  of  inflexion,   the   tangent 
n 


being  parallel  to  the  axis  of '.r. 


m 


If  —  <  1,0?  =  a  gives  a  point   of  inflexion  corresponding 
n 

d^y 
to  j-^  =  00  5  the  tangent  being  perpendicular  to  the  axis  of  ,v. 
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(6)      In  the  curve  of  sines  the  equation  to  which  is 

y  «  c  sin  -  , 
a 

there  is  a  point  of  inflexion  wherever    the   curve   cuts  the 
axis  of  w. 

In  polar  curves  points  of  inflexion  are  found  by  the 
conditions  that  at  such  points  •-—  s  o,  and  changes  sign  in 
passing  through  zero. 


a* 


(7)  In  the  lituus  r*  =  —  ;    whence  we  find 

u 

^  "  (/  +  4a*)i  ' 

When  r  «  ±  a  2I  or  0  =  i,  --  =  0,  and  changes  sign  on  either 

dr 

side  of  the  point   corresponding  to  these  values :    the  point 

is  therefore  one  of  inflexion. 

(8)  In  the  Lemniscate  of  Bernoulli 

r*  ■=  a*  cos  20, 

_  r^  dp      3r^ 

and  p  =  -o ,  3"  =  ""i"  • 

or  dr       or 

Hence  the  origin  is  a  point  of  inflexion  for  two  branches 
of  the  curve. 

(9)  The  equations  to  the  Trochoid  are 

a?  =  a  (0  -  e  sin  0),    y  =  a  (1  -  ^cos  0), 
whence  we  find 

cPy      e  (cos0  -  c) 
d^  "  (l-ecos0)^ "  ^  ' 

therefore  when  cos  0  «=  e  and  y  ^  a  (l  —  c*)  there  is  a  point 
of  inflexion. 

The  preceding  examples  are  taken  chiefly  from  Cramer, 
Analyse  des  Lignea  Courbesy  Chap.  xi. 
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Multiple  Points. 


m 

Among  these  I    include  all   those   points   for    which  we 

find  —  a:  - ,  including  points   where  several  branches  ipter- 

sect,  or  nodes,  points  of  osculation,  cusps,  and  conjugate 
pdints. 

(1)  Let  the  equation  to  the  curve  be 

ay^  ^  a^  "  bai^  s=  0. 

dy      S^  +  26jf      0      ,  ^       . 

Here  -—  = =  -   when    a?  =  0,    y  =  0.     By    the 

dw  2ay  0  »    y  / 

usual   method  of  evaluating  vanishing  fractions  we  find 

dy      6af  +  2h 
dw  dy 

doe 

[dy\^      6af  +  2b      b 

whence  (  -p  I    = ■=  -,  when  a?  «  0. 

\dafj  2a  a 

Therefore  --—  =  db  (-)  ,    indicating  that    at   the   origin 

diV  \a/ 

two  branches  of  the  curve  intersect,  making  with  the  axis 
of  0?  angles  the  tangents  of  which  are  ( - )  and  —  { - )  respec- 
tively. 

(2)  The  curve 

.r*  —  ayan^  -f  by^  =  0 

has  at  the  origin  a  triple  point  formed  by  the  intersection  of 

dy 
three  branches  of  the  curve.     The  values  of  —  at  the  point 

fb\^ 
are   =**(-)    and  0.      See  fig.  29. 

(3)  The  curve 

a?*  -  Stax^y  -  2a?^^'  +  oy^  +  y*  =  0 

dv 
has  at  the  origin  a  triple  point,  the  values  of  —  being  ±  ^ 

and  0.     The  form  of  the  curve  is  given  is  fig.  30. 
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(4)  Let  the  curve  be 

a*  -2  ay^  -  3o-y^  -  Za^m^  -{.  a*  «  0. 

-d%L  du 

Mere  V-  =  *  (i?*  -  a^x)  ,  -7-  =  -  6(ay^  +  a*y). 

dx  dy 

»  • 

Both  of  these  vanish  when  y  ^  0  and  w  ^  ^  a^  and  when 
y  ts  ^a  and  ^  s  0.  There  are  three  double  points  corre- 
sponding to  these  values  of  w  and  y. 

For    y  =  0,  ^=+a,         5^  -  *  (5)   . 

dy  /4\i 

For  the  form  of  the  curve  see  fig,  31, 

(5)  In  the  curve 

—  I   =  0  at  the  origin,  or  two  branches  there  touch 

eacli  other  as  in  fig.  32. 

(6)  In  the  curve 

aP  +  6<r*  -  o'  y'  =  0 
we  find  at  the  origin 


which  indicates  a  point  of  osculation,  and  as  —  «  0  at  the 

da 

origin,  the  two  branches  touch  the  axis  of  x.     See  fig.  SS. 

(7)     The  curve 

{f>y  —  cwY  =  (a?  -  a)* 

has  a  cusp  of  the  first  species  when  ^  »  a ;  the  common  tan* 
gent  is  parallel  to  the  axis  of  w.     See  fig.  34. 
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(8)  The  curve 

has  at  the  origin  a  ramphoid  cusp,  the  axis  of  w  being  the 
common  tangent.     See  fig.  S5, 

(9)  The  curve 

has  at  the  origin  a  ceratoid   cusp  touching   the  axis  of  x^ 
and  also  a  branch  touching  the  axis  of  y.     See  fig.  36. 

(10)  The  curve 

has  a  conjugate  point  at  the  origin,  since  ,r  =  0,  y  =  0  satisfy 
the  equation,  but  w  ^  ^  h  when  h  is  small  make  y  impossible. 

At   the  origin  -7—  takes  the  form  -,  and  its  true  value  is 
^      dor  0 

f     b\i 

(  —  I  9  which  indicates  that  there  are  two  impossible  branches 

passing  through  the  plane  of  the  axes  at  the  origin. 

(11)  The  curve  whose  equation  is 

(c^y  -  ai'y  =  (a?  -  bf  (a?  -  a)«,        a  <  6, 
has  a  conjugate  point  whose  co-ordinates  are 


a' 


but  the  differential  coefficients  are  possible  till  we  come  to 
the  third,  showing  that  the  impossible  branch  has  a  con- 
tact of  the  second  order  with  the  plane  of  the  axes. 

(12)     In  the  curve 

a^y'^  —  2abary  —  a?^  =  0 

there  is  a  point  of  osculation  at  the  origin,  and  one  of  the 
branches  experiences  an  inflexion.  Such  a  point  is  called 
one  of  oscul-inflexion.     See  fig.  37. 
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(IS)     The  curve 

has  a  ceratoid  cusp  at  the  origin  and  an  inflexion  in  another 
branch  at  the  same  point.  The  cusp  has  the  axis  of  <r  as 
tangent,  and  the  inflected  branch  touches  the  axis  of  y.  The 
form  of  the  curve  is  that  of  the  letter  R.     See  fig.  38. 

(14)  The  curve 

(y  -  c)*  =  (a?  -  of  (of  -  6),     a>  b, 

has  an  oval  between  a?  =  a  and  a?  =  6.  When  a?  =  a  and 
y  ^  c  there  is  a  point  of  osculation,  the  common  tangent 
being  parallel  to  the  axis  of  <r.     See  fig.  39* 

« 

(15)  The  curve 

(^  +  y^y  =  4fa^a^y^ 

has  at  the  origin  a  quadruple  point,  a  pair  of  branches 
touching  both  the  axes.  The  form  of  the  curve  is  best  seen 
by  transferring  the  equation  to  polar  co-ordinates,  when  it 
becomes  r  =  a  sin  2  0. 

The  greater  number  of  the  preceding  examples  are  taken 
from  Cramer''s  work,  Chap.  x.  and  Chap.  xiii. 


CHAPTER  XI. 


ON    THE   TRACING    OF   CURVES    FROM    THBIB   JfiQUATIONS. 


Sect.  1.     Curves  referred  to  Rectangular  Co-ordinates. 

Before  proceeding  to  give  examples  of  the  application  of 
Itnalysis  to  determine  the  form  of  curves  when  their  equations 
are  given,  I  shall  say  a  few  words  on  the  principles  of  the 
interpretation  of  symbols  in  analytical  geometry,  as  a  know- 
ledge of  these  is  requisite  for  the  understanding  of  the  views 
which  I  have  adopted  both  in  the  preceding  and  in  the 
following  pages. 

By  the  principles  of  the  Geometry  of  Descartes,  the 
position  of  a  point  in  a  plane  is  known  when  its  distances 
from  two  axes  Oa?,  Oy  intersecting  each  other  at  right  angles 
are  known:  and  a  curve  is  defined  as  a  series  of  points  for 
which  there  exists  the  same  relation  between  the  ordinate 
y  and  the  abscissa  w.  This  relation  is  expressed  by  means 
of  an  equation  /{.v^  y)  =  ^  between  a?,  y  and  constants,  which 
is  called  the  equation  to  the  curve.  If  we  assign  a  series 
of  values  to  one  of  the  two  variables  w  and  y^  the  corre- 
sponding values  of  the  other  can  be  found  by  means  of  the 
equation  /(«J?5  y)  =0:  now  so  long  as  we  consider  this  only 
as  an  arithmetical  equation,  the  only  values  of  a?  and  y 
which  we  can  use  are  positive  numbers.  If  we  agree  that 
the  values  of  x  are  to  represent  lines  measured  from  O 
(fig.  40)  along  O^,  and  values  of  y  lines  measured  from  O 
along  Oy^  we  can  by  means  of  the  arithmetical  values  alone 
of  a  and  y  determine  the  positions  of  all  points  within  the 
angle  a^Oy.  But  the  equation  /(«a?,  y)  =  0  for  any  value  of 
one  variable  will  frequently  give  an  expression  for  the  other 
variable  which  is  not  arithmetical,  such  as  -  o  or  (-  a*)i,  or 

more  generally  (+a")".     Now   there  is  no  necessity  for  in- 
terpreting   these    expressions    which    are   uninterpretable    in 
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arithmetic;  but  it  is  clear  that  we  shall  gain  an  advantage 
in  the  generalization  of  our  results  if  we  are  able  to  interpret 
these  expressions  in  any  way  consistent  with  the  original 
definition  of  the  symbols  employed.  It  was  soon  seen  by 
the  early  cultivators  of  this  geometry  that  the  first  of  these 
expressions  (—  a)  could  receive  the  geometrical  interpretation 
that,  if  a  represented  a  line  measured  in  one  direction,  (-a) 
represented  the  same  length  of  line  measured  in  the  opposite 
direction.  This  extension  of  the  interpretation  of  the  sym- 
bols is  of  great  importance,  since  it  enables  us  to  express 
by  the  one  equation,  f(af,  y)  -  0,  the  position  of  a  point  in 
all  parts  of  the  plane  in  which  the  axes  Oaf  and  Oy  lie; 
and  no  curve  is  considered  to  be  completely  traced  unless 
the  negative,  as  well  as  the  positive,  values  of  the  variables 
be  taken  into  account.  This  however  is  merely  a  matter 
of  convention,  and  we  might,  if  it  were  thought  proper, 
restrict  ourselves  to  the  positive  values  of  the  variables  and 
confine  the  curve  to  the  angle  aOy.  If  instead  of  inter- 
preting (-  a)  to  mean  the  measuring  of  the  length  a  in  a 
direction  opposite  to  that  originally  taken,  we  use  the  more 
general  definition  that  —  a  means  that  the  line  a  is  to  be 
turned  round  through  two  right  angles,  we  are  led  to  the 

general  interpretation  of  such  an  expression  as  (+a")*,  viz. 
that  the  line  a  is  to  be  turned  round  through  the  n^^  part 
of  four  right  angles.  This  gives  us  a  farther  extension  of 
the  use  of  the  equation  /(^,  y)  =  0;  for,  as  the  turning  of  a 
line  through  a  given  angle  is  not  confined  to  any  one  plane, 
we  are  enabled  to  express  by  the  equation  to  the  curve  the 
position  of  a  point  situate  in  any  part  of  space.  To  explain 
this,  let  us  suppose  that  for  a  value  a?  =  a,  we  obtain  a  value 

m 

y^{-^yb;  this  implies  that  the  length  6  is  to  be  measured 
'Uot   along   the  axis  of  y,    but  along  a  line  inclined  to  it 

at  an  angle  —  Stt:   but  as  the  axes  are  supposed  to  remain 

perpendicular  to  each  other,  this  angle  must  be  taken  in  a 
plane  perpendicular  to  that  of  the  original  axes.  Hence,  if 
there  be  a  serie9  of  values  of  y  all  afiected  by  the  same 
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quantity  (+)*,  they   will  give  rise  to  a  branch  of  the  curve 

m 
lying  in  a  plane  inclined  at  an  angle  —2  tt  to  the  plane  of  the 

original  axes.     If  for  different  values  of  ai  the  index  of  H* 

change  its  value,  the  branch  does  not  lie  in  one  plane,  but 

is  a  curve  of  double  curvature. 

1 

This  u«e  of  the  interpretation  of  the  symbol  (+  o*)*  has 
not  been  generally  adopted,  but  it  is  quite  as  legitimate  an 
extension  as  that  of  the  negative  values  of  the  variables, 
and  for  the  thorough  understanding  of  the  course  of  a 
eurve  it  is  quite  as  necessary.  For  all  the  ordinary  pur- 
poses however  of  the  equations  to  curves  it  is  sufficient  to 
use  only  the  positive  and  negative  values  of  the  variables, 
and  to  these  I  shall  restrict  myself,  only  observing,  that 
when  such  an  expression  as  (—  d^)i  occurs,  it  is  not  to  be 
cdled  imaginary,  nor  is  the  curve  to  be  said  therefore  to 
have  no  existence  for  that  value ;  but  it  is  to  be  interpreted 
as  indicating  that  the  curve  there  leaves  the  plane  of  the  axes, 
which  for  convenience  I  shall  call  the  plane  of  reference. 

The  student  who  wishes  for  more  information  regarding 
the  general  interpretation  of  formulae  in  Analytical  Geometry 
is  referred  to  a  paper  by  the  Abbe  Buee  in  the  Philosophical 
Transactions  for  1806,  to  Mr  Warren's  Tract  on  the 
Geometrical  Interpretation  of  Imaginary  Quantities^  and 
to  the  Cambridge  Mathematical  Journal^  Vol.  i.  p.  259,  and 
Vol.  II.  p.  103  and  p.  155:  the  last  two  papers  being  by 
Mr  Walton. 

When  we  proceed  to  trace  a  curve  from  its  equation  it 
is  advisable  in  the  first  place  to  solve  the  equation  with 
respect  to  one  or  other  of  the  variables,  if  the  solution  be 
in  a  iatvn  which  enables  us  to  determine  readily  its  value 
for  different  values  of  the  other  variable.  After  that  we 
may  proceed  in  the  following  way. 

1.  If  y  be  the  variable  which  is  expressed  in  tei*ms 
of  07,  assign  to  w  all  positive  values  from  0  to  oo,  marking 
those  which  make  y  =  0,  y  =  od  ,  or  y  impossible.  The  first 
gives  the   points  where   the  curve  cuts   the   axis   of  w,    the 
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second  gives  the  infinite  branches,  and  the  third,  showing 
where  the  curve  quits  the  plane  of  reference,  gives  the  limits 
of  the  curve  in  that  plane. 

2.  Assign  to  w  all  negative  values  from  0  to  oo,  pro- 
ceeding as  in  the  case  of  the  positive  values  of  w»  In  both 
cases  attend  to  both  the  positive  and  negative  values  of  y^  so  as 
to  obtain  the  branches  on  both  sides  of  the  line  of  abscissae. 

3.  Find  whether  the  curve  have  asymptotes,  and  deter- 
mine them  if  they  exist. 

4.  Find  the  value  of  -— ,  and  thence  deduce  the  maxi- 

mum  and  minimum  points  of  the  curve,  and  the  angles  at 
which  the  curve  cuts  the  axes. 

6.     Find  the  value  of  --— ,  and  thence  deduce  the  nature 

of  the  curvature  of  the  different  branches,  and  the  points  of 
contrary  flexure  if  such  exist. 

6.  Determine  the  existence  and  nature  of  the  singular 
points  by  the  usual  rules. 

Ex.  1.     Let  the  equation  to  be  discussed  be 

From  its  form  we  see  at  once  that  there  are  always 
for  each  value  of  w  two  values  of  y  equal  but  of  opposite 
signs;  hence  the  curve  is  symmetrical  with  regard  to  the 
axis  <^  «, 

Xitsl  tB  be  positive;  when  w  is  between  0  and  a,  y  is 
impossible,  and  the  curve  does  not  exist  in  the  plane  of 
reference:  when  ^  =  o,  y  =  0:  when  a?  >  a,  y  is  possil^, 
and  increases  without  liinit  as  a?  so  increases. 

Let  w  be  negative;  when  w  is  between  0  and  6,  y  is 
impossible,  and  there  is  no  branch  in  the  plane  of  refer- 
ence: when  0?  =  6,  y  is  infinite:  when  w>h^  y  increases 
without  limit  as  /r  so  increases.  Hence  it  appears  that  the 
curve  has  six  infinite  branches. 

Since  a?  =  -  6  makes  y  infinite,  the  ordinate  at  that  point 
is  an  asymptote.      Also  since 


176  TRACING    OP    CCRVE». 


on  expanding,  and  neglecting  negative  powers  of  a?,  we  find 

as  the  equation  to  two  asymptotes  inclined  at  angles   +  ^ 
and   —  45^  to  the  axis  of  w. 

On  combining  the  equation  of  this  asymptote  with  that 
of  the  curve,  we  find  that  there  is  a  value  of  w  correspond-p 
ing  to  an  intersection  of  the  curve  with  the  asymptote. 

Differentiating  the  equation  to  the  curve,  we  find 

dy        20?^  +  S6a^  +  a' 

^d^"  (a?' -  o^)i  (a?  +  6)t  • 

This  equated  to  zero  gives  a  cubic  equation,  which 
must  have  one  real  root  negative,  since  all  the  terms  of 
the  numerator  are  positive :  this  indicates  a  minimum  ordi- 
nate. The  course  of  the  curve  shows  that  the  other  two 
roots  of  the  cubic  must  be  impossible. 

When  w  =  ay  —-  is  infinite,  or  the  curve  cuts  the  axis 

dof 

at  right  angles. 

d^y 
The  value  of  -— -  shows  that   the  curve  is  always  con- 

doj^  '* 

cave  to  the  axis  of  co  when  x  is  positive,  and  convex  when 

it  is  negative. 

The  form  of  the  curve  is  given  in  fig.  43,  where  OA  =  a, 
OB  as  h ;  ON  is  the  abscissa  corresponding  to  the  intersection 
of  the  curve  with  the  asymptote;  and  OM  is  the  abscissa  of  the 
minimum  ordinate. 

(2)     Let  the  equation  to  the  curve  be 

9,00-a 

This  curve,  see  fig.  44,  has  four  infinite  branches,  and 
the  equations  to  its  asymptotes  are 


X  —  - 


a  1   f        a\ 
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«  The  curve  cuts  the  axis  of  «r  at  right  angles  at  the 
origin,  and  at  distances  +  a  and  —  a  from  the  ori^n :  at  the 
latter  two  points  there  are  points  of  contrary  flexure,  while 
the  origin  is  a  cusp.  There  is  a  maximum  value  of  y  cor- 
i^sponding  to  a  value  of  a?  between  0  and  —  a. 

(3)  wy^  +  2a^y  -  /r*  =  0. 

Solving  the  equation  with  respect  to  y^  we  find 

When  tv  =  -0,  y  =  0,  and  y  =  -  oo.     This  will  be  readily 
seen  by  putting  the  original  equation  under  the  form 


2a* 
which  when  a?  =  0  ^ves  jr  =  0,  and  y  +  —  =  0  or  y  =  —  oo- 

To  determine   the   efiect  of  increasing  w  positively,  let 

us   consider  the  two   values  of  y  separately.       Taking  the 

upper  sign  and  expanding  the  radical  in  ascending  powers 

of  0^  we  have 

a*      «»  /        1  J?*         1,1     w^     ,     \ 
y= +  -1+ T  -  ^ i  +  &c.  1  , 

1  ^         1 . 1     ^"^      ^ 

or  y  =  -  — +  &c. 

^      ^a?      2*.  1  .  2  a' 

Now  when  x  is  small,  the  first  term  gives  the  sign  to 
the  series,  and  y  is  therefore  positive;  and  as  no  value  of 
w  can  make  y  -  0,  this  branch  of  the  curve  lies  always  in 
the   first '  quadrant,   and   extends   to    infinity,  since   ^  <=  oo, 

when  ^  =s  oo» 

Tdcing  the  lower  sign  and  expanding  the  radical  in 
descending  powers  of  w,  we  have 

a*         /la*  \ 

which  when    /r  =  od    is  negative  and  infinite:    expanding  in 
ascending  powers  of  a?,  we  have 


2a^       /I  aP         1  .•!     aP        \ 


12 
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which  when  ^  =  0  is  negative  and  infinite ;  hence  this  branch 
lies  wholly  in  the  fourth  quadrant. 

For  the  negative  values  of  x  it  is  sufficient  to  observe 
that  as  the  original  equation  remains  unchanged  when  -^w 
and  -  y  are  substituted  for  +  w  and  4-  y^  it  follows  that  the 
opposite  quadrants  are  symmetrical,  and  we  need  therefore 
only  investigate  the  form  of  the  curve  in  the  first  and  fourth 
quadrants. 

To  determine  the  asymptotes :  since  y  =  —  oo  when  a?  =  0, 
the  axis  of  y  is  an  asymptote  to  the  branch  in  the  fourth 
quadrant:  also  by  expanding  the  value  of  y  in  descending 
powers  of  w  we  have,  neglecting  the  terms  involving  nega- 
tive powers  of  a?, 

as  the  equations  to   two  other  asymptotes. 

Difierentiating  the  value  of  y,  we  find  that  at  the  origin 

d  V 

-—  =  0,  and  therefore  that  the  curve  then  touches  the  axis  of  a?. 

We  also  find  a  minimum  value  for  y  when  w  ^  ^  sia.  This 
minimum  value  of  y  belongs  only  to  the  branches  in  the 
second  and  fourth  quadrants,  and  not  to  the  branches  in 
the  first  and  third  quadrants. 

Without  proceeding  to  find  the   value  of  — ^,  it  is  not 

div 

difficult  to  see  that  at  the  origin  there  is  a  point  of  con- 
trary flexure,  since  the  curve  there  both  touches  and  cuts 
the  axis  of  w.     The  form  of  the  curve  is  given  in  Fig.  (45). 

When  the  equation  cannot  be  solved  with  respect  to  one 
or  other  of  the  variables,  it  is  necessary  to  have  recourse  to 
particular  artifices  suited  to  the  case  under  consideration. 

(4)     Let  the  equation  to  be  discussed  be 

«2?^-  3aa}y  +  j/^  =  0. 

When  a?  =  0,  y^  =  0  :  the  multiplicity  of  values  of  y  shows 
that  there  is  a  multiple  point  at  the  origin.  Diff*erentiating, 
we  have 

dy      ay  —  Jff^     0 

— ^  =  -f =  -  when  iV  =  0,    y =0. 

d/v      y  —  aw      0 
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To  find  the  true  value  of  this  fraction,  differentiate  its 
numerator  and  denominator;    then 

« 

dy 
dy  dx 
dx  dy 

therefore  when  a?  =  0, 

which  as  2/  s  0  when  ^  =  0,  gives 

dy  dy 

—  =0;     — .  =  CO  ; 

dx  dx 

therefore  at  the  origin  one  branch  touches  the  axis  of  x  and 
the  other  that  of  y. 

To  find  the  points   where  the  tangent  is  parallel  to  the 

axis  of  X  make  ——  =  0,  whence   ay=a?^;    substituting    this 

dx 

value  in   the  equation  to   the  curve,  it  becomes 

x^  -  2a^a^^  0; 

whence  a?  =  0,       ot*  =  2a^. 

The  former  value  gives  the  origin ;  the  latter  gives  one 
possible  value  ^  =  2i  a,  to  which  corresponds  y  =  2?  a.  From 
the  symmetry  of  the  equation  it  is  easy  to  see  that  the 
curve  is  parallel  to  the  axis  of  y  when  y  =  2ia  and  a?  =»  2^0. 
Hence  it  -appears  that  in  the  first  quadrant  there  is  a  closed 
curve  forming  a  loop  which  at  the  origin  touches  the  two 
axes. 

To  find  the  asymptotes  put  y^xx^  then  we  have 

^+1  ^       ^+ 1 

When  %  ^  -  1  both  x  and  y  are  infinite.  The  expres- 
sion for  the  intercept  of  the  tangent  on  the  axis  of  w  is 

—  Sax 


=  —  «     when  3f  =  —  1. 

«^-  2 


12—2 
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Therefore  a  line  inclined  at  angle  of  IS5^  to  the  axis  of 
.r,  and  cutting  it  at  a  distance  —  a  from  the  origin,  is  an 
asymptote  to  the  curve.  For  the  form  of  this  curve,  see 
(fig.  51). 

(5)      The  form  of  the  curve  whose  equation  is 

{a?  +  6)  y^  =  (a?  +  a)  .1?^,      b  >  a^ 

is  given  in  (fig.  47),  where  OB  =  6,  OA  =  a. 

The  reader  will  find  a  great  variety  of  curves  discussed 
in  the  work  of  Cramer,  before  referred  to.  For  lines  of  the 
third  order  he  may  consult  Newton's  Enumeratio  Linearum 
Tertii  Ordinis,  and  Stirling'^s  Commentary  on  that  work. 

Sect.  2.      Curves  referred  to  Polar  Co-ordinates. 
When  the  equation  to  a  curve  is  given  by  an  equation 

r=f(e), 

a  fixed  point  is  to  be  taken  as  origin,  and  a  fixed  line  passing 
through  it  as  the  axis  from  which  9  is  to  be  measured.  The 
values  of  9  which  make  f(9)  =  0  are  then  to  be  found ;  these 
give  the  angles  at  which  the  branches  of  the  curve  which 
pass  through  the  origin  cut  the  axis.  By  giving  to  0  the 
values  0  and  nw  we  find  the  values  of  r  when  the  curve  <;uts 
the  axis;  and  by  giving  to  9  the  value  ^{2n+})7r  we  find 
tlie  values  of  r  when  the  radius  is  perpendicular  to  the  axis. 

V 

d  V 
By  making  t^  =  ^  we  find   the  values  of  0,  for  which  r  is 

a  maximum  or  minimum.  After  determining  these  points  in 
the  curve,  the  asymptotes,  both  rectilinear  and  circular,  are 
to  be  sought  out;  and  when  these  are  known  there  will 
generally  be  little  difficulty  in  finding  the  form  of  the  curve, 
except  when  singular  points  occur;  and  these  are  to  be 
investigated  by  the  usual  process. 

It  is  to  he  observed  that  in  all  cases  we  must  substitute 
both  positive  and  negative  values  of  0,  and  that  when  the  re- 
sult gives  a  negative  value  for  r,  it  is  to  be  measured  along 
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the  radius  vector  produced  backwards :  if  this  be  not  attended 
to,  the  curve  will  want  branches  or  spires,  and  will  appear  to 
be  discontinuous.  Some  authors  neglect  the  negative  values 
of  r,  and  trace  the  spiral  only  with  the  positive  values  of  the 
radius  vector ;  that  this  is  an  incomplete  mode  of  tracing  the 
curve  may  easily  be  seen  by  transferring  the  equation  from 
polar  to  rectilinear  co-ordinates,  when  it  will  be  found  that, 
according  to  the  principles  of  interpretation  used  for  the  latter, 
the  tracing  of  the  curve  from  its  rectilinear  equation  will  give 
more  branches  than  that  from  the  polar  equation.  The  re^ 
mark  which  was  made  regarding  the  interpretation  of  the 
symbols  in  rectilinear  co-ordinates  applies  equally  to  polar: 
there  is  no  necessity  for  interpreting  all  the  symbols  which 
arise  in  our  operations,  but  we  gain  much  in  the  generality  of 
our  formulae  when  we  do  interpret  them,  and  we  should  sacrifice 
many  advantages  by  not  doing  so*. 

Ex.  (1)     Let  the  equation  to  the  curve  be 

r  =  o  cos  0  +  b^     a  >  b. 
When  0  =  0,     r=o  +  6,  a  maximum. 

From  0^0  to  0=  cos"'  ( j  ,  which   is  an  angle  in 

the  second  quadrant,  r  is  positive  and  continually  diminishing 
till  when  0  =  cos"^  ( j  it  is  equal  to  0,  and  therefore  the 

curve  passes  through  the  pole  cutting  the  axis  at  an  angle 

b 
whose  cosine  is  —  . 

a 

From  0  =  cos~^  ( j  to  0  =  tt,  r  is  negative  and  in- 
creasing, and  being  measured  on  the  radius  vector  produced 
backwards  it  traces  out  the  portion  OEB  (fig.  42)  of  the 
curve  ;  and  when  0  =  tt,  r  =  -  (o  -  6)  =  OB. 

*  It  has  been  usual  among  writers  on  this  subject  to  neglect  the  negative  values 
of  r  and  so  to  deprive  the  curves  of  their  due  allowance  of  branches:  a  marked 
instance  of  this  may  be  seen  in  the  spiral  of  Archimedes,  which,  as  usually  traced, 
appears  shorn*  of  one  Half  of  itft  lengths  Professor  De  Morgan  is,  so  far  as  I  know, 
the  only  writer  who  has  insisted  on  the  interpretation  of  negative  values  of  r.  See 
his  Diff.  Calc.  p.  342. 
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From  0  =  TT  to  6  a=  cos"M )    in  the  third  quadrant 

r  is  still  negative  and  diminishing,  and  traces  out  the  portion 
BFO  of  the  curve. 

"When    0  =  cos""*  [ J,  r  «=  0,    and   the   curve  passes 

again  through  the  pole,  cutting  the  axis  at  the  same  angle 
as  before,  but  measured  in  the  opposite  direction. 

From  Q  =  cos"*  ( j   in  the  third  quadrant  to  0  =«  2ir, 

r  is  positive  and  increasing,  till  it  again  reaches  the  maximum 
value  a  +  6  or  OA^  after  tracing  the  portion  OGHA  of  the 
curve.  On  increasing  the  values  of  0  the  same  values  of  r 
recur,  showing  that  the  curve  is  complete ;  and  it  is  obviously 
unnecessary  to  give  to  Q  negative  values,  since  these  will  give 
the  same  values  for  r  as  the  positive  values  Stt  —  0  have  done. 

When  a^h  the  smaller  oval  OEBF  vanishes,  and  the 
point  O  is  a  cusp ;  the  curve  then  becomes  the  common  car- 
dioid. 

(2)  •  Let  r  =  a  sin  3  0  be  the  equation  to  the  curve. 

IT  2  TT 

r  =  0  when  sO  ^n-ir;  that  is  for  0  =  0,  0  «  -  ,  0  «  — , 

3  3 

3  3 

When  0  =  2  TT  or  upwards  the  same  series  of  values  again 
recur.  The  curve  therefore  passes  six  times  through  the  pole, 
and  as  r  never  becomes  infinite,  it  must  consist  of  six  equal 
loops  arranged  symmetrically  round  that  point.  A  little  con- 
sideration will  show  that  the  form  of  the  curve  is  that  given  in 
fig.  49. 

This  curve  belongs  to  a  class  represented  by  the  general 
equation  r  =  a  sin  m0,  the  properties  of  which  have  been  very 
elaborately  treated  of  by  the  Abbe  Grandi,  in  a  paper  in  the 
Philosophical  Transactions  for  1723,  and  in  a  book  called 
rather  quaintly  Flores  Geometrici.  From  a  fanciful  notion 
that  these  curves  resembled  the  petals  of  roses,  he  gave  them 
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the  name  of  ^^  Rhodoneae,^  and  endeavoured  to  trace  analogies 
between  them  and  the  flowers  after  which  he  had  named  them. 
The  first  paragraph  of  his  paper  in  the  Philosophical  Trans^ 
actions  will  give  an  idea  of  his  way  of  treating  the  subject : 
^^  Suos  Geometria  hortos  habet  in  quibus,  semula  (an  potius 
magistra  ?)  naturae,  ludere  solet,  sua  ipsius  manu  flores  elegan- 
tissimos  serens  irrigans  enutriens;  quorum  contemplatione 
cultores  suos  quandoque  recreat  ac  summa  voluptate  per- 
fundit.'' 

(3)  Let  the  curve  be 

r  a=  o  (sin  2d  -  sin  0)  «  a  sin  0  (2  cos  0  -  l), 
r  is  equal  to  0  when  sin  0  t=  o  and  cos  0  =  -^^  or  when 

0  =  0,     0  =  7r,     0  =  -,     0  =  —. 

3  3 

The  values  of  r  recur  when  0  =  2  tt  ;  and  as  r  never 
becomes  infinite,  it  appears  that  there  are  four  loops  arranged 
round  the  pole,  one  pair  being  smaller  than  the  other. 

From  0  =  0  to  0  =  -^tt,  r  is  positive. 

From  0  a=  ^w  to  0  =  ir,  r  is  negative  as  2  cos  0-1  is  nega- 
tive, and  sin0  is  positive. 

From'  0=7rto0  =  —  ,ri8  positive,  since  both  factors 

are  negative. 

Sir 
From  0= —   to   0=2-^,  r  is  negative. 

The  form  of  the  curve  is  easily  seen  to  be  that  in  (fig.  50). 

(4)  Let  the  equation  to  the  curve  be 

r  =  o  (tan  0-1)  (fig.  48). 

When  0  =  0,  r  =  -a  =  OB  if  OA  be  measured  in  the 
positive  direction. 

From  0  =  0  to  0  =  ^tt,  r  is  negative  and  decreasing,  and 
traces  out  the  portion  BDO  of  the  curve. 

When  0  ■=  ^TT,  r  =  0,  and  the  curve  passes  through  the 
pole,  cutting  the  axis  at  an  angle  of  45^ 

From  d  =  ^w  to  0=  ^tt,  r  is  positive  and  increasing,  and 
traces  out  the  portion  OEL* 


ia4 
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When  fl  =  ^7r,  r  =x  oo.     To  see  whether  this  corresponds 

dd 
to  an  asjmptote  we  must  find  r*  — -. 

dr 

Now  .—  ^a(l  +  tan^e) ; 


it 


u      i.         ^  ^^      a*(tan0-iy      a  (sin  ft  -  cos flV 

therefore    r*  —  =  — ^^^ —  »  — ^^ ~-  -  ^, 

dr       a  (1  +  tan^ft)         (sin^fl  +  cos-^ft)         ' 

when  0  =  -^-n-.  Therefore  -4Zr  drawn  perpendicular  to  the  axi« 
at  a  distance  OA  =  a  is  an  asymptote  to  the  curve. 

From  0  =  —   to   0  =  — ,  r  is  negative  and  diminishing, 

and  it  traces  out  the  portion  KHACOi  the  prolongation 
AK  of  AL  being  an  asymptote  to  this  branch. 

5  TT 

When  6  =  — ,  r  =  0,  and  the  curve  again  passes  through 

the  pole,  cutting  the  axis  at  an  angle  of  45^. 

From  Q  =  —  to  0  =  — ,  r  is  positive,  and  traces  out  the 

portion  OFN;  and  when  ft  =  ^tt,  r=  oo,  and  it  is  seen  as 
before  that  a  line  BN  perpendicular  to  the  axis  is  an  asymp- 
tote. 

S'TT 

From   ft  =  —  to  ft  =  2  TT,  r  is  negative  and  diminishing, 

and  traces  out  the  portion  MGB. 

When  ft  =  27r  the  curve  joins  on  to  the  first  portion,  and 
is  therefore  complete.  It  is  obviously  unnecessary  to  consider 
negative  values  of  ft  as  they  are  included  in  what  has  already 
been  done. 

(5)     Let  the  equation  to  the  curve  be 

2        o  sin  3ft 
cos  ft 

The  form  of  this  curve  is  given  in  fig.  46. 


CHAPTER  XII. 


ON    THE   CURYATVRB    OF   CURVED    LINES. 


Skct-  1-     Badiu»  of  Curvature, 

When  the  curve  is  referred  to  rectangular  co-ordinates, 
if  p  be  the  radius  of  curvature 


P  = ST. — » 


X  being  made  the  independent  variable;  and 


{■  ^  OT 


df 
5f  being  made  the  independent  variable;  and 

the  arc  being  made  the  independent  variable. 

Ex.  (l)     In  the  parabola,  the  equation  to  which  is 

2  (m  +  ^)t 


/^ 


f7|i 


Ex.  (2)      In   the  ellipse  —  +  ?«  =  1, 

a"      h 

p ^_- where    e  =» . 
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(3)  In  the  rectangular  hyperbola  referred  to  its  asymp- 
totes 

and  p  = y-  . 

(4)  In  all  the  curves  of  the  second  order  the  radius  of 
curvature  varies  as  the  cube  of  the  normal. 

If  N  be  the  length  of  the  normal,  JV «  y  1 1  +  ( ^  j  >  ; 
and  therefore  p  =  ^    , 

All  the  curves  of   the  second  order  are  included  in  the 
equation 

y^  =  2px  +  qal^  '^ 

dy 

therefore     y  :r-  »=  p  4-  9^> 

ax 

d^y       idy\^ 

Therefore  p  =  —r  . 

(5)  In  the  cubical  parabola  3a^y  *  o;^, 

^  "  2a^x 

(6)  In  the  semi-cubical  parabola  Say'  =  2a^y 

(2a  +  3x)^x^ 
^  "^  ""  3^  .  a 

(7)  In  the   cycloid  -^  =  ^^ — ^^ — ^^ ; 

act?  y 

j+    /      =— ,      -4=-_      ^,  =  2(2ay)i 
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0       ' 


(8)  In  the  catenary  y  =  -(e'  +e  *), 

dy_i,f     -f,    ^y  _y  y' 

(9)  In  the  tractory  y  +  (a^  -  jr)*  ^  =  Q. 

Taking  the  expression  for  p  in  which  y  is  the  independent 
Tariable  we  find, 

(10)  In  the  hypocycloid  tT?4  +  yi  =  a^,       ^d  «=  —  3  (0079)^. 

If  the  curve  be  referred  to  polar  co-ordinates  r  and  0, 
then 


{-QT 


or^  if  it  be  expressed  by  the  relation  between  r  and  the  per- 
pendicular on  the  tangent  (p), 

dr 

(11)  In  the  cardioid  r  -  a  (l  —  cos0), 

(8ar)i 

(12)  In  the  lemniscate  of  Bernoulli  r^  =  a^  cos  20, 
dr  (a*~r*)\  (dr\'      a* 


(dry      a"       J 


de  r 

'       3r 


1 
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(13)  In  the  spiral  of  Archimedes  r  =i  aQ^ 

(14)  In  the  hyperbolic  spiral  r  ^  -^ 

u 


r  (a*  +  7^)1 


^^  a^ 


a^ 


(15)  The  equation  to  the  lituus  being  r'=~, 

u 

r  (4a^  +  r*)^ 
^  "^  2a^(4a*-rO ' 

(16)  The  equation  to  the  trisectrix  being  r  =  a(2cosfl^st  1), 

(5  =t  4  cos  0)t 
^         3  (3  ±  2  cos  0) 

(17)  In  the  logarithmic  spiral  when  referred  to  p  and  r, 

r       p 
p  =  mr,  />=  —  =  — 

(18)  In    the    involute    of   the    circle    p^  sz  r^  ^  c?^    and 

(19)  The  equation  to  Cotes'*  spirals  is  ^  =  — — — -v , 

r  (c?  +  r^)f 

(20)  In  the  epicycloid 

g      c^  (r^  -  c?) 

Therefore     p  =  p ^  =  ?^ <—^ . 

Sect.  2.     Evolutes  of  Curves, 

When  a  curve  is  referred  to  rectangular  co-ordinates,  the 
co-ordinates  (a,  /3)  of  its  centre  of  curvature  are  given  by  the 
equations 
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a  =  tl?  — 


\dwl  dy 

/'\ 

■  *  d-D" 

d*y       dm 

)8  = 

=  y  + 

d^y 

da* 

da^ 

To  determine  the  equation  to  the  evolute  it  is  necessary 
to  eliminate  x  and  y  between  these  equations  and  that  of  the 
given  curve;  but  the  complication  of  the  formula?  renders 
this  elimination  always  very  troublesome,  and  most  frequently 
impracticable.  The  few  cases  in  which  it  can  be  effected  we 
shall  give. 

{l)     In  the  parabola  ^  «=:  4aa7,  whence 

4  a 
therefore     x  =  ,     y  =  (-  4a*)3)i. 

Substituting  these  values  in  the  equation  to  the  parabola, 
we  find  (4a^)8)*  =  —  (a  -  2  a), 

or     ara/J'*  =  4(a  -2a)% 
the  equation  to  the  semi-cubical  parabola. 

(2)  In  the  rectangular  hyperbola  referred  to  its  asymp- 
totes 

fcy  =  fii^, 

whence  '  2a  =  3a?  +  — ,     2 j3  =  3y  +  —  . 

«2?  y 

Adding 

^(a  +  /3)  =  3{^  +  »)  +  ^— -  =  ?^ ^—-^ , 

xy  m 

or   2m*  (o  +  )3)  =  (a?  +  y)*,     or  x  +  y  =  (2fii')i  (a  +  /3)i 
Similarly,  subtracting 
2^2  (a  -  /8)  =  (^  -  yy,      or  x-^y^  (2w^)4  (a  -  )8)i 
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Adding  and  subtracting, 

2^  =  (2m')i  {{a  +  )3)i  +  (a  -  /3)i}, 
2y  =  (2fw«)4  {(a  +  /3)i  -(a-fi)^. 

Multiplying  these  together,  and  observing  that  wy  «  m*, 
the  equation  to  the  evolute  is  found  to  be 

(a  +  (i)^  -  (a  -  )3)^  -  (4m)i 

(3)  The  equation  to  the  evolute  of  the  ellipse  may  be 
found  in  the  same  manner,  but  it  is  obtained  more  readily 
by  considering  it  as  the  locus  of  the  ultimate  intersections  of 
consecutive  normals,  as  follows : 

Let  a,  j8,  be  the  current  co-ordinates  of  the  normal,  w,  y 
of  the  curve ;  then  if 

be  the  equation  to  the  ellipse,  the  equation  to  a  normal  passing 
through  the  point  a?,  y  is 

~  ^  a^  --hK  (2) 

00  y 

Differentiating  (2)  and  (l)  with  respect  to  x  and  y, 

a^a  -         h^&  ,  osdx      ydy 

—  doe  — dv  =  0,  J'  — —  =  0. 

os^  If  a^  Ir 

w      a^a       .    y  b^fi 

whence     X-=— y,     X-  = ^. 

a^       or  b^  y^ 

Multiply  by  iT,  y  and  add,  then 

(oc^      y^\       d?a      b^R 
\a*      b^J        OB  y 

Therefore    ^  =  ^.,     ^=-^a' 
and  substituting  the  values  of  a?  and  y  in  (l),  we  find 
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(4)  The  equation  to  the  semi-cubical  parabola  is 

Say*  =  tV^y 

whence     a  =  -  ( ^  +  —  )  ,      jS  =  4  (a  +  a?)  (  — )  ; 

and  eliminating  tV,  we  obtain  for  the  equation  to  the  ^volute 
81aj3*=  16  {2a*(a-^6aa)4*{i(a*-6aa)i«a}. 

(5)  In  the  hypocycloid,  the  equation  to  which  is 

^?  +  y§  «=  a^ , 

Adding  these 

a  +  )3  =  d7  +  y+3  (ay)i  (w^  +  yi) 

=  (tvi  +  yi)  {wi  +  2  (^y)i  +  y^}  «  (^*  +  y*)'. 
Subtracting 

a-)3=5,T-y-S  (a?y)i  (^i  -  yi)  »  (iv^  -  yi)^ 
"Whence 

a?4  +  yi  =  (a  +  /3)i ,     zi?i  -  y*  =  (a  -  j8)i 
Adding  and  subtracting  these  equations 

2yi=(a+i3)i-(a-i8)i. 
Substituting  in  the  equation  to  the  hypocycloid 
{(a  +  i3)4  +  (a  -  (i)^*  +  K«  +  i3)i  -  (a  -  )3)i}«  =  4ai, 

or     (a4-i3)U(a-/3)t=2a*, 

which  is  the  equation  to  the  evolute. 

The  following  method   sometimes   allows  us   to  find  at 
least    the   differential    equation   of   the   evolute   when   direct 

elimination  would  be  impracticable.     If  we  can  express  ~ 

^y 

and  — -  in  terms  of  one  of  the  variables  only,  we  can  some- 
a.t?- 
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times  express  ^  or  ^  in  terms  )3  or  a:    then   without  find- 
ing the  other  variable  it  is  sufficient  to  substitute  the  values 

of    y   or   «    in    the   equation    — t-  =  — -- ,  and  we  have   a 

da         dy 

differential  equation  in  a  or  ji^  which  is  the  differential  equa- 
tion to  the  evolute, 

(6)   inthecjcMdp-J^^^.:::^, 

^  ''  dw  y 


'  *  ©' 

1 

2a 

y 

da?* 

a 

r 

whence     y  — 

li^iy. 

or 

y  = 

-fi. 

Substituting 

this  value 

in 

dfi 
da 

dx 
dy' 

we 

have 

d 

(-  /3) 

(- 

■)3) 

da  |2a(-^)-(-/8)*}i' 

which  is  the  equation  to  an  equal  and  similar  cycloid,  but 
in  an  inverted  position. 

(7)      The  equation  to  the  tractory  is 

dw         (a^  -  y^)^ ' 
whence    )8  =  -  ,     V  ^ -^'•> 

Substituting  this  value  in  — —  = we  find 

da  dy 

da  a 


dfi      (/3^  -  a^  ' 
which  is  the  differential  equation  to  the  catenary. 

(8)      The  equation  to  the  catenary  is 

dy  c 


dx      {9.CX  +  a^p 


1 ' 
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whence     o}  -a=  -  (c  +  a?)  and    a?  «= , 

^substituting  m         -^  =  -  — , 

da  dy 

da 
which  is  therefore  the  differential  equation  to  the  evolute. 

# 

(9)  The  equation  to  the  logarithmic  curve  is  y  =  ac" ; 

,  ^         a'  +  V*  •     i3        a* 

whence     v  -  P  « ^ ,      or     t/--  —  V  +  — *=0i- 

^      '^  y  ^       2^      2 

From  this     y  «=  ^^ — ^^— — ; 

4 

and     4a^  +  )8±(/3»-8a«)J=0 

is  the  equation  to  the  evolute. 

In  curves  referred  to  polar  co-ordinates  the  most  con- 
venient mode  of  finding  the  equation  to  the  evolute  is  by 
the  relation  between  p  and  n 

If  p  and  r  be  the  co-ordinates  of  the  curve, 

p^  and  r^  evolute, 

p  be  the  radius  of  curvature;  then  p  ^/(f)  being 
the  equation  to  the  curve, 

r^^^r^  +  p^  --  2pp, 

Between  these  four  equations  we  can  eliminate  p,  r,  p, 
and  so  find  a  relation  between  p^  and  r ,  which  is  the  equation 
to  the  evolute.    ' 

(10)  Let         p2  =  r«  -  aK 
Then  p  =  p,    r,^  «  r*  +  p"  -  2p^ 

=^r^  -p^  ^  a^, 

and  p^^  =  r^  —  p*  a=  a*. 
13 
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Hence  p^  and  r^  being  both  constants,  the  evolute  is  a 
circle. 

(11)     In   the  logarithmic  spiral  p^mr^ 

T 

whence     />=— ,    p*=r*(l- m") , 


r *  =  r*  +  --  -  2r^  =  r 


m*  m* 


and    p^  =  wir^, 

the  equation  to  a  similar  logarithmic  spiral. 

The  logarithmic  spiral  may  even  be  its  own  evolute ;  that 
is,  one  convolution  of  the  curve  may  be  the  evolute  of  another 
convolution.     To  find  the  condition   that  this  should  be  the 

case,  let  r  =  6« 

be  the  equation  to  the  curve.  Let  P  (fig.  52)  be  a  point  in 
the  curve,  PN  the  normal  at  that  point  touching  a  point  Q 
in  the  convolution  which  is  thfe  evolute  of  the  convolution  AF. 
Then  since  the  curve  makes  a  constant  angle  with  its  radius 
vector,  the  angle  SPT  must  be  equal  to  the  angle  SQP; 
that  is,  PSQ  must  be  a  right  angle.  Hence  the  radius  SQ 
is  separated  from  the  radius  SP  by  some  whole  number  of 
circumferences  together  with  three  right  angles,  or  if 

ASP^e,    ASQ=e'-i4>r-{-3)'^. 

If  SP  =  r,    and   SQ,  -  r^, 

0  e_4r  +  3ir 

But  Q  being  a  point  in  the  evolute,  r  =  ar^,  so  that 

0  0      4r  +  3;>r 

4r+3  nr 

whence     a  =  e   «     ^  , 

or     a«  =  €(^^+^)  1 5 
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which  is  the  condition  that  the  parameter  a  must  satisfy   in 

0 

order  that  the  spiral  whose  equation  is  r  =  e"  may  be  its  own 
evolute. 

(12)     In  the  Epicycloid     p^  =  -\ g-^, 

0  -•  a 

,      (c*  -  a'f            c*  -  a" 
r;^r  + ^ —  p*  -  2 2—  p* 


=  rV 


o* 


c*  c 


c 
Substituting  for  <?  -1^  its  value  in  terms  of  p,^ 

»■    = = P, , 


c« 


c» 


and    p,* 


('.•-:-) 


c'-a"      ' 


which  is  also  the  equation  to  an  epicycloid. 


IS— S 


CHAPTER   XIII. 


APPLICATIONS    OF    THE    DIFl-'EBENTIAL    CALCULUS    TO    GBOBIETRY 

OF    THREE    DIMENSIONS. 


Sect.  1.     Tangencies. 

If  F  {atj  y^x)  ^  0 

be  the  equation    to   a  curved  surface,   the    equation   to   the 
tangent  plane  at  a  point  <r,  y^  z  is 

.  ,        ^dF      ^  ,       .dF       .  ,  dF 

where  a?',  y\  z   are  the  current  co-ordinates  of  the  tangent 
plane,  a?,  y^  %  those  of  the  point  of  contact. 

If  the  equation  to  the  surface  consist  of  a  function 
homogeneous  of  n  dimensions  in  a?,  y,  %  equated  to  a  con- 
stant, the  equation  to  the  tangent  plane  becomes 

,dF       ,dF        ,dF 

dw  ay  d% 

F  (<!P,  y^  %)  =  c  being  the  equation  to  the  surface. 

If  p  be  the  perpendicular  from  the  origin  on  the  tangent 
plane, 

dF        dF        dF 

aw  ay  d% 


\\dx)    ^  \dyl   ^  \dz}  \ 
and  if  the  function  be  homogeneous  of  n  dimensions, 

nc 


p  = 
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The  equations  to  a  normal  at  a  point  a?,  y,  %  are 


dF 

dF 

dF 

doB 

dy 

dz 

Ex. 

0) 

The  equatioi 

1  to  the  \ 

Ellipse 

a? 
1  + 

1, 

that  to 

the 

tangent  plane 

is 

00  00 

yy    ««' 

6"        c» 

=  1. 

The  perpendicular  on  the  tangent  plane  from  the  origin 
is  given  by  the  equation 


p      W      6       cV 


If  we  wish  to  find  the  locus  of  the  intersection  of  the 
tangent  plane  with  the  perpendicular  on  it  from  the  centre, 
we  have  to  combine  the  equation  to  the  tangent  plane, 

oftV       vv'      «?»' 
o'        6*        if 

with  the  equations  of  a  line  perpendicular  to  it,  and  passing 
through  the  origin 


a^09 

bS 

w 

y 

z 

These  last 

may 

be  put 

under  the  form 

aw 
w 

hi 

y 

X 

(a\v'^ 

+  6»y'»  +  c 

a 

b 

c 

since    — 

or 

y' 

+    —   + 

z" 
cr 

Multiplying  each  term  of  the  equation  to  the  tangent  plane 
by  the  corresponding  member  in  these  last  expressions,  .r,  y,  x 
are  eliminated,  and  we  have  for  the  locus  of  the  intersections 
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This  is  the  equation   to  the  surface  of  elasticity  in   the 
wave  Theory  of  Light. 

(2)     Let  the  equation  to  the  surface  be 

The  equation  to  the  tangent  plane  is 

f        '        / 

-  +  ^  +  -  =  3. 
w       y       % 

The  intercepts  on  the  tangents  are 


w 


0 


So?,     y'o^Sy,     %\^Sss, 


and  the  volume  of  the  pyramid  included  between  the  tangent 
plane  and  the  co-ordinate  planes  is  =  — . 

The  volume  of  this  pyramid  is  smaller  than  that  of  any 
other  pyramid  formed  with  the  co-ordinate  planes  by  a  plane 
passing  through  the  point  of,  y^  %, 

The  length  of  the  perpendicular  from  the  origin  ia 
given  by 

1  _  1  M        1        l\i 

(3)  The  equation  to  the  Cono-Cuneus  of  Wallis  is 

(a-  -  «»^)  y^  -  c^^  =  0, 
and  the  equation  to  the  tangent  plane  is  therefore 

y^tTO?'  -  (a^  -  ai^)  yy  +  c^zz'  =  w^y^, 

(4)  The  equation  to  the  helifoide  gauche  is 

(27rz\  .     f27rz\ 

and  the  equation  to  the  tangent  plane  is 

h  {poy  -  ya/')  +  2  tt  (<2?^  +  y^)  ^'  -  Stt^  (a*^  +  y^)  ; 

and  the  perpendicular  on  it  is 

2irr%  o        2  .     2 

{hr  +  47r  r^y 


07  cos 
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(5)     The  equation  of  the  hSlifoide  developpable  is 

.    f27r«      (a^^  +  S^-a^M               l^TTZ      K  +  y'-a*)*! 
.V  sin{— ^ ^>  +  ycos<-— >  «  o. 

The  cosine  of  the  angle  which  the  tangent  plane  makes 
with  the  plane  of  wy  is 

dF 
dz 


d^j  -^  U)  -^  U) ) 


Let     2j[^  .  (fl±J(lz^L  0,     then 

rf^       .    />      "^  (^  COS0  -  y  sin0) 

^^  /I     y  (^ ^^^^  ~  y  sin0) 

— -  -  COS0 —T -z ^rr-, 

dy  a  (a?*  +  y*  -  0)2 

dF      27r 

—-  «  -7-  (a?  COS0  -  y  sind). 

aJK        A 

Now    {w  COS0  -  y  sin 0)*  =  <r*  cos^0  4  y*  sin*0  -  So^y  sin 0  cos0, 
and  from  the  equation  to  the  surface 

2  j?y  sin0  COS0  =  a*  -  a;*  sin*0  -  y*  cos^fl ;    therefore 

(a7cos0  -  y  sin^)*  =  07-  +  y*  -  a*.     Hence 

dF        .    ^      af  dF  _      y 

-—  =  sin0 ,  -7-  «  COS0  -  -, 

aa;  a  ay  a 

rfF      27r  o  1 

From  these  expressions  the  cosine  of   the  inclination  of 
the  tangent  plane  to  the  plane  of  ay  is  found  to  be 

27ra 

(A*  +  47r'a^)r 

The  inclination  is  therefore  constant,  and  equal '  to  that  of 
the  helix,  which  is  the  directrix  of  the  surface. 
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(6)  Let-  the  surface  be   Fresners  surface  of  elasticity^ 
the  equation  to  which  is 

The  equation  to  the  tangent  plane  is 

where     r'  =  a?*  +  y*  4-  «*• 

The  perpendiculflr  from  the  centre  on  the  tangent  plane  is- 

When  a  curved  line  in  space  is  given  by  the  equations 
of  two  of  its  projections, 

the  equations  to  a  tangent  at  the  point  a^y  y,  x  are 

^'  -  ^  ==:r  (^'  -  ^)'  y'  -  2/  =  :/(^'-  »> 

ax  a% 

The  direction  cosines  of  the  tangent  are 

dw  dy  d% 

ds^  ds^  ds' 

The  equation  to  the  normal  plane  is 

(ij?'  —  w)  doff  '\-  (y  —  y)  dy  +  (%'  —  s^)  d^  =  0. 

The  equation  to  the  osculating  plane  is 
{w  -  Of)  {dyd^z  —  dzd^y)  +  {y'  -  y)  {dxd^io  -  dwd^z) 
+  {%'  -  %)  (dxd"y  -  dyd^ai)  =  0. 

(7)  Let   the  given   curve    be   the  helix,  the  equations 
to  which  are 

z  .    z 

tr=acos— ,  y=asm--. 

h  h 

The  equations  to  the  tangent  are 
h  (jxt  -  0?)  +  y  (^'  -  ^)  =  0,        h  (y  -  y)  -  T  {z  -  a?)  =  o. 
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If  0  be  the  angle  which  the  tangent  makes  with  the 
plane  of  wy^ 

tand=:-,   and  is  therefore  constant. 
a 

The  equation  to  the  normal  plane  is 

^y'  -  y^'  +  A  (;^  -  «r)  =  0. 

In  finding  the  equation  to  the  osculating  plane  we  may 
for  simplicity  assume  d^z  »  0,  that  is,  make  x  the  indepen- 
dent variable.  This  assumption  readily  gives  us  as  the 
equation  to  the  osculating  plane, 

h  {wff  -  yw')  +  a'  {z  —  «f)  =  0. 

In   both    of  these    equations  if  we  make  a  =0,  y'  =  0,  we 

find  i^r'  a  jir ;   that  is,  both  planes  cut    the  axis  of  ss  at  the 

same  point,  which   is  the  corresponding   co-ordinate  of  the 
point  in  the   curve. 

(8)  Let  a  curve  of  double  curvature  be  formed  by  the 
intersection  of  two  cylinders,  the  axes  of  which  cut  each 
other  at  right  angles. 

The  equations  to  the  curve  are 

w^  +  %^  SI  a\    y^+  z^  =  b\ 

the  point  of  intersection  of  the  axes  of  the   cylinders  being 
taken  as  origin,  and  the  axes  as  the  axes  of  tv  and  y. 
The  equations  to  the  tangent  are 

a7<r'  +  si^x'  =  a*,     yy  +  %x'  =  5^ 

The  equation  to  the  normal  plane  is 

/        f        ' 
w       y       X 

iV       y       z 

The  equation  to  the  osculating  plane  is,  making  z  the 
independent  variable,  and  therefore  d^«  =  0, 

When  a  curved  line  in  space  is  not  given  by  the  equa- 
tions to  its  projections,  but  by  the  equations  to  any  two 
surfaces, 
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we  have 

dF  dF  dF 

--—doB  +  -7-  dy  +  -i—dx  =  0, 
dw  dy  d% 

dF^  ,        dF^  ,       dF^  , 

-7 —  dof  +  --—  dy  +  -      dz  =  0, 
dx  dy  d% 

from  which   equations   we    can   determine   -7— j  t"  in    terms 

dz     dz 

of  tVf  y,  z :  and  these  values  are  then  to  be  substituted  in 
the  equations  to  the  tangent,  and  to  the  normal  and  osculat- 
ing planes. 

(9)  Let  the  curve  be  that  formed  by  the  intersection 
of  a  sphere  and  an  ellipsoid.  It  is  determined  by  the 
equations 

W^         «8         jjf« 

From  these  we  find 

dw      a^V  -  (?  z        dy      V  ^  —  c?z 
dz      (?  c?  -  \?  as '     dz      c^  a*  —  6^  y ' 

therefore  the  equations  to  the  tangent  are 

X  {x  -  X)   ^   y  {y  -  y)  ^  z  (%'  -  z) 
a'  (b^  -  cO  "  b'  (c'  -  a^)  "  (^{a^^b^)  ' 

The  equation  to  the  normal  plane  is 

X  y  z 

This  curve  is  the  spherical  ellipse ;  that  is,  it  is  a  curve 
described  on  the  surface  of  a  sphere  such  that  the  sum  of 
the  arcs  of  great  circles  drawn  from  any  point  in  the  curve 
to  two  fixed  points  on  the  surface  of  the  sphere  is  constant. 

(10)  Let  the  curve  of  double  curvature  be  the  equable 
spherical  spiral.  This  is  formed  by  the  intersection  of  a 
sphere  with  a  right  cylinder  the  radius  of  whose  base  is 
one  half  of  that  of  the  sphere,  and  which  passes  through 
the  centre  of  the  sphere.  The  equations  to  the  curve  are 
therefore 
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the  axis  of  z  being  taken  parallel  to  the  axis  of  the  cylin- 
der, and  the  axis  of  of  passing  through  the  centre  of  the 
base  of  the  cylinder.     The  equations  to  the  tangent  are 

y  (y  -y)^{r-a)  {of  -  a),     x{%  -%)^r  {of  -  ai). 

Sect.  2.     Curvature. 
If  a  curved  surface  be  given  by  an  equation  of  the  form 

and  if     t—  =  p,     -;-  =  ^j     1  +  p*  +  9*  =  A^, 
ax  ay 

d?%  (P%  cP« 

dai^       ^     dxdy       '     dy^ 

the  greatest  and  least  radii  of  curvature  of  the  normal  sections 
passing  through  a  point  w^  y^  z  are  given  by  the  equation 

where  p  is  the  radius  of  curvature. 

If  the  surface  be  given  by  an  equation  of  the  form 

F  (a?,  y,  z)  =  0, 
and  if  we  put 

d^"     '      dy  ""     '      d«  '     \dw)       \dy  I       \dz )  * 

cPF  cPF  d^F 

dw*  dy^  dz^ 


dydz  dxdz        '     dvdy 

the  equation  for  determining  the  radii  of  maximum  and  mini- 
mum curvature  is 

-(-^("-7)^K"-7)(«-?)^-(»-7)(«--;) 

-  IPu"-  F*«'*-  V(^w'''+2rWv'w'+iUWu'w'+2Uruv'=o. 
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This  equation  is  much  longer  than  the  preceding,  but 
from  its  symmetry  it  is  more  useful  in  practice,  and  is  very 
frequently  much  simplified  by  the  vanishing  of  some  of  the 
quantities  which  it  contains.* 

(l)     Let  the  given  surface  be  the  Ellipsoid, 

a?*      «^      «f* 
—  +  —  +  —  =  1 

Here  U^-,     F=  ^,      JT- -, 


2 
or 

2 

2 
W  ^  —  , 

tt'  =  0, 

«'=  0, 

w'sO. 

n         r% 

(^  .f . 

««^ 

\i      2 

Also 

\a*      b*      c*J        p ' 

where  p  is  the  perpendicular  from  the  centre  on  the  tangent 
plane.     Hence  the  equation  becomes 

a?«  f  Si? 

a^  (pp  -  a')  ■*■  b'  (pp  -  b')  "^  c^  (pp  -  (?)  ^  ^' 

From  the  last  term  of  this  it  appears  that  the  product 
of  the  greatest  and  least  radii  of  curvature  of  normal  sections 
is  constant  for  all  points  for  which  the  perpendicular  on 
the  tangent  plane  is  constant. 

(2)  Let  the  surface  be  the  paraboloid,  the  equation  to 
which  is 


a       a 


In  this  case 


2v  2Z 

u=-\,    r=J.,    w=^, 

a  a 


*  For  a  demonstration  of  this  equation  see  Cambridge  Mathematical  Journal, 
Vol.  I.  p.  137. 


2 
a 

2 
a 

/  =  0, 

tt;'  =  0, 

00 

P-- 
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t«  =  0, 

p  having  the  same  meaning  as  before.  Then  the  equation 
for  determining  the  radii  of  maximum  and  minimum  curvature 
becomes 

(3)  Let   the  equation  to  the  surface  be 
Here     U  =  yXy  V  =  xx^  W  «  xy^ 

t£  as  0,  «  =  0,  fl7  =  0, 

Substituting  these  values  in  the  general  equation  for  the 
radii  of  curvature,  it  becomes 

p^  +  2  (a?2  +  2^  +  ««)  "  +  — —  -  0. 

(4)  The  equation  to  the  fUlifoide  gauche  is 

X  cos  nx  —  y  sin  nsr  =  0. 
U^cosnxj   F=-sinwi»,   Fr=  —  n  (a7sinn«  +  ycosw^f), 
w  s=  0,  tJ  =  0,  M?  =  0, 

w'  =  —  w  cos  nZf     v'  =a  —  n  sin  /i^y,     w?'  =  0. 
The  equation  for  determining  p  is  reduced  to 

or  .the  two  radii  of   curvature   are  equals    but  of  opposite 
signs. 

In  a  curve  of  double  curvature  the  radius  of  absolute 
curvature  is  given  by  the  formula 

s  being  the  arc. 
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(5)     Let  the  curve  be  the  helix,  the  equations  to  which  are 

w  ^  a  COS  - ,     y  =  a  sm  -• . 
h  h 

From  these  we  find 
dx  y  dy  w  dss  h 


ds  {a'  +  A*)i '       da      (a^  +  A^i  '  ds      (a"  +  A^)^ ' 

_>„  (fcff  Of  d^y  y  ^«     ^ 

Whence     _»-^,_^^,      _«.__,      _.o, 

and  p  = ,  and  is  therefore  constant. 

'  a 

(6)  Let  the  curve  be  the  equable  spherical  spiral,  the 
equations  to  which  are 

^  +  y*  +  ^  =  4r*,     a^  +  f^  ^  2r(c. 
From  these  we  find 

d^of     4fr  (r  --  cff)  "  oa^       d^y         y    5t  +w 

d?z  z 

1^^  "  (2r  +  <r)'^ " 

Substituting  these  values  in  the  expression  for  the  radius 
of  curvature,  we  find  after  certain  reductions 

1  ^  (lor  +  3af)h 
p        (2r  +  a?)t 

The  lines  of  curvature  at  any  point  of  a  surface  are  found 
by  combining  the  equation  to  the  surface  with  the  equation 

U(dVdZ'-dWdy)  +  V{dWdwdUdz)  +  W(dUdy'-dVdaf}^(S 

Uy  r,  W  having  the  same  meanings  as  before. 

Between  this  equation  and  the  equation  to  the  surface  and 
its  differential  we  can  eliminate  each  of  the  variables  and  its 
differential  in  succession,  and  thus  obtain  the  differential  equa- 
tions to  the  projections  of  the  lines  of  curvature  on  the  co- 
ordinate planes. 
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(7)     Let  the  surface  be  the  ellipsoid 

o  o  ? 

The  lines  of  curvature  are  determined  by  combining  this 
with  the  equation 

(6*  -  (?)  sodydz  +  (c*  -  c?)  ydzdw  +  (a*  -  6*)  %dwdy  =  0.    (2) 

To  eliminate  z  and  dx,  multiply  by   ~ ,  and  substitute 

the  values 

x^  a?      1^        xd«  wdw      ydy 

when  we  obtain 

as  the  differential  equation  of  the  projection  of  the  lines  of 
curvature  on  the  plane  of  wy. 

Mr  Leslie  Ellis  ^  has  found  a  symmetrical  integral  of  the 
equation  representing  the  lines  of  curvature  in  an  ellipsoid, 
which  I  sh^  introduce  in  this  place,  though  it  more  properly 
belongs  to  another  branch  of  ^ur  subject. 

If  in  equation  (2)  we  put 

^  y'  ^ 

-  «  t£,      -5  =  «,     -  =  w, 

or  0  cr 

we  find,  after  changing  the  differentials  and  multiplying  by 

4f(uvw)i      ,        .    , 

,  that  It  becomes 

abc 

(jb^-^f^)udvdw  +  {c^-a^)vdwdU'\-{a^''b^)wdudv=  0,     (3) 

with  the  relation 

u  +  V  +  w  ^  I.  (4) 

Differentiating  (3),  and  observing  that 

6*  -  c^  +  c^  -  a^  +  a*  —  6^  s=  0,   we  get 

(5^-c')t^(dtjd«i)+(<r-a')t)d(dwdw) +(a'-6')«i;d(dt«d«)=0.  (5) 

*  Cambridge  Mathematical  Journal,  Vol.  ii.  p.  133. 
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This  is  satisfied  by 

dvdu^::--^     dwdu^^-f     dudv  ss -. ,  (6) 

f  g  n 

/,  g,  h  being  constants.     But  from  (4)  we  have 
du  ■\-  dv  •\-  dw  =  0;    and  from  (6) 
du  =fdudvdw,     dv  =  gdudvdw^     dw  s  hdudvdw. 
Hence  f  -^  g  "^  A  =  0, 

establishing  a  relation  between  /,  g*,  h. 

Now  equation  (6)  implies  two  linear  equations  connecting 
u^  Vjiv»  Therefore  a  particular  solution  of  (3)  is  two  linear 
equations  connecting  the  three  variables,  but  the  given  equa- 
tion (4)  is  linear,  and  therefore  the  solution  in  question  is  the 
one  congruent  to  the  problem.  The  other  linear  equation  is 
found  by  eliminating  the  differentials  from  (3)  by  means  of 
(6).     The  result  is 

f  g  ^ 

or,  putting  for  u,  v,  w  their  values, 

This  is  evidently  the  equation  to  a  cone  of  the  second 

degree,  having  its  vertex  in  the  centre  of  the  ellipsoid ;  and 

the  lines  of  curvature  are  determined  by  the  intersection  of 
this  cone  with  the  ellipsoid. 

(8)     Let  the  surface  be  the  paraboloid 

—  -f  ^  -  07  =  0. 

a       a 

The  general  differential  equation  to  the  lines  of  curvature 
will  be  found  by  combining  this  with 

{a  —  a)  d%dy  +  9.yd%doD  —  9.%dydoo  =  0. 

Multiplying  by  %  and  eliminating  that  variable  and  its 
differential,  we  obtain  for  the  differential  equation  of  the 
projections  of  the  lines  of  curvature  on  the  plane  of  d?y. 


JiPPUCATION   TO.GBOMETRY    OF  THRBB  .DIMENSIONS.  209 

a  -- a      fdy\^       (  d-- i:\dy 

The  equation  to  the  projection  on  yx  is 

«   \dy)        \    4  ad]  dz      a 

(9)  Let  the  equation  to  the  surface  be 

wyz  =s  m^ 
Then  U  =  y%,      F  =  tr«,     W  =  wy. 

Substituting  these  values  in  the  general  equation  to  lines 
of  curvature,  we  find  after  some  reductions, 

/p  (y*  -  «*)  d«  dy  +  y  («*  -  a?*)  do?  djif  +  «r  (or*  -  y*)  dx  dy  =  0, 

which  combined  with  the  equation  to  the  surface  gives  the 
lines  of  curvature. 

(10)  Dupin  in  his  DSveloppements  de  GfomStrie,  p.  322, 
has  demonstrated  the  following  very  remarkable  theorem  rela- 
tive to  the  lines  of  curvature  on  surfaces :  "  If  there  be  three 
systems  of  surfaces  which  intersect  each  other  at  right  angles, 
any  two  of  them  will  trace  on  the  third  its  lines  of  cur- 
vature.^ 

Let  the  three  systems  of  surfaces  be  represented  by  the 
equations 

/(^>  y,  >!f) « c,  (1)   /i(a^,y,«)«ci,  (2)    /t(a?,y,«)  =  c8,   (s) 

c,  c,,  Cs  being  the  variable  parameters  by  which  each  individual 
in  each  system  is  distinguished. 

If  we  represent  the  differentials  of  these  equations  taken 
with  respect  to  w,  y,  z  by  U,  F,  W^  the  conditions  for  the 
surfaces  intersecting  at  right  angles  are 

uu^  +  rr^  +  WW,  -  o,  (4) 

U,U2+V,V,+  W,W,^0,  (5) 

U^U-ir  ^2»'+  W^W=:0.  (6) 

14 
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Eliminating    (7,,   Fg,   WT^   in   turn   between   (5)    and    (6) 
we  get 

where  k  is  an  unknown  multiplier.     Hence,  as 

f/gdo?  +  Fgrfy  +  Wzdz 
is  a  perfect  differential  function,  it  follows  that 

(FPTi  -V,W)daf+  (WUi  -  PTiCT)  dy  +  (UV^  -  f7iF)  di?f, 

may  be  integrated  by  means  of  a  factor ;  and  this  is  all  the 
information  which  the  equations  (5)  and  (6)  give  with  respect 
to  the  intersection  of  the  surfaces  (l)  and  (2). 

By   the  ordinary  condition  of  integrability  by  a  factor, 
we  have 

^  '  K        dz  dz  dz  dz         dp        ^dy  dy  ay) 

*     '(       djp         dx         dx  dx  dz         dz  dz  dz  } 

^       ^       ^    'i      ^dy         dy  dy  dy         ^  dx  dx         dx  ^dx^ 

dU  . 
The  coefficient  of  - —  in  this  equation  is  -f7i(FfFi-  Fi  fF), 

a<r 

and  that  of -—^    is       U(VW^^V.W). 

dx 

But    since    Udx  +  Vdy  +  Wdz  is  a  complete  differential 
function  we  have 

dU     dV      dU      dW      dV     dW 

dy       dw        d%        doB  ^     d%       dy  ^ 

and  similarly  for  U^^  Fp  FFj ;  therefore  the  equation  may 
be  put  under  the  form 
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Again,  as  (4)  is  identically  true  we  may  differentiate  it 
with  respect  to  <r,  y,  x  separately,  when  we  have 

dUi         dV,  dW,  dU  dV  dW 

dso  dx  d(v  dx  dx  dx 

and  similarly  for  the  others.     Hence  equation  (7)  becomes 

{dU  dV  dW\ 

aw  ax  aw  J 

iwu,-w,V)\u,^^r,-*w,—\* 

The  curve  which  is  the  intersection  of  any  surface  of 
(l)  with  any  surface  of  (2)  satisfies  the  equations 

Udx^  Vdy^  Wdx^  0,  (9) 

Uidx  +  V^dy  +  W^dx  ^  0.  (lO) 

By  combining  these  we  have 

rw,  -  r,  W^  \dx,      WU,  -  UW,  =  Xdy,      Ur,  -  JJj F=  Xd« ; 

\  being  an  unknown  quantity :   and  by  combining  (lO)  with 
(4)  we  have  also 

Ui^fiiVdx'-Wdy),   V,^^{Wdx-Udx),   W.^fi^Udy^rdx), 

JUL  being  an  unknown  quantity.     Hence  equation  (8)  becomes 

U,dU^V,dV+W,dW^O,   or 

(Vdx  -  Wdy)dU'{-  (Wdx  -  Udx)dV'^  {Udy  -  Vdx) dW^O. 

But  this  is  the  equation  to  the  lines  of  curvature  on  the 
3urffice  (1),  and  from  the  symmetry  of  the  equations  (4), 
(5),  (6)  it  is  clear  that  a  similar  result  may  be  obtained  for 
the  surfgces  (2)  and  (3).  Hence  the  three  systems  of  surfaces 
intersect  each  other  in  their  lines  of  curvature*. 

In  Liouville^s  Journal  de  MathimatiqueSy  Vol.  y*  p.  313, 
the  reader  will  find  a  memoir  on  Curvilinear  Co-ordinates  by 

*  This  demonstration  of  Dupin^s  Theorem  was  communicated  to  me  by  Mr 
Leslie  Ellis. 

14 — 2 
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Lam^,  in  which  are  demonstrated  many  very  curious  Theorems 
respecting  the  curvature  of  orthotomic  surfaces. 

0 

Sbct.  3.     Singular  pointa  and  tines  in  Surfaces. 
Let  F  {w,  y,  x)  =  0,  (l) 

be  the  equation  to  a  surface ;  then  the  direction  cosines  of  the 
tangent  plane  at  a  point  w,  y,  z  are 

dF  dF 

dx  dy 

d« 

If  now  we  can  find  values  of  w,  y^  %  which,    satisfying 
equation  (l),  also  make  at  the  same  time 

dF  dF  dF 

dw  dy  d% 

the  position  of  the  tangent  plane  at  the  point  in  question 
will   become  indeterminate,    since  the   direction  cosines  then 

take  the  form  - .     At  such  a  singular  point  we  shall  then 

have  generally  not  a  single  tangent  plane  but  many,  even 
an  infinite  number,  in  which  case  their  ultimate  intersections 
will  form  a  tangent  cone,  the  vertex  of  which  will  be  the 
singular  point  in  question.  If  the  three  equations  (2)  are 
satisfied  by  assigning  certain  relations  between  the  variables, 
then  the  curve  formed  by  the  intersection  of  the  surface  (I) 
with  that  indicated  by  the  relation  between  the  variables 
which  satisfies  equations  (2)  is  a  locus  of  singular  points,  that 
is  to  say,  it  is  a  line  in  which  two  or  more  sheets  of  the  surface 
intersect. 

If  for  possible  values  of  two  of  the  variables  on  one  side  of 
the  singular  point  we  find  impossible  values  of  the  third  vari- 
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able,  that  point  is  a  cttsp.  If  the  same  occur  at  every  point  of 
the  singular  line,  it  is  called  an  edge  of  regression  (arite  de 
rehroussement).  Such  for  examples  are  the  curves  which  are 
the  loci  of  the  ultimate  intersections  of  the  generating  lines  of 
developable  surfaces. 

To  determine  the  equation  to  the  tangent  cone  (if  there  be 
one)  at  a  singular  point,  or  the  angle  made  by  the  tangent 
planes  at  the  same  point  of  a  singular  line,  we  proceed  as 
follows.  Giving  the  same  designations  as  before  to  (7,  F,  W^ 
u,  t>,  IT,  u\  v\  w\  we  have,  by  differentiating  equation  (l), 

Udno  +  Vdy  +  Wd%  =  0. 

Differentiating  again,  we  have 

U^x  +  V^y  +  Wd?«  +  udx^  +  «dy^  +  wd^f 

+  2u'dydx  +  Qvdofdz  +  2w'dwdy  =  0. 

Now  at  a  singular  point,  £7  =  0,  F  «  0,  fT  =  0,  and  this 
equation  is  reduced  to 

{u)daf^  +  {v)dy^  +  {w)dz^  +  Q(fi)dydz 

+  2(v^dafd%  +  2(w')dwdy  «  0,         (3) 

the  bracketed  letters  indicating  the  values  they  take  when  we 
substitute  for  <r,  j(,  x  their  values  at  the  point  in  question. 

If  all  the  quantities  u,  v,  w^  Uj  v\  w'  vanish,  we  must 
proceed  to  another  differentiation,  but  in  the  examples  which 
we  shall  adduce  this  will  not  be  necessary.  Now  the  equation 
(3)  gives  a  relation  subsisting  between  the  increments  dwj  dy^ 
dz  in  the  surface  at  the  singular  point.  These  are  the  sam^ 
for  the  surface  and  for  a  straight  line  touching  it  at  the  point ; 
and  therefore  equation  (3)  gives  a  relation  between  the  incre- 
ments dwj  dy,  d«  on  the  tangent  lines  at  the  singular  points, 
or  since  this  relation  is  the  same  for  all  points  of  these. lines, 
we  may  substitute  w,  y,  %  for  dw^  dy^  dx  in  (3),  and  we  find 

(w)^+  («)y^+  {w)a?-\'9,{u)yx  +  ^{v)wz  +  9.{w')wy  =  0,  . (4) 

as  the  equation  to  the  locus  of  the  tangent  lines  at  the  singular 
point  which  is  taken  as  the  origin  of  co-ordinates. 

This  equation,  unless  for  particular  values  of  the  co- 
efficients, is  that  to  a  cone  of  the  second  degree.     If  we  had 
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proceeded  to  the  third  differentials  we  should  have  found  the 
equation  to  a  cone  of  the  third  degree,  and  so  on  in  succession. 
It  may  happen  that  the  equation  (4)  may  be  decomposed  into 
two  factors  of  the  first  degree,  and  then  it  will  represent  two 
planes.     The  condition  that  this  may  be  the  case  is 

(u)  (v)  (w)  -  (u)  (v'y  -  («)  (w'y  -  (w)  {uj  +  2  {u")  {v)  {w)  =  0. 

Ex.  (l)  Find  the  nature  of  the  point  at  the  origin  in  the 
surface 

Here  U  =  2af  (2r*  -  a*), 

F  =  2y  (2r*  -  b% 

fr=2«r(2r^  +  c'), 

w  =  2  (2r^  -  a^)  +  8a?^, 

V  =2(2r2-  6*)  +  Sy% 

w  =  2(2r^  +  c^)  +  8«', 

u  =  Sy%^     V  =  %wx^     w  =  %coy.    ' 

Now  when  a?  =  0,  y  =  0,  ;j?  =  0,  (7,  F,  PT  all  vanish,  while 
t^  =  -  2a^  u  =  -  26^,  tt7  =  2c^,  w'  =  0,  «'  =0,  w'  »=  0,  so 
that  the  equation  to  the  tangent  cone  at  the  origin  is 

a?  a?  +  h^'^  —  c^^2  =  0. 

(2)  The  equation  to  FresnePs  wave-surface  in  biaxal 
crystals  is 

find  whether  it  has  any  singular  points,  and  their  nature. 

Here      (7  =  2a?  {a\i^  -  6^  -  c^)  +  a^w"  +  \?f  +  c^ij?^}  , 
F  =  2y  {6^ (r'  -  a^  „  ^2)  ^  ^2^2  ^  52^2  ^  ^^2 j  ^ 

PT  =  2^  {c2(r2  -  a^  -  6^)  ^  «2^^2  ^  52^2  ^  ^^^2|  ^ 
where  r^  =  oJ^  +  ^''^  +  ^'^^ 
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Now  if  we  assume  y  =  0,  r^  ^  b^  which  involve 

these  values  will  satisfy  the  equation  to  the  surface,  and  will 
also  make  U^  V,  and  W  vanish :  hence,  as  the  double  signs  of 
<r  and  z  may  be  combined  in  four  different  ways,  there  are 
four  singular  points  on  the  surface.  To  obtain  the  equation 
to  the  tangent  cone  we  must  find  the  values  of  U9  v,  w^ 
u\  Vy  w\  at  the  singular  points.  These  are  readily  seen 
to  be 

<r  —  <r  a  —tr 

2  2 

u  =0,     «'  =  4ac  Ua*  -  6^  (6«  -  c«)i^  V^«»      «^'  =  0. 

.  ^    or  -^c^ 

Substituting  these  values,  and  dividing  the  whole  by 

8aV  ^ s^^-^r ^  , 

we  find  as  the  equation  to  the  cone 

The  existence  of  these  singular  points  in  the  wave-surface 
was  first  pointed  out  by  Sir  W.  Hamilton. 

(3)     Let  the  equation  to  the  surface  be 
«  (^  +  y^+  »')  +  «^  +  by^  =  0, 

At  the  origin  where  ^  =  0,  y  =  0,  x  ^  0,  these  three 
quantities  vanish,  therefore  there  is  a  singular  point  at  the 
origin:  also 

u  =  2  (z  -^  a)j     V  e  2  («f  +  fe),     w  ^  6«, 

u'  =  2y,  v'  as  2^,  ti;'  =  0, 

(w)  =  2o,     (t>)  =  26,     (w)  =  0,     (w')  =  0,     (t>')  =  0,     (m?')=0. 

The  equation  to  the  locus  of  the  tangent  lines  becomes 
then 

aar  +  by^  =  0, 


216  APPLICATION    TO   GflOMBTRT   OF   THREE   DIMENSIONS. 

which,  a  and  b  being  supposed  to  be  both  positive,  can  only 
represent  the  axis  of  «.  The  cone  in  this  case  degenerates 
into  a  straight  line;  and  as  x  can  never  be  positive,  since 
that  renders  w  and  y  impossible,  it  appears  that  the  point 
under  consideration  is  a  cusp.  The  surface  surrounds  the 
negative  axis  of  «,  which  it  touches  at  the  origin,  so  that 
its  form  resembles  the  shape  of  the  flower  of  the  convol- 
vulus. 

If  a  and  b  be  of  contrary  signs  the  equation  to  the 
locus  of  the  tangent  lines  is 

aa^  -  fey*  =  0, 

which  represents  two  planes  perpendicular  to  the  plane  of 
J?,  y. 

(4)  Let  the  surface  be  the  cono-cuneus  of  Wallis,  the 
equation  to  which  is 

Here     U=-2w  (c^  -  «*),     V  =  2a^y,      W  =  2w^z. 

These  all  vanish  when  ^  »  0,  y  =  0  independently  of  the 
value  of  X ;  hence  the  axis  of  ^  is  a  locus  of  singular  points 
or  a  singular  line. 

z^  =  -  2  (c*  -  5f^),        V  =  2a\        w  =  2a?% 

The  equation  to  the  tangent  lines  becomes  in  this  case 

a^y'2  -  (c^  -  ^)  x'^  =  0, 

where  .v',  y  are  accentuated  to  distinguish  them  from  Zy  the 
undetermined  co-ordinate  of  the  point  of  contact.  The  pre- 
ceding equation  is  equivalent  to  those  of  two  planes  per- 
pendicular to  the  plane  of  wy^ 

ay  -f  (c^  -  ^)^  Off'  =  0, 
aj/  »  (c2  -  z^)h  a!  =  0, 

By  assigning  difierent  values  to  %  we  obtain  different 
equations  corresponding  to  successive  points  taken  along  the 
axis  of  z. 
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4 

(5)     The  equation  to  the  hSlifaide  developable  is 

ar8iii<— : -^ —y  +  «cos<— r = — >  «  a. 

\   h  a  11*  a  J 

Putting «  0,  we  find  as  in  a  previous 

example 

.    /I      ^  (^  cos  0  -  y  sin  0) 
c/  =  sin  0  - 


r  =  cos  0  - 


y  {x  cos  0  —  y  sin  0) 
a  (tt?*  +  y*  -  o*)i 


M^  ■=  -—  (or  cos  0  -  y  sin  0). 

But  we  found  before  that 

X  cos  0  -  y  sin  0  =  (a?^  +  y^  -  a*)i ; 

therefore  if  we  assume 

J?  B  a  sm  — —  ,     y  =  a  cos  — -— , 
h  h 

the  preceding  expressions  will  vanish,  and  therefore  the  line 
determined  by  these  equations,  and  the  equation  to  the  surface 
is  a  locita  of  singular  points. 

This  line  is  the  intersection  of  the  surface  by  the  cylinder 

and  is  evidently  the  generating  helix.  Since  in  the  equation 
to  the  surface  al^  +  y^  can  never  be  less  than  a',  it  appears 
that  no  part  of  the  surface  lies  within  the  helix,  which  is 
therefore  truly  an  edge  of  regression. 

• 

On  proceeding  to  the  second  differential  coefficients,  and 
substituting  in  them  the  critical  values  of  x  and  y  we  find, 
retaining  only  the  terms  which  become  infinite  from  involving 
(^  +  y*  -  a^)i  in  the  denominator, 

[u)  «=  -  2  sm  — —  cos  -— — ,  (t>)  =  2  sm  — —  cos — -—  ,  (m?)  =  0, 

h  h  h  h 

(w)s=— -acos— ^— ,  («)=-7-asin— -— ,  (wjssin'^— cos^— -— ; 

n  n  n  a  n  h 


I 
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SO  that  the  equation  to  the  locus  of  the  tangent  lines  is 
isf^  -  x")  wy  +  a/y'  (^  -  j^)  +  g^r  -  z  (oBOf  +  yy)  «  0, 

where  the  accentuated  letters  are  the  current  co-ordinates  of 
the  tangents,  and  the  unaccentuated  the  undetermined  co- 
ordinates of  the  point  of  contact.  This  equation  may  be 
jdecomposed  into  two  factors, 

o' 
yw  —  a/y  +  g^r  —  jj?'  =  0, 

h 

x^  OS  +  yy  =  0, 

which  are  the  equations  to  two  planes. 

Umbilici.  These  are  points  at  which  the  two  principal 
radii  of  curvature  are  equal.  The  conditions  for  deter- 
mining them  are 

1  +  p^  ^  pq  _^  1  +  g^ 

r  8  t      ' 

(6)  In  the  ellipsoid 

i  2 

c  X  c  y 

a^x  ox 

d^(b^~y^)  d^wy  c^  {a^  —  w^) 

Substituting  these  values  in  the  conditions  for  an  umbilicus, 
we  have 

these  are  satisfied  by 

which  are  therefore  the  co-ordinates  of  four  umbilici. 

(7)  Let  the  surface  be  the  paraboloid 

^'    y" 

a       a 
2w  2y  ^  ^2 

a  a  a  a 
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Hence  we  have 

c?  +  4.1?'       ad       a'^  +  4y* 
2o  -0  2o'       ' 

In  order  that  these  equations  may  hold  we  must   have 
either  a?  =  0,  or  y  =  0.     Taking  the  former  we  find 

^^      a      a                    1  c   //         /x7i          J          «-«' 
—7-  = ,    ory  =  *}a(a-«)M,     and  %  = . 

Now  \{  a>d  the  value  of  y  is  possible,  and  there  are  two 
umbilici,  the  co-ordinates  of  which  are 

^  as  0,      y  r^  ^^\d  {a  ^  ^')\K      ^  «  . 


4 
If  a<a'  we  must  take  y  «  0,  and  then  we  find 


w- ^^\a{d  ^a)\ii     x 


c!  ^  a 


4 


(8)     In  the  surface,  the  equation  to  which  is 


wy%  =  m% 


there  is  an  umbilicus  at  the  point 

30  a  If},     y  9s.m^     %  ^  in. 


CHAPTER  XIV. 


ENVELOPS   TO    LINES    AND    SUBFAGES. 


The  earliest  questions  the  solutions  of  which  involved  the 
Theory  of  Envelops  or  Ultimate  Intersections  were  those  which 
related  to  evolutes  of  curves,  investigated  by  Huyghens,*  and 
those  relating  to  Caustics,  a  subject  introduced  by  Tschirnhau- 
sen;j-  but  these  authors  did  not  follow  any  general  analytical 
method  for  the  solution  of  such  problems.  Leibnitz  was  the 
first  who  considered  the  general  theory  of  questions  of  this 
kind,  so  well  adapted  for  exemplifying  the  utility  of  his  Cal- 
culus ;  and  in  two  memoirs  in  the  Acta  EruditammyX  he  gave  a 
general  process  for  the  solution  of  all  problems  which  depended 
on  the  successive  intersections  of  lines  whether  straight  or 
curved,  the  position  or  magnitude  of  which  were  changed  ac- 
cording to  some  law.  This  method  is  the  same  as  that  usuaUy 
employed,  no  important  modification  having  been  subsequently 
introduced,  and  may  be  stated  in  the  following  manner. 

If  w  =  y  (a?,  y,  af,  a,  6,  c  . . . )  =  0  be  the  equation  to  a 
surface,  a,  6,  c ...  being  parameters  determining  its  position 
and  magnitude,  the  envelop  of  all  the  surfaces  formed  by 
the  variation  of  a,  6,  c  ...  is  found  by  eliminating  these 
quantities  between  the  equations 

du  du  du 

w  =  0,      :r-=0,     —  =0,      —  =0... 
da  do  dc 

When,  as  is  often  the  case,  there  are  one  or  more  equa- 
tions of  condition  between  the  parameters,  the  method  of 
indeterminate  multipliers  may  frequently  be  conveniently 
employed.  The  same  method  of  course  applies  to  lines  in 
two  dimensions. 


•  Opera,  Vol.  I.  p,  89. 

t  Acta  Eruditorum,  1682. 

X  1692,  p.  168,  and  1694,  p.  311. 
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Ex.  (l)     Find  the  equation  to  the  curve  which  touches 
all  the  straight  lines  determined  by  the  equation 


y  ^  aw  + 

m 

9 

a 

where  a  is 

supposed 

to  vary. 

Here 

u  ^  y  --  aof 

m 
a 

=  0, 

du 
da 

m 
a* 

=  0, 

971 

whence  o*  =  —  ,  and  substituting  this  value  we  have 

y  =5  2  (wa?)i,     or   y*  =  4ma?, 
the  equation  to  a  parabola. 

(2)     Find  the  equation  to  the  curve  which  touches  all 
the  lines  determined  by  the  equation 

y  «  aa?  +  r  (l  +  a^)i, 

when  a  is  supposed  to  vary. 

Here  w  =  y-aa?-r(l+  a*)i, 

dw  ^      J  ra      \ 

Multiply  by  a  and  add  to  the  original  equation, 
therefore    y^  = ;     also    ai^  = 


1  +  a«  1  +  a« 

Adding,  we  have  a?*  +  y*  =  r^ ;  tlie  equation  to  a  circle. 

(3)     Find  the  envelop  of  the  series  of  parabolas  whose 
equation  is 

y* »  a  (^  —  o), 

a  being  the  variable  parameter. 

^^            du            ,  w 

Here        -—  =  0  gives  2a  -  tV  =  0,  or  a  =  -  ; 

da  2 
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whence     j^^  :s=  —  ,     or  j^  e  :!=  - , 

4  2 

the  equations  to  two  straight  lines. 

(4)     To  find  the  envelop  of  the  series  of  ellipses  defined 
by  the  equation 

1?^  {k  -  of  "  ^' 


du  .       ^         y* 

-  =  0  gives  -3-^^^^^ 


Here         —  =  0  gives  -,  -  =  0; 


whence     a  =  -« o  •     k  -^  a  ^ 


and  on  substituting  these  values  in  the  original  equation  we 
find  as  the  equation  to  the  envelop 

^^  +  y*  a=  &i. 

(5)  The  straight  line  PQ  (fig.  41)  slides  between  the 
rectangular  axes  Awy  Ay\  find  the  locus  of  its  ultimate  in- 
tersections. 

Let  AP^a,  AQ^bj  PQ^c;  then  the  equation  to  PQ  is 

w      y 

-+f  =1, 
a      b 

a,  b  being  subject  to  the  condition 

a^-^  b^  =z  c^. 

Differentiating  with  respect  to  a  and  6, 

wda      ydb  .  .  ,        ,  „ 

-^  +  ^  =  0     (1),  ada  +  bdb=^0     (2), 

\  (l)  -  '(2)  =  0  gives  on  equating  to  zero  the  coefficients  of 
each  differential. 

Multiply  by  a,  6,  respectively,  and  add;  then  by  the 
first  two  equations, 


X  ^^  +  1^  =  X  =  a^  +  6-  =  c' ; 
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therefore        a^  =  c^w^     h^  =  c*y, 

and,    substituting   these  values  of  a  and  h  in  the  equation 
of  condition,  we  obtain 

as  the  locus  of  the  ultimate  intersections  of  PQ. 

(6)      If  the  equation  to  a  straight  line  be 

w      y 

a       o 

a  and  6  being  subject  to  the  condition 

a       b 

-  +  --=1, 

971      n 

the  locus  of  its  ultimate  intersections  is 


© 


which    is  the   equation  to  a   parabola   referred    to   two  tan* 
gents  as  lu^es. 

(7)     Find   the  envelop    to   the  series   of  parabolas   de^ 
termined  by  the  equation 


y  =  o^-(l  +  a-)  — , 

where  a  is  the  variable  parameter. 

The  result  is  a  parabola,  the  equation  to  which  is 

0?*  =  4c  (c  -  y). 

This  is  the  equation  to  the  curve  touched  by  the  parabolas 
described  by  projectiles  discharged  from  a  given  point  with  a 
constant  velocity,  but  at  different  inclinations  to  the  horizon. 
The  problem  was  proposed  by  Fatio  to  John  Bernoulli,  who 
solved  it,  but  not  by  any  general  method :  it  was  the  first  case 
which  was  brought  *forward  of  the  locus  of  the  ultimate  inter- 
sections of  curved  lines.-— ^Commercitim  Epistolicufn  of  Leib* 
nitss  and  Bernoulli^  Vol.  i.  p.  17.  r- 

(8)      Find  the  curve  which  is  constantly  touched  by  the 
circles  determined  by  the  equation 

(cT  -  of  +  y^  =  6*, 
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a  and  b  being  the  co-ordinates  of  a  parabola,  so  that 

The  resulting  equation  is 

which  is  the  equation  to  an  equal  parabola,  the  vertex  of  which 
is  shifted  through  a  distance  —  m. 

(9)  Find  the  envelop  of  the  series  of  ellipses  defined  by 
the  equations 

4-— =si        a. 1 

(T      b^  mr      rr 

The  resulting  equation  is 

±  -±  ^=  1. 
in      n 

The  equations  to  four  straight  lines  in  the  space  contained 
by  which  all  the  ellipses  lie. 

(10)  Find  the  locus  of  the  ultimate  intersections  of  chords 
joining  the  extremities  of  conjugate  diameters  of  an  ellipse 
the  axes  of  which  are  a  and  6. 

If  od\  y    be  the   co-ordinates  of  the  extremity  of  a  di- 

IL 

ameter,  -y\ x   are  the  co-ordinates  of  the  extremity  of 

its  conjugate.     Hence  the  equation   to  the  line  joining  their 
extremities  is 

?'  (2/  -  -  ai)  -  y   Lv  +  -  j  y  +  a6  =  0, 
X  and  y  being  connected  by  the  equation  to  the  ellipse 

The  resulting  equation  of  the  locus  of  the  ultimate  inter- 
sections is 

the  equation  to  an  ellipse,  the  axes  of  which  are  -r,    —r. 


x 
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(11)  If  from  every  point  in  a  curve  of  the  second  order 
pairs  of  tangents  be  drawn  to  another  curve  of  the  second 
order,  find  the  curve  which  is  constantly  touched  by  the  chord 
of  contact. 

Let  us  suppose  for  simplicity  that  the  second  curve  is 
ah  ellipse  referred  to  its  centre,  its  equation  being 

Let  the  co-ordinates  of  a  point  from  which  a  pair  of 
tangents  to  (I)  is  drawn  be  a>  /3,  then  the  equation  to  the 
chord  of  contact  is 

a,  fi  are  supposed  to  be  the  co-ordinates  of  a  point  which 
is  always  in  a  curve  of  the  second  order :  they  are  therefore 
connected  by  the  equation 

Aa^  +  «5a/3  +  C/3«  +  %Da  +  2£)3  +  1  =  0,     IIL 

Now  to  find  the  curve  which  is  constantly  touched  by  (II) 
difierentiate  (II)  and  (III)  with  respect  to  a  and  fi. 

wda  ^ydfi _ 

(Aa  +  jB)3  +  D)  da  +  (5a  +  CjS  +  iO  =  «:      (2) 
X  (l)  +  (2)  =  0  gives  us 

X  ^  +  Ja  +  5)3  +  D  =  0, 

Xp  +  5a+Ci3  +  J5«0. 

Multiply  by  a,  fi  and  add,  then  by  (II)  and  (III) 

X=2)a  +  JS)3  +  l. 
Substituting  in  the  preceding  equations  we  have 

(Da  +  £/3  +  1)  ^  +  ^a  +  5/3  +  D  =  0,  (3) 


{Da  +  £/5  +  1)  ^,  +  Sa  +  C/5  +  £  =  0.  (4) 


16 
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Between  (II),  (3),  and  (4)  we  can  eliminate  a,  )3,  and  we 
(4>tain  the  final  equation 

(C-£*)^-2(5-D£)^  +  (^-i)0^, 

+  2(CD-BE)-+iiAE-BD)^^  +  AC-B>^0.     IV. 

a  b 

This  being  of  the  second  order,  it  appears  that  the  locus 
of  the  ultimate  intersections  of  (I)  is  a  conic  section.  This 
is  a  case  of  the  general  proUem  of  reciprocal  polars.  The 
curve  (I)  is  called  the  directrix,  the  point  «,  fi  its  pole ; 
and  the  line  (II)  the  polar  with  reference  to  (a,  j3.)  The 
curves  (HI))  (IV)  are  the  reciprocal  polars,  and  possess  a 
great  number  of  corresponding  properties  of  considerable  in- 
terest, but  the  nature  of  this  work  precludes  us  from  entering 
on  that  subject.  The  reader  who  is  curious  in  such  matters 
will  find  memoirs  on  these  related  curves  by  Foncelet,  in 
the  Annates  de  Gergonne,  Vol.  viii.  p.  201,  and  Bobillier, 
lb.  Vol.  tix.  p.  106,  and  p.  302.  He  will  also  find  these 
questions  along  with  others  of  a  similar  kind  very  ingeni* 
ously  treated,  in  a  short  tract  on  '*  Tangential  Co-ordinates,^ 
by  J.  Booth  of  Trinity  College^  Dublin.  The  method  em- 
ployed by  that  author  does  not  come  within  the  scope  of 
the  present  work,  but  it  merits  attention,  as  affording  a 
ready  solution  of  many  curious  problems  which  yield  with 
difficulty  to  the  power  of  ordinary  analysis. 

(12)     A  plane  whose  equation  is 

Off      y      % 

-  +  f +  -  =  1, 

a      b      c* 

a,  b,  c  being  subject  to  the  condition 

abc  -  m', 

will  always  touch  the  surface  whose  equation  is 


w? 


^         27 


(13)     To   find   the    envelop   of    the    system   of    spheres 
determined  by  the  equations 

{pe  -  ay  +  {y  -  by  +  x^  =  r^,        a^  -\-  b^  -  c\ 
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Differentiating  with  respect  to  a  and  6, 

(w  -  a)  da  +  (y  -  6)  d6  =  0     (l),         ada  +  fcdJ  =  0  (2) ; 

X  (2)  +  (l)  =  0  gives  on  equating  to  zero  the  coefficients  of 
each  differential, 

Xa  +  (a?  •  a)  =  0     (3),         X6  +  (y  -  6)  «  0     (4). 

whence    ay  ^  b.v,    or^-?, 

a      6 


a 

(3) +  4 

(4) 

gives 

\€^  +  aw  -^ 

-6y 

-C*  =  0. 

But 

as 

X 

a 

y 

ax  +  6y      ax  + 
a^+6^   "        c^ 

by 

1     Js  , 

C 

whence 

X  = 

c± 

• 

c 

Substituting  this  value  of  X  in  (3)  and  (4),  squaring  and 
adding, 

|c  ±  (^  +  y*)i}2  =  (a?  -  o)«  +  (y  -  6)«  =  r«  -  )!;«, 

by   the  original  equation;   and   this  is  the  equation  to  the 
envelop. 

(14)  To  find  the  surface  always  touched  by  a  plane 
which  cuts  off  from  a  right  cone  an  oblique  cone  of  constant 
volume. 

Taking  the  vertex  of  the  cone  as  origin,  and  its  axis  as  the 
axis  of  %y  the  equation  to  the  cone  is 

a?*  +  y«  =  c*«*  (I) 

where  c  is  the  tangent  of  the  half  angle  of  the  cone. 
The  equation  to  the  cutting  plane  is 

Ix  +  my  -^-nx  =^Vf  (2) 

ly  my  n  being  the  cosines  of  the  angles  which  it  makes  with 
the  co-ordinate  planes,  so  that 

/*  +  m*  +  «'^  =  1,  (3) 

and  V  being  the  perpendicular  from  the  origin  on  the  plane. 

15—2 
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Extracting  the  square  root  of  (l)  and  substituting  in   it 
the  value  of  %  from  (2),  we  have 

n  n 

which  is  the  equation  to  the  projection  on  {jxy)  of  the  section 
of  (1)  by  (2) ;  and  as  the  radius  vector  is  a  rational  function 
of  w  and  y,  the  origin,  that  is,  the  vertex  of  the  cone,  must  be 
the  focus  of  the  projection.  Comparing  it  with  the  general 
equation  to  a  conic  section  referred  to,  its  focus 

«  (1  -  e') 
1  +  e  cos  (0  —  a)  ' 

or  (ti?^  +  y^)i  =  a  (l  -  e^)  -  e  cos  ax  —  e  sin  a  y, 

we  find 

a  (1  -  c")  =  — ,     e^  = ; 

n  ^ 

whence  the  area  of  the  projection  is 


and  the  area  of  the  section  is  therefore 


IT  C^V^ 


The  volume  of  the  oblique  cone  cut  off  is 


ttc^  ly^ 


3     {n''C^(r-  +  m^)\^' 

which  is  to  be  constant.      Neglecting  the  constant  multiplier 
and  extracting  the  cube  root,  we  may  put 

y-^ — -^ -yx  =  a,    or    V  =  «  {w^  -  c^  (P  +  rn^)\K        W 

We  therefore  have  the  equation 

Ix  ■\-  my  +  nz  =  a  {n^  -  c^  (/"  +  m^)  |*i, 
/,  iw,  n  being  connected  by  the  equation 

+  nr  +  w  =  1. 
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The  result  of  the  elimination  of  /,  «*,  n  is 

or     {c^^  -  Ci?^  +y*)|i[oc  +  {cV  -  {w^  +  y^)\i]  =  0. 
The  factor  ac  +  {c?^a?*  -  (a?*  +  yO}^  =  ^5 

is  the  equation  to  the  required  envelop. 
Transposing  and  squaring,  this  becomes 

the  equation    to  a  hyperboloid  of  revolution  of  two  sheets, 
the  possible  axis  of  which  coincides  with  the  axis  of  %, 

If  the  theory  of  reciprocal  polars  given  in  Ex.  11,  be  ap- 
plied to  the  surfaces  of  the  second  order,  it  will  be  found  that 
the  reciprocal  polar  of  a  surface  of  the  second  order  is  also  a 
surface  of  the  second  order;  and  that  when  the  one  surface 
can  be  generated  by  the  motion  of  a  straight  line,  the  other 
can  be  so  generated  also.  For  the  properties  of  reciprocal 
polars  in  surfaces  the  reader  may  consult  the  memoirs  indi- 
cated in  Ex.  11,  and  also  one  by  Brianchon,  Journal  de 
VEcole  PoUftechnique,  Vol.  vi.  p.  308. 

(15)  Find  the  surface  traced  out  by  the  ultimate  inter- 
sections of  the  planes  which  touch  the  ellipsoid 

a?^      y^      %^ 

along  the  curve  made  by  its  intersection  with  the  plane 

Iw  +  my  +*nx  =  S. 

If  w\  y\  X  be  the  current  co-ordinates  of  the  tangent 
plane,  its  equation  is 


xfo       yy       zx 

J-   -Z—  J 

a  b         c 


z    "^      A8    "*"     ^2     —      ' 


where  Wy  y,  z  are  supposed  to  vary  subject  to  the  previous 
conditions.     Differentiating  we  have 

icdof      ydy      zdz 

L —    4.    


-r  +  -/  +  -X-  =  «♦  (•) 


Idx  +  mdy  +  ndz.=  0,  (2) 
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xddc      ydy      xdx  ^  ^ 

X  (l)  +  /u  (3)  +  (2)  =0  gives,  on  equating  to  zero  the  coeffi- 
cients of  each  differential, 

^        ^'     ,  ^  y        y 

or  a  on* 

—  +  m:i+w  =  o. 


c 


<? 


Multiply  by  w^  y,  ^,  and  add,  then  by  the  equations  of 
condition,  \  +  fi  +  S  =  0. 

Substituting  for  \  in  the  preceding  equations  they  become 
fjL{x'~x)^a^l-ix^  fi(y-y')-b^m-Sy9  m(»-^')=c*w-5j^> 
whence 

so "  so         y  —  y'         X  —  x' 

Now    multiplying   numerator    and  denominator  of  these 
/        *        / 

Off  9J  X 

fractions   by  — ,    ^,   —  respectively,    and  adding    together 
the  numerators  and  the  denominators, 

loo'  +  my  H-  nx  —  5 

But  on  multiplying  the  numerator  and  denominator  of 
these  fractions  by  Z,  wi,  n  •respectively,  and  adding  the 
numerators  and  the  denominators,  we  also  have 

%  —  (Za?'  +  my  +  nx^ 

Therefore  equating  the  two  values  of  p  we  have 
00^      y^      x^^  {^"{Ix'-^'my  +nx)Y 


as  the  required  equation  to  the  surface. 

(l6)     Find  the  equation  to  the  surface  which  is  constantly 
touched  by  the  plane 

los  +  my  +  nx  =  v, 
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/,  my  fly  V  being  conneclted  by  the  equations 

/^  +  m^  +  w*  =  1, 

+ +  =»  0. 

Differentiating  with  respect  to  /,  m,  729  1?  we  haye, 

(1)  wdl  +  ydm  +  zdn  =  dv. 

(2)  2dZ  +  mdm  +  ndn  s  0. 
^  ^     Zd/         mdm       ndn 


«"  —  a"      »*  —  6*      «*  —  c* 


-'"*''{(«»_o'')»  "^  (c»-6»)»  "^  (t>»-c»)*r 

\  (1)  =  iui  (2)  +  (3)  gives,  on  equating  the  coefScients  of  each 
differential. 


; 


V) 

©*  -  or 

f 

(5) 

m 

Ay  =»  Mm+  ^  ^jJi' 

(6) 

n 

('7\ 

f          P 

m' 
_ J 

«v 

Z  (4)  +  m  (5)  +  «  (6)  gives  by  the  conditions, 

(8)     \t)  =  M, 

^  W  +  y  (^)  +  ^  (6)  gives 

2  ^  ZtT  my  nz 


^^  ^f^^-^  -i li  +  -2— T«  + 


whence     (9)     ^(^  -  «  )  =  rr-T^  +  ;;8— Ti  +  Ti"— ^' 


(4)'  +  (sy  +  (6y  gives 


(«='  -  ay      (»«  -  6')''      (»»  -  c')* ' 
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whence    (lO)    X«  (r*  -  tj«)  =  -  by  (7)  and  (8)  ; 
and  therefore    X  =  — -r^ r.  ,     and  fi  = 


Substituting  these  values  in  (4)  we  have 
whence 


SimUarly  -^._;!^; 


and 


Multiply  by  a?,  y,  x  and  add,  then  by  (9)  and  (10) 


+      .         ..+   -7 o  =  1. 


This  is  the  equation  to  the  surface  of  a  wave  of  light 
propagated  through  a  crystalline  medium.  See  Fresnel, 
Memoires  de  V  Institute  Vol.  vii.  p.  is6;  Ampere  Annalea 
de  Chimie  et  de  Physique^  Vol.  xxxix.  p.  113;  and  Smith, 
Cambridge  Transactions^  Vol.  vi.  p.  S5. 

If  from  the  above  equation  we  subtract 


w^ 

+  y'  +  «* 

=  1, 

r^ 

and 

reduce. 

we 

find 

-  -i_ 

6Y     . 

c*«^ 

=  0, 


r'^  -  a^      r^  -  6^  '  7^  -  c* 
which  is  the  form  of  the  equation  given  by  Fresnel, 


CHAPTER  XV. 


<}ENERAL   THEOREMS   IN   THE    DIFFERENTIAL   CALCULUS. 


In  this  chapter  I  shall  collect  those  Theorems  in  the 
Differential  Calculus  which,  depending  only  on  the  laws  of 
combination  of  the  symbols  of  differentiation,  and  not  on 
the  functions  which  are  operated  on  by  these  symbols,  may 
be  proved  by  the  method  of  the  separation  of  the  symbols : 
but  as  the  principles  of  this  method  have  not  as  yet  found 
a  place  in  the  elementary  works  on  the  Calculus,  I  shall  first 
state  briefly  the  theory  on  which  it  is  founded. 

There  are  a  number  of  theorems  in  ordinary  algebra, 
which,  though  apparently  proved  to  be  true  only  for  sym- 
bols representing  numbers,  admit  of  a  much  more  extended 
application.  Such  theorems  depend  only  on  the  laws  of 
combination  to  which  the  symbols  are  subject,  and  are  there- 
fore true  for  all  symbols,  whatever  their  nature  may  be, 
which  are  subject  to  the  same  laws  of  combination.  The 
laws  with  which  we  have  here  concern  are  few  in  number, 
and  may  be  stated  in  the  following  manner.  Let  a,  b 
represent  two  operations,  w,  v  two  subjects  on  which  they 
operate,  then  the  laws  are 

(1)  ab  (u)  s=  ba  (w), 

(2)  a(u  +  v)  =  a  {u)  +  a  (©), 

(3)  a'^.ar.u  =  a'^^^u. 

The  first  of  these  laws  is  called  the  commutative  law^ 
and  symbols  which  are  subject  to,  it  are  called  commutative 
^symbols.  The  second  law  is  called  distributive^  and  the 
symbols  subject  to  it  distributive  symbols.  The  third  law 
is  not  so  much  a  law  of  combination  of  the  operation  denoted 
by  a,  but  rather  of  the  operation  performed  on  a,  which  is 
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indicated  by  the  index  affixed  to  a.  It  may  be  conveniently 
called  the  law  of  repetition,  since  the  most  obvious  and  im- 
portant case  of  it  is  that  in  which  m  and  n  are  integers, 
and  a**  therefore  indicates  the  repetition  m  times  of  the 
operation  a.  That  these  are  the  laws  employed  in  the 
demonstration  of  the  principal  theorems  in  Algebra,  a  slight 
examination  of  the  processes  will  easily  shew;  but  they  are 
not  confined  to  symbols  of  numbers;  they  apply  also  to  the 
symbol  used  to  denote  differentiation.  For  it  u  he  a.  func- 
tion of  two  variables  w  and  y,  we  have  by  known  theorems 
in  the  Differential  Calculus, 

d      d  d      d 

dx  dy  dy   dx 

Also  considering  u  and  v  as  functions  of  x  only. 


and  besides 


d  d  d 

—  (w  + 1?)  «  —  (w)  +  —  (u), 
aw  aw  aw 


(  d\'^    ( dy       I  d\"'+"     , 


The  principal  theorems  in  Algebra  which  depend  on  these 
laws,  and  which  have  therefore  analogues  in  the  Differential 
Calculus,  are  the  Binomial  Theorem  with  the  great  number 
of  theorems — Exponential,  Logarithmic,  and  others,  which 
are  derived  from  it;  and  the  theorem  of  the  decomposition 
of  a  multinomial  of  any  order  into  simple  factors  with  the 
various  consequences  which  are  deduced  from  it. 

It  is  to  be  observed  that  in  all  the  applications  of  this 
method  to  the  Differential  Calculus,  a  constant  has  the  same 
laws  of  combination  with  the  differentials  that  they  hav€  with 
each  other,  and  therefore  the  theorems  are  true  for  complex 
symbols  involving  constants  and  symbols  of  differentiation. 
Also,  there  are  two  ways  in  which  symbols  of  differentiation 
may  differ  from  each  other,  either  by  having  reference  to 
different  variables  in  the  same  function,  or  by  having  re- 
ference to  different  functions  of  the  same  variable,  and  this 
difference  gives  rise  to  two  totally  distinct  series  of  theorems 
as  will  be  seen  in  the  following  examples. 
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It  is  worthy  of  remark,  that  the  indices  in  the  greater 
number  of  these  theorems  may  be  any  whatever:  I  shall 
not  however  make  any  use  of  the  interpretation  of  the  for- 
mulae when  the  indices  of  differentiation  are  fractional. '  It  is 
easy  to  see  that  when  they  are  negative  they  are  equivalent 
to  integrals  of  a  corresponding  positive  degree :  for  by  the 
law  of  indices, 

Kdo}}      '  \dwl  \dw) 


—  » 


Also  Jn^af^(^Y^^(±\ 

\dwl  \dxl 


«  — n 


and  therefore 


(s)'"--^"'^' 


this  interpretation  I  shall  frequently  have  occasion  to  use. 
The  principle  of  the  method  of  the  separation  of  sym- 
bols of  operation  from  their  subjects  was  first  correctly  given 
by  Servois,  in  the  Annates  des  MathSmatiques^  Vol.  v.  p.  93. 
Some  very  valuable  researches  on  this  subject  by  Mr  Murphy 
will  be  found  in  the  Philosophical  Transactions  for  1837. 

(1)     Taylor's  Theorem.  This  theorem  may  be  reduced 

into  a  very  convenient  shape  by  the  separation  of  the  sym- 
bols:   for  as 

h  d  h^    (  d\^ 

we  have,  by  placing  the  function  outside, 

^^  ^      ^        Ida;      \.^\dxl       1.2.3  VdW  W  v  ^^ 

Now  it  is  easily  seen  that  .the  series  of  operations  on 
the  second  side  of  the  equation  follows  the  law  of  the  ex- 
pansion of  the   exponential  e^'  in  terms  of  hw^  and  as  the 

symbol   -—   is  subject  to  the   same  laws  of  combination  as 

dOG 
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the  symbol  at  is  supposed  to  be  subject  to  in  the  demonstra- 
tion of  the  exponential  Theorem,  we  may  consistently  write 
the  preceding  equation  under  the  form 

As  we  shall  have  frequent  occasion  to  speak  of  this  opera- 
tion of  converting  /(a?)  into  f{w  +  h)  it  will  be  convenient 
to  denote  it  by  a  single  symbol,  and  that  which,  following 
M.  Servois,  we  shall  employ  is  E^  but  as  it  is  necessary  to 
distinguish  the  value  of  the  increment  we  must  attach  to 
the  symbol  E  the  letter  h.     We  might  write  therefore 

/(.r  +  A)  =  EJ(w)  =  €  ^'/{.v). 

Farther  consideration,  however,  shews  us  that  the  symbol 
h  is  subject  to  the  index  law  and  may  therefore  be  written 
as  indices  usually  are.     For  as 

^*/(*)  =/(•!'  + A), 
if  /p  be  another  increment 

E^EJix)  =  EJ{w  +  h)  =f{a>  +  A  +  ft)  =  E,^J(a,), 

which  is  the  index  law.     We  may,  therefore,  put 

f(x^h)^EKf{w), 

and  throughout  our  operations  consider  h  as  an  index. 

(2)      Binomial  Theorem  for  differentials  with  respect  to 
different  variables. 

li  u  he  2i  function  of  two  variables  x  and  y,  we  have 

,  ^      du  du  , 

d  (u)  =  -—  dx  -^  -r-  dy; 
^  ^      dx  dy     ^ 

or,  separating  the  symbol  of  operation  from  the  subject, 

I  d  d       \ 

^   ^      \dx  dy    ^1 

Affixing  the  general  symbol  n  as  an  index  to  the  operations 
on  both  sides  of  the  equation,  we  have 


d"  (u)  --     -—  dx  +  -p-  «y      ^^• 
\dx  dy      I 
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Expanding  the  operation  on  the  second  side  by  the  Bino- 
mial Theorem,  since  the  demonstration  of  that  Theorem 
supposes  only  that  the  symbols  are  subject  to  the  laws  of 
combination  before  laid  down,  there  results 

d^u                   dfu 
d"  (u)  =  - — d«r"  +  n— T-r  daf^  dy 

(3)  In  the  same  way,  by  means  of  the  Multinomial 
Theorem,  we  may  shew  that  if  t«  be  a  function  of  any  num- 
ber of  variables  cV,  y^  %... 

„,  ,  ^  d"w  dof'^dffidzy... 

^  ^  da^dyPdzy...  1.2...a.l.2.../3.1.2...7... 

where  a  +  j3  +  7  +  &c.  =  n. 

(4)  By  the  Theory  of  equations  it  is  shewn  that  the 
expression 

0?"  +  Aiijo^'^  +  -^20?""^+  &c.  +  A^^iW  +  An 

is  equivalent  to 

{x  -  ai)  (a?  —  Oj,)  ...  (a?  —  a^  ; 

o„  Og, ...  On  being  the  roots  of  the  expression  equated  to 
zero.     It  follows  therefore  that 

d*w        .       d*««  d^'u  d^u 

daf"  daj^-^^dy  daf-^dy^  dff" 

is  equal  to 

( d  £\ ( ^  ^\        I ^  ^\ 

\da)       ^  dyl  \daj       ^  dyj  '"  \dx       *dy)    ' 

a^,  ^2 ...  a^  having   the  same  meanings  as  before.  * 

In  this  Theorem  it  is  necessary  that  none  of  the  quantities 
Ai  ...  An  should  contain  Uj  w  or  y. 

(5)  If  w  be  a  function  of  one  variable  x  only,  the  pre- 
ceding Theorem  becomes 

=  to""')  (d^-"*)  {i-'^) (i-«")«- 
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(6)     By  the  theory  of  the  decomposition  of  rational  frac- 
tions, we  know  that 

{cr^  +  ^i^?"-^  +  &C.  +AA-'= -- 

JNT  JV,  JNr3  i\r„ 

+    +   + +    9 


w  '-  a^      jff  "  a2      iV  —  a^  w  —  a^ 

when  a,,  a^^  a^  ..*  a„  are  the  roots  (supposed  all  unequal)  of 

of  -{■  A^  of"-^  +  &C.  +  An  =  0, 

and         N^  = — , 

(oi  -  ag)  («!  -  Os)  •••  («!  -  ««) 

with  similar  expressions  for  N29  iVs,  &c.  ..«  N^, 
It  follows  therefore  that 

Or  if  t«  be  a  function  of  two  variables,  tV  and  y, 

\dy)  \dx      ^dyl  ^\d,yl  \dx      ^  dy) 

If  wfe  suppose  r  of  the  quantities  a  to  be  equal,  to  each 
other,   they  will  give  rise  to  a  series  of  p  terms  of  the  form 

-- — ®"7~)      ^  where  p  receives  all  integer  values  from 

CL  Off  fit  y  / 

1    to  r.     The  value  of   the  coefficient  Mp  is  easily  found. 
For  if  we  put 

f  (!>!)=  {z  -  ay  ((>  iz). 
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The  results  contained  in  the  preceding  four  Examples  are 
of  great  use  in  the  Integration  of  Linear  Differential  Equa- 
tions, and  in  the  sequel  I  shall  have  frequent  occasion  to 
employ  them.  The  theorem  in  Ex.  6  was  first  given  by 
Mr  George  Boole  of  Lincoln,  in  the  Cambridge  Mathematical 
Journal^  Vol.  ii.  p.  114. 

(7)  Binomial  Theorem  for  differentials  with  respect  to 
different  functions. 

If  u  and  V  be  two  functions   of  «r,  then 

d    .     .         du         dv 
—  (wv)  =  v  — +  M—  . 
aoB  ax         ax 

Now  if  we  accentuate  the  symbol  of  differentiation  which 
applies  to  v  to  distinguish  it  from  that  which  applies  to  u^  we 
may  write 

d  Id        d'  \ 

-— (wt?)=     — +—   WW. 
dx  \dx      dxj 

Affixing  the  index  n  to  the  symbols  of  operation  on  both 
sides, 

\dx)  \dx      dx) 

or  expanding  the  binomial  on  the  second  side  by  the  theorem 
of  Newton,  we  have 

I  dy ,     ^         d^'u        dvd'^'^u        (»-l)d^t?d"-^w 

"1-     fat?)  =  ^-T^^  +  ^-T-  ^  .  1  ^^ :r" T-"5  ^  «  g  -h  &c. 

\dx)  '         daf        dxdaf"^  1.2    ds^  daf"^ 

This  is  the  theorem  of  Leibnitz  who  arrived  at  it  by  in- 
duction for  integer  indices ;  but  it  is  true  whether  n  \^  integer 
0r  fractional^  positive  or  negative. 

(8)  This  theorem  may  be  extended  to  the  product  of  any 
number  of  functions  by  means  of  the  multinomial  theorem,  so 
that  we  have 


I-;—     (t^t?tr...)gl.2...yi2.  j 

\dxj   ^  ^  I    1  .2...a.  1.2...  j3.  1  .2...'y 


d\y 

d-x)   ""- 


where    a  +  /3  +  7  +  ...  =  /^. 
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(9)  If  n   be    negative    in    the   theorem   of    Leibnitz, 

/  ^  \  "*  r 

1  —  1       (t^v)  =  /"da?*(wt?),  and  therefore 

+  -^ -— -  r-^djf^u  -  kc. 

1.2     d^-' 

which  is  the  general  formula  for  integration  by  parts. 

(10)  In  the  last  expression  let  t^  =  1 ;  then 

rdx*  u  = ; 

•^  l.2...n 

and 

/"da?»(tj)  = -t) ^  -—  + _^-.&cJ; 

1.2...w-l\w         w+1  dof      1.2  n+2  da?*  / 

or  if  n=  1, 

- ,    ,  ^  w^    dv         cfi      d^v 

jdx  (t>)  «  a?i; — -  -H —-^  -  &c. 

•'  ^  1.2  dof      1.2.3  dof^ 

which  is  the  series  of  Bernoulli. 

(11)  In   the  theorem   of  Leibnitz  let   v  =  c"*,  then  as 

— -  =  oe"'  =  av,  we  have   -—  =  a,  and  therefore 
div  dw 

(^)'''"")-h^)"»'"= 


whence    fa+v")    «^  =  €"''*(-— -j 
\        do?/  VdtX?/ 


This  result  is  of  great  use  in  the  Integration  of  Linear 
Differential  Equations. 

(12)     If  we  assunle  as  before 
we  have  E^'^fix)  ^f{aj  +  nh). 

Now  JS"* - 1  =-£*—;- (^* -  ^)  =  £*—T  («  "'-0; 
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or  expanding  the  exponential 
£»*  -  1 


-  1   ^    da; '^  1.2  \doff)        1.2.3  UW         ^'^ 

Apply  these  equivalent  operations  to  f(aj)y  and  indicate 
the  successive  differentials  by  accents  affixed  to  the  /;  then 

/(^+«A)-/W=|^{A/'(*)+^/"'(^)+j^"'(^)+&c.} 

But     ^\  "^  =  £(»-»'*  +  !;<»-«»  +  £(»-»)*  +  &c.  +  1. 
E  -  1 

Therefore,  writing  these  in  an  inverse  order  and  effecting 
the  operations  indicated,  we  find 

/(«  +  «A) -/(»)  =  *[/ (a>)+/'(i»  +  A)  +  &c.+/'{ar  +  («-l)A}] 

+  &c.  +  &c. 

(is)     Since  we  have 

X/    "■  1 

we  may  expand  the  factor  (c  <**-  l)"*  by  means  of  Ber- 
noulli's Numbers;  (See  Chap.  V.  Sec.  iv.  Ex.  9)  when  it 
becomes 

h  \dx}  2      1.2     dx      1.2.3.4       \dxl 

d 
Applying  these  equivalent  operations  to  -r-/(^p)  or/  (a?), 

multiplying  by  h  and  transposing,  we  have 
(£** -  l)/(a?)  =  A  li  +  £*  +  &c.  +  E^''-^>*  +  i^*}/  (^) 

That  is 

/  (a^  +  nA)  -/(^)  =  A  [^/'  (a^)  +/(a?+  A)  +  &c.  + 

/{^p  +  (w  -  l)A}  +i/(^+nA)]  + 
16 
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—  &C.       &C. 

The  results  in  the  two  preceding  examples  are  of  great  use 
in  the  approximate  evaluation  of  definite  integrals. 

Poisson,  Memoires  de  V  Institute  1823. 

(14)     Having  given  the  transcendental  equation 

we  can  expand  w  in  terms  of  c  by  means  of  the  logarith- 
mic method  of  solving  equations:  for  the  root  of  the  pre- 
ceding equation  is  the   coefiicient  of  -  in  the  expansion   of 

1 j  .      This  is  easily  found  to  be 

2 A    ,       (shy  ^         (4.ky      ,     ^ 
c  +  —  c^  +  - — ^  c?  +-^ — - — c^  +  &c. 
1.2  1.2.3  1.2.3.4 

Instead  of  ^  substitute  -— ;  then  e  dx^  E^  and  c  =  3-  £"*. 

doo  dx 

Hence  we  have 

dx      dx  1.2  \dx}  1.2.3  \dx} 

Applying  these  equivalent  operations   to  jdxf{oG)  we  find 

oh  (^h\^ 

f{w)  =/(a>  -h)+  — /'  ix  -  2 A)  +  ^/'  (a,-Sk)+  &c. 

This  very  remarkable  theorem  is  given  by  Mr  Murphy  in 
the  Philosophical  Transactions, 

(15)     In  a  similar  manner  we  may  prove  the  more  general 
theorem, 

y(a?)  =/(a?  -  nh)  +  nhf  {x  -  (n  +  1)  h} 
+  «(7l  +  2) — /'{ci?-(7H-2)A}+w(7i  +  3)^ /"{ci?-(7i  +  3)A}  +  &c 

X./C  I.  *  At  ,0 


k 
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(16)  We  know  by  the  Calculus  of  angular  functions  that 
TT  .  1  1 

-  0  =  sin  0  — r  sin  3  0  +  —  sin  5  0  -  &c. 

4  3^  5^ 

Putting  for  the  sines  their  exponential  values  and  replacing 

(J  \ 
A  —  J   we  have 

2     da?  3*  ^  ^ 

Applying  these  equivalent  operations  to  0  (a?),  we  find 

~  "i  {0  (^  +  3^)  -  0  (a?  -  3A)}  +  &c. 
3 

Fran9ais,  Annates  des  MathematiqueSy  Vol.  in.  p.  252. 

(17)  .   In  the  same  manner  from  the  equation 

^  =  cos  9  -  cos  20  +  cos  30  "  &c., 
we  obtain  the  theorem, 

0  (a?)  =  0  (^  +  A)  -  0  (a?  +  2  A)  +(p(jv+  3h)  -  &c. 

■\-  (p{ps  "h)  -(p{a}  -  2A)  +  (j)(w  -  3h)  -  &c. 

(18)  Likewise  by  means  of  the  equation 

-  =  sin  0  —  sin  2  0  +  -  sin  30  -  &c. 
2  2  3 

we  find  that 

d  11 

h—  (f)  (w)  =  <f)  (jff  +  h)  -  - (j)  (jff  +2h)  +  -0(a?+  3A)  -  &c. 


dw 


-  |0(a?-A)  --0(a?-.2A)  +-0(a?-3A)-&c.} 


3 


16—2 


i 
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INTEGRAL  CALCULUS. 


CHAPTER  I. 


INTB6RATI0N   OF    FUNGTIONg  OF  ONB   VABIABLB. 


The   fundamental  formulae   to  which   all   integrals   are 
reduced  are  the  following. 

(a)     Jdaaf"^——, 

t»  +  1 

except  when  n  b  -  1,  in  which  case 

(6)      f —  =  log  or, 

J    at 

,  .       r  dw        1          .at       , jv      r  ^^          1  1      /*-o\ 
(^)      /-T— i--tan-^-,     (d)     /-5 — 5=— log  » 


dw  ,     .  cs         -     /•   "•  dw  .  *r 


cos"*  - 


f  \  r     dot  .  «,  ^  r    ^dw 

(i)  /da^o-.j^,     or  /do,."-^, 

(A)  /dd7  sinm^  a cosmos,  and  fdatcos  m»^  —  sin  mwy 

(/)  /d«r  (sec  wf  =  tan  ^. 
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By  simple  algebraic  transformations  we  may  frequently 
put  an  integral  into  a  shape  in  which  one  or  other  of  the 
preceding  formulae  is  at  once  applicable. 

(1)    /  =  — -  / ; =  "rloff  (a  +  6^)- 

^^   J  aJtbaf      nbJ     a  +  baf"        nb     ^^  ^ 

r      dw  r         dcD  r     difi—w) 

a  —  a?  o) 

=  cos  "  * =  vers  "  *  - . 

a  a 

r     do?  a?      _!/•      ^  (*^^)  1    .      1  ^ 

rdcs  w         ^    r     d  (^^)  1  ,  /ZP^X 


»/  a  +  o«»  +  cor      c  J 


6^07 


V    "^Scj 


+  - 


4c' 


which  is  integrated  by  (c)  or  by  (d)  according  as  4ac  —  6^>0, 
or  <  0.     Hence  we  have 


,  .       r      dof  2  ^  l^x  +  1\ 

/•       rfa?  1  /2a?  -  1  +  5^\ 

(9)       r ^ 1  =  tan  -  ^  (2.J7  -  1). 

(     \     f  ^^^  -  1       J  2cr  +  1    1 

^         A  +  3.l7  +  2ci?2  "    ^^(27^4-  1)1' 
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; r-,   is  reduced  to 

(o  +  5^  ±  cof)^ 

1    /•  doD  1    r  dw 

according  as  the  upper  or  lower  sign  of  c  is  taken ;  and  these 
are  of  the  forms  (/)  or  (e)  respectively.     Hence 

(1  -  0?  -  a?*)i  5^ 

/•da?  (ax  +  6) 
The  integral      /  -r-^ may  be  split  into 

J  or  ■\-  px  +  q 


I        ap\    r        dw  a    r{^w+p)d 

\         2)JoE^  +  px  +  q      2  J  ai^  •\' pw  + 


dw  a   fi^w  '\-p)dw 

the  first  of  which  is  integrable  by  (c)  and  the  second  by  (5). 
Hence 

•^  a  +  ^ow  +  ci? 

0^)      /    2     c  =log(a?^  +  2a?  +  3)---rtan-^^. 

^     ^      J  ^^  +  2.97  +  3  °  25  2* 

/i^\       rO -a?cos0)da?        .  /^-cos0\ 

(17)      / -z =  sin  0  tan  ^    — .    ^ 

^    ^     w'l -2a?cos0  +  a7^  V    sine    / 

-  cos  0 log  (1  -  2^  cos 0  +  ^)l. 

In  this  example  the  numerator  may  be  readily  split  by  ob- 
serving that     1  =  cos^  Q  +  sin^  0. 
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(18) ^   ^    ^  = — 7tan-M — j-j  -  log  (l -a? +  «?«)*. 

By  multiplying  the  numerator  and  denominator  of  a  frac- 
tion by  the  same  quantity  it  tnay  frequently  be  split  into  in- 
tegrable  parts  or  reduced  to  an  integrable  shape. 

(20)      fdx  ^^""'^    =  (w^  -  a*)J  -  a  sec"'  -  . 
J  Off  a 


dcB  2 


(23)      f. -^-p -,«- ---{(^  +  a)l-(^+6)l} 

^(a?  +  a)5+(a?+5)i     3(a-5)  *  * 


dx  r   w~^  dw  CO 


r       uoj  r    oj      aw  a; 

^^*^     ^  (1  -  a?*)»  "  J  {m-^  -  1)1  "  (1  -  af'yh 


dw  X 


r        aw  w 

^^^^     J{a  +  bxy'  a(a  +  bwy 


dw  r  ti?"^  dw  (1  -  w^)i 


r         aw  r  w      aw 


w 


(27)     /- 


dw  w 


dw  r    dww^ 


0  1         n    r       uw  r    aww~ 


=  ^a^sin"^-  +  ^^(«^  -<»^)^. 
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(29)        f—Jf—  «    f  ^^^"' 


which  is  of  the  same  form  as    / ; -— ^ ^rr .     Therefore 

J  (a  +  bof  + 


diV 


^^^^     Jw(l  +  w  +  ai')^^  °^  12  +  07  +  2  (1  +  0?  +  w^)i]' 

/•  da?  2  (2  ca?  +  6) 

^    ^    J  (a  +  fco?  +  co?*^)*  (4.ac  -  5*)  (o  +  5a?  +  cj?*)J ' 

/.vdo?  2  (2a  +  6a?) 

(a  +  6a?  +  ca?*)*  (4ac  -  5*)  (a  +  5a?  +  ca^)^  ' 


e'a? 


(34)  The  integral  fdw r^  can  be  split  into 

/da?e4-^  -7-^K 
•^  ll+a?      (i+a?)^]' 

and  as  the  second  term  within  the  brackets  is  the  differential 

d  1 

of  the  first,  it  is  equivalent  to  fdw  -—  e'. ;  and  therefore 

dw      1+0? 

jdx rr  =  .  ^—-^ 

^  (1+0?)'^         1+07 

(35)  In  the  same  way  we  shall  find 

■'       (1  +  a7)i  (1  -  ^p)l         \1-W 


(37)       /--^  =   r^^fll  =  log  (-^^-V 
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sio  OS 

(38)     jdw  tan^  =  /da? =  —  log  (cos  a?)  =  log  (sec  a?). 

cos  a? 

coso? 
{S9)     fdw  cot  0/  =  fdx  — —  =  loff  (sm  a?). 

siritV 


dtatiw 
(40)     Since    — -i —  =  (sec  wy , 

dw 

dw  -      (sec  a?) 


/dw            f,      (sec  a?)* 
=  [duo =  lo£r(tand?). 
sin  a;  cosa?               tana? 


(41)  Hence  also  as  sina?  =  Ssin^a?  cos^a?,  we  have 

/dx  (       a?\ 

-: —  =s  loff  I  tan  -    ,    and  as 
sma?         ^  V       2/ 

cosa?  =  sin  (^ir  —  (Xi)  =  sin  (^tt  +  a?), 

J  cos^  "^  °^  I  ^"  U  "^  ij  J  ' 

(42)  As     1  +  (tan  xf  =  (sec  a?)^, 

/da? (tan a?)^  =  /da?  {(seca?)^  -  i|  =  tana?  -  a?. 

(43)  As     (sina?)^  +  (cosa?)^  =  1, 

/da?  -      (sin  a?)^  +  (cos  a?)^ 

(sin  a?)*'*  (cosa?)^      "^    '     (sin.r)^  (cosa?)^ 

tan  a?  —  cot  <r  =  —  2  cot  2a?. 


=  {dcG  \ V  :>  = 

[(cosa?)^      (sina?)'^J 

(44)  /  — -=  -   /  ^    ^^,    '    =  -  tan  la?. 

J  a(l  +  cosa?)      a  J  (cos^a?)^      a        ^ 

/-    da?  sin  a?  1  ,       , 

(45)  / ; =  —  r  loff  (a  H-  o  cosa?). 

"^    ^      Ja  +  fecosa?  6     ^^  ^ 


da? 


, may  be  reduced  to  the  form 

a  +  o  cos  a? 

(c)  ;    for  as 
cos  a?  =  (cos  ^a?)-  -  (sin  la,)-^,   and  1  =  (cos  1  a?)^'  +  (sin  ia)^ 
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it  is  equivalent  to 

doB  ^  J  (sec  ^wY 


«» 


ji 


or 


/dOB 
(a+5)(cos^a;)*+(a-5)(sin^a7)^  ""•'    '  a+fe+(a-fc)(tan^a7) 

which  if  tan  ^w  =  %  takes  the  form 

r  dss 

J  a'\-h  '\-  {a  "b)  ss 
and  may  therefore  be  integrated  by  (c).      The  result  is 

r       dw  2  1  f /a  -  6\^        1    1 

/ ; =  7-« — 7971  tan-^  { tan  ^w) 

J  a-^-b  cosw      (a*  -  5'')*  [\a  +  bl  *    j 

1  ^^  fb  -\-  a  cos.v\ 

(a*  -  5*)i  Vo  +  6  cos  a?/  ' 

p      dx  1  r(6  +  a)i  +  tan^  (5  -  a)*  ai\ 

Ja  +  b  cos  a?  ""  (6'  -  a*)i  ^^  \(5  +  a)i  -  tan^  (6  -  a)^  w] ' 
according  as  a>  or  <5. 

/>.^x       r    ^•'^  2  /tan-|a?\      1  /l+2coscr\ 

(46)       / a  -.  tan-*    f-    =  -r  cos  *  . 

^2+cosa?     3*  V     32.     j      3i  \2+cos^/ 

(47)  /-i^ = i  log  riii^") . 

•/l+2cos^      3*     ^  V3^  -  tan -^W 

In  the  same  way  we  find 

r        dw  2  ,ratania?  +  6l     ,  . 

/  r^ — =  T-5 — 7s~itan"W    ^  ^  ^  ,^^ .    V  when  065 

,                 1         ,       fa  tan  io?  +  5  -  (5^  -  a^)^     ,  . 

and     =  —2 «--,  log  ^ f r — TTT— iaf  w'^^"  «<*• 

,     X      r        doo  o  ,  /5tan-itT?  +  4\ 

(48)     /  ; =  ttan-M ^ . 

.  -/   5  +  4sm^      ^  V  3  / 

,    \       f      ^^         „  1  1       /2  tan^a?  +  1\ 
.      ^    ^      A+  5sin^  ■"  :?  ^S  l^gl^^^T^j  • 

^^qx       /• dw ^    r_dwjsecwy_ 

J  a  (cos  ^)^  +  6  (sin  wy      J  a  -\-  b  (tan  a?) 


2 


1  ,f/6\^ 

tan" 


(«ft)^ 


1Q   tan.} 
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.    .      /•         dd7  1  ,  /tan  w\ 

^''^   il.f(cos^)«"i?*'"      l-iTJ'  ■ 

rdw  sin  w  (cos  wy      1     /•dar8ina7{l+a*(co8a7)*  — l} 
^^^^     7  1  +a»(cos^)»    "  ^7  l  +  a»(cosa7)* 

1    - ,     .  1    /*     (2<v  sin  <r 

=  — /dc»sina? ;/ r-p ~ 

a**'  a V  1  +  a*  (cos 0?)* 

coso?       1  ,  , 

= —  +  —  tan"   (a  cos  a?). 

,    ^       r      dw  r       dxcosw 

15S)      / r «   / ^—. 

J  a^h  tan  w      J  a  cos  ^  +  o  sin  a? 

Adding  and  subtracting  — — —  this  becomes 
h        rdw  (5  cos  a?  —  a  sin  ^)  a       - 

/  : +  jdw  9 

a?  j^b^  J      a  cos  a7  +  5sina?  a*  +  bi^^ 

and  therefore 

; =  — — —  \aw  +  6Io£r(acos^  +  h  Anai)\. 

a +6  tana?      a^  +  6*  *  ^^  ''^ 

r        dx  tan  w  r  doD  sin  a? 

^^^^     7  {a +  6  (tan 0?)*}^  "  -^  {a  (cosa?)^  +  5(sind7)»}^ 

/dwsmx  ^        1  -if/^"^^*  1 

{b-ib-  a)  (cos 0.)'} J  "  (5^r^ *^'"  1 1"~5~ J    "''7' 

By  means  of  the  formulae  for  expressing  the  products  of 
sines  and  cosines  of  angles,  in  terms  of  sums  and  differences 
of  sines  and  cosines  of  angles,  we  easily  find 

■         .  ,  (cos(w  +  n)<»    cos  (m  —  n^x] 

(55)  fdw  sinmx  cosntV=  -^l — ^^ ^— + >. 

^    ^     "^  "^y      m  +  n  m  —  n      j 

.,      .  .  .  {sm(m  +  n)af     An(m-n)x] 

(56)  fdof  smmof  sinnx  =  -^< v        >. 

^  "^  ^l      m  +  n  m-n      J 

.  T  {sin(m-^n)x    sinCm—n^w] 

(57)  \doDCosmxcosnw'=    ^< + — ^^ ^— >. 

^    ^     •'  "^y      m-\^n  m-n      J 

,    X       r,      .        .  •    «  1  f      «       cos4a?     cos6cvl 

(58)  jda;sina7sm2a;sin3<2?=:-^<cos2a?  + — \. 
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.^.      /.-                                   ,  f sin 6a?    sin 407    sinSd?      1 
(59)     JdafcosafcoB^wcosSaf  —  '^ — - —  + + +a?>. 

,^  .      -,  .         .  ,  f       sin2^    sin4^    sinGw] 

(oO)     /a^cosa7Sin2^8in3<r  =  4-<<r+ ^~"f- 

[  2  4  o    j 


Integration  by  Parts. 

Integration  by  parts  often  decomposes  a  function  into  an 
integrated  part  and  one  easily  integrated.  The  general  for- 
mula is 

f.         dv  -        du 

idw  U-r-  =  uv  -  Jd/vv . 

diV  ''         diV 

0)   /...."....(l-i). 

(2)  Jdx  logo?  =  w  (log^  —  1). 

(3)  fdw  wlogijo  =  -  (log^  -  \). 

(4)  jdww^logw  = (log^ 1  • 

(5)  fdw  sin'^w  =  d7sin~*iJ7  +  (l  -  a^)i. 

r     dw  o^sin^^j? 

/dw  w^iti'^w  ^  , 

-^^-^=4, -(!-.«)*  sin-.. 

(8)     /d«8in-'(^)    .(.  +  o)sm->(^)    -(«.)*. 

(9)  /d..sm-i(--)  --sxn->i(— )  HjJ-J^il^j 

^,        /2  a  —  ^\io*  a?       (c 

=  —  sm"M I    +  —  sin~^ (4a*-a?*)3. 

2  V      a      /         2  2a       8"^  ^ 
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.    y^     r        dw  1  ,  /tan  w\ 

rda^  sin  Of  (cos  wy      i     /•dar8ina7{l+a*(co8d7)*  — l} 
^^^^     •/   1  +a*(cosa?)«    "a«-/  l  +  a»(cosa7)* 

1    - ,     .  1    r     dof  sin  w 

«*•'  a  V  1  +  a*  (cos  0?)* 

cosa?       1  ,  , 

=s -—  +  —  tan"   (a  cos w). 

(53)       / r «    / — ; 

J  a  +  0  tan  w      J  a  cos  a:  +  b  sinof 

Adding  and  subtracting  -^ — —  this  becomes 

6        rdivQ) cos w  ^  asinai)  a       - , 

/ ^ : + Ida\ 

a^  +  b^  J       a  cos  0?  +  6  sin  <v  a*  +  bi^'' 

and  therefore 

=  — — —  \aw  +  &Io^(acosdr  +  &sinar)|. 

a+6tana?      o*  +  5*^  ^^  ^^ 

r        dx  tan  w  r  dcB  sin  ^ 

^^^^     7  {a  +  6(tana?)*}^  "  -/  {a(cosa?y  +  5(sind7)«}i 

/d^sin«r  1  -lf/^"'®^*  I 

By  means  of  the  formulae  for  expressing  the  products  of 
sines  and  cosines  of  angles,  in  terms  of  sums  and  differences 
of  sines  and  cosines  of  angles,  we  easily  find 

•         .  ,  {cos(m  +  n)x    cos (m^n)ai\ 

(55^     Ida;  smma;  cosntV=  -i< — ^^ ^—  + ^>. 

^    ^     "^  "^y      m  +  n  m-^n      j 

.,     .  .  .  {sin{m-\-n)off     sin(m-n)/v] 

(56)  fdof  siumof  sinnw  =  --kl ^ >. 

^    '     J  -^  [      m  +  n  m-n      J 

,  (sin(m'^n)a}    sin(m~n)«rl 

(57)  /d.t?cosm«»coswa?=     ^< + -i— >. 

^    ^     J  ^[      m-\-n  m-n      J 

{cos4*cr     cos  6 1/1 
cos2a?  + ^  I  • 
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.    ^      r,                                  1  (sinGw    einifW    sm2w      1 
{59)     Jdwcosafco»2wcos3af=^^ — ^—  + + +ar>. 

ri:^\      n              •   «     •    «        if       ^"2^     sin  4a?     sinGw] 
(oO)     JaafcosafSin2wsm3af='^<af+ — >. 


Integration  by  Parts. 

Integration  by  parts  often  decomposes  a  function  into  an 
integrated  part  and  one  easily  integrated.  The  general  for- 
mula is 

fdaf  u-rr  =  '^^  - /o/rtj— -  . 
■^  die  dw 

(1)  /do^  *e"  -  e"  (^  -  ^)  . 

(2)  fdw  logo?  =  w  (log  07  —  1). 

(3)  fdw  w\ogx  =  -  (logo?  -  \). 

z 

af+*  /  1    \ 

(4)  fdw  w^logw  « (log/p I  . 

(5)  fdw sin'^w  =  ^8in"'a7  +  (l  -  ^i. 

(9)  /d,«am-i(_-)  .-sm-.i(--)  ^jj-j^z^j 

^,        /2o  —  «r\io*  a?       a? 

=  —  sin"M I    +  — sin~^ (4o*-a?*)9. 

2  V     «     /         2  2a      8"^  ^ 
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(10)     fdw  tan~*a?  =  w  tan"^<!i?  --  log  (l  +  a^)i. 

/doG  w" 
tan"\r  =  (a?  --  i  tan"'a?)  tan~^a?-  log  (l  +  a^p. 
1   -|-  iff 

By  two  integrations  by  parts  we  find 

/-egg?  6^^°"'"    _      6^^"'^(a  +  a?) 
^^^^     J    (l+^p^)t      ""   (1  +  a«)  (1  +  ai')^ ' 

^^^^     7     (1 +07^)1       "    (l+a«)(l+a?*)i' 

Also  by  a  double  integration  by  parts  we  obtain 

,    V      r»      «x                   „_  («  cos  w^  +  Tisin  wzp) 
(14)     fdoj  e'  cos  WcV  =  e" ^ 


a'*  +  n^ 


(^^\      C^n.  «'«in^^       <^'  ^^  ^^"  na?  -  yi  cos  nw) 

\\o)     Jaw  €     sm  Wtj?  =  e ^ . 

a  +  ?i 

On  comparing  these  expressions  with  the  formulae  in 
Ex.  (10)  of  Chap.  II.  Sec.  1,  of  the  DifF.  Cal.  it  will  be  seen 
that  they  may  be  deduced  from  the  latter  by  making  r=  —  1. 

Rational  Fractions. 

If  —  be  a   rational  fraction,  in    which  the  numerator  is 

of  lower  dimensions  than  the  denominator,  it  may  always  be 
decomposed  into  a  sum  of  simpler  fractions  differing  according 
to  the  form  of   V, 

V  may  consist  of  factors  of  the  forms 

I.         0?  —  a,  II.       (a?  —  a)", 

III.     /v^  +  ax  -{-  b^  IV.      {ai^  +  aw  +  by. 

I.     To   every   factor    of   the  form  a?  -  a   corresponds   a 

M 

partial  fraction  of  the  form ,   where 

*  ,v  —  a 

M  =  --—  when  ,v  =  a. 
dV 

da? 
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II.  To  every  factor  of  the  form   {w  —  ay  corresponds 
a  series  of  partial  fractions  of  the  form 

(a; -ay      (jv  -  ay  ^  a;  -  a 

Any  one  of  the  coefficients  as  Mp  is  given  by  the  equation 

Mj.  =  ( -r- I    l-TT  1    when  of  =  a. 

^      1.2  ...p  \dw)    \qI  ' 

where    Q  = . 

(a?  -  ay 

III.  To  every  factor  of  the  form   of"'  +  aiv  +  b    corre- 

sponds  a  fraction  — .     To  determine  the  constants 

ar  '\-  aw  +  h 

M  and  iST,  the  expression 

dV 
(2d?  +  a)  -  {^Mao  +  JV)  —-  =  0 

dec 

is  reduced  by   successive  substitutions  of   —  (a.t?  +  h)  for  ,r^ 
to  the  form 

^^  +  5  =  0, 

and  from  the  conditions  ^  =  0,  5  =  0,  M  and  N  are  found. 

IV.  To   every   factor   of   the  form   (*■*  +  aa?  +  by  cor- 
responds a  series  of  fractions  of  the  form 

+  -7—^ TT — ,    +    &c. 


(a?*  +  aof  +  6)*      {a;^  +  aw  +  6)"""^  a/^  +  aw  +  b 

To  determine  M  and  N  let  F=  Q  (^  +  ad?  +  6)";  then 
if  by  the  successive  substitutions  of  -  (aw  +  b)  for  w^  the 
equation 

C7  -  (Mw  +  JNO  Q  =  0 

be  reduced  to  the  form 

Aw  +  B  ^  Oj 

the  equations  A  =  0^  5  =  0  are  conditions  for  finding  M  and 
JNT.     If  now  we  put 

U-(Mw-^N)Q      ^^ 

— I^ i =  ^1' 

or  4-  ad?  +  6 
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where  U^  is  necessarily  an   integral  function,  \we  can,  from 
the  equation 

U,  -  (M,a;  +  JSTi)  Q  =  0, 
determine  J/,  and   Ni  as  before,   and   so  in  succession   for 
all  the  other  partial  fractions. 

The  fraction  having  been  thus,  by  one  or  other  of  these 
methods,  decomposed  into  a  sum  of  simpler  fractions,  each 
of  them  may  be  integrated  separately  by  known  processes, 
and  so  the  whole  integral  is  found. 

If  the  partial  fraction  be  of  the  form  ,  we  have 


SB  "  a 


M 


dw 


=s  M  log  (a?  -  a)  =  log  (w  -  a)    - 

w  ^  a 

M 
If  the  partial  fraction  be  of  the  form  -, r- »  we  have 

^,  r     duo  M  1 

If  the  partial  fraction  be  of  the  form ^- — ;- ,  we 

have 

If  the  partial  fraction   be  of  the  form  77 — — 75-5-;  > 

r  dx  (Mw  +  N)    _       M       1 

J  {(^-ay  +  jS^I'  "  2(r-l)    \{w  -  af  +  ^'Y'' 

dx 


+  iMa+N)f^^—^^-^^ 


The  expression  for  the  last  integral  will  be  found  in  the 
following  chapter  on  formulae  of  reduction. 

(1)     Let       -  = 


In  this  case  the  factors  of  T  are  cr,  a?  -  1,  a?  +  2,  and  as 

—  =5  3ar  -^  207  -  2, 
dx 
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S 

the  coefficient    corresponding    to    of  is      —  - , 


iT  —  1  is 


<v  +  2  is 


2 

5 

3' 

1 

6' 


U      5       I  11  3    1 

Hence       -—  = , 

V      3/r-l       6^7  +  2       2   w 

.        r(2af  +  S)  do?       ,         (a?  -  1)5 
and       /  -^ —^ =  loff  -^— ^ . 

J  ,v^  +07^-2^  ^  a?t  (a?  +  2)* 

XXX  /7  a?  -   1  - 

<2)     Let       -  =  -^-— -,     then 

V      or  -^  6w  +  8 

r{ai  -  \)dw  (a?  +  4)* 

^07*^  + 6a? +8"   °^  (ci?  +  2)t ' 

/•(a?*  -  07  +  2)  do?  j (a?  +  l)^(cr  -  2)1* 

J     /i?*-5<»'^  +  4      ""   °^l(d?-l)(a?  +  2)^j 

(4)     Let  the  fraction  be  of  the  form 


^^ 


(,a7-Oi)(d?-a2)...(ti7-a„) ' 
where     r  <n\    then 

/a7''d/r  a/ log  (tT  —  Oi) 

(07  -  Oi)  (07  -  a^)...{af  -  a„)       (o,  -  ffg)  C^i  -  «3)...(ai  -  ««) 
^  g/  log  (07-08)  ^  <  log  (o7  -  a„) 

(a2-«i)(a2-«3)-..(«2-On)     *"     («n-«i)(««-«2)---(a»-««-i) ' 

(5)     Let       --  = . 

^   ^  V         07^-07*  -07+1 

I 

Here  the  denominator  contains  two  equal  factors  (o?  -  1  )\ 
and  the  partial  fractions  arising  from  these  equal  roots  are 

4       ^       -J-J_ 
17 
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and  the  fraction  corresponding  to  the  other  factor  (a?  +  l)  is 


(6)      If       -:  = 


F  w'  +  Sai^  +  ^a/' 


The  roots  of  the  denominator  are  —2,-1  and  two  equal 
to  0. 

Therefore    fdof  — '—r — -=  log  \w(w+l){ )  J-  - . 


V      ar^+  5a?*  +  807  +  4' 

/•          a?*d^r                    *         1      /  X 

/-- = +  loff  (po  4-  1). 

(8)     Let  -  =  ^„  ^^  _  ^^„ .     ^  being  even  ; 

^  -  1  ^  j    ^         _J__1 

T  ""  a?»  "^  (1  -  el?)"  "^  ^  l^^^  "*■  (1  -a?)»-'j 

n  (Ti  +  1)  f    1 

+  ■ 


{^'^  -^  jrhrk  "■  ^'* 


1  .2 

w(w  +  1)  ...  2(w  -  1)  fl  1      1 

1  .2...(w  -  1)  \x       1  -  a?j  * 

Therefore, 

1  .2...  (?i-  1)  ^  Vl  -  ^/ 

Murphy,   Camb,    Transactions^  Vol.  vi. 
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U  a^ 

(9)  Let   -  =  - — -— —  . 

The  factors  of  Fare  4?  +  1,  4?  -  1,  and  ^*  +  2,     Hence 

(10)  ^    y^  a?*  +  8^  +  2  ' 


/•      ^da?  f   a?*  +  2   1 


U              a?* 
(n)     Let  -  =  3 — -5 -; 

F      ar^  +  or  +  a^  +  l 


/^.^■H..Hr^'-g^<---^^)^^^^>*^  -**«""*• 


(12)     Let   - 


Mi^>i*>a^k> 


F      (a;  -  1)»  (a^  +  1) ' 


/I 


S^  +  ^»-2)cl^      8  a?*  +  1 


—  -  log  — — - — —  —  tan  ~ '  (ff 


•MkHiMHla  

k2 


(a?-i)^(/i^  +  i)    4  ''(a?-iy 

11  5      1 


2  (a?  -  1)*       2  a?  -  1 

<18)      Let  -  =  -r ;  then 

dw  _   1  1^^  (^  -  *  +  3)  (4?  +  1)"      2. 

1^  SO! 

IS  2a?-  1 
tan-^ 


-  -  - 


4511*  lli 


(14)     Let  —  = — . 

^  F      a;*  +  d?*+2A?'+2a;^4-4?+l 

Here  there  are  in  the  denominator  two  equal  quadratic  fac- 
tors (^  +  1)  ;   the  fractions  arising  from  them  are 

1     J?  -  1  1  0?-  1 


2  (a?«  + 1)^    4  a?«  +  r 

17—2 
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Hence 


/dw                         1  a?  +  1       1 ,       , 
— +— tan~*^ 


1,         ^  +  1 


,    .      _       U             a;*  +  So?  -  2  . 

(15)     Let    „  = —- ;  then 

-  {5(v  -  7)  2  25     _j  2j?  -  1 


r  tan 


3  (a?*  -  a?  +  1)      0?  -  1       3*  3* 


-.log — . 

cV  —  1 

^.       r  dx         1,  Ct?+  l)  1  ,  /2a7-l\ 

16)      / =  -log-r~ -^.  +  -rtan-^     v  -      . 

^     ^  1  +  0?^      3    ^  (a?*  -  a?  +  l)i      3I  V    3J     / 

^'^^     Jwia^-har")  ^  3^  ^°^  U  +  bap)  * 

n        dx  1  1  /a  +  6a?'\ 

^^^      J7{a  +  ha^y  "  3a(a  +  6.a?3)  "  3^^  ^^  V~^      j  " 

r  doc         1         /l  +  2^ci?  +  a?^        1  ,  /  2^a?  \ 

r       dx  1  (a  +  hw^ 

^      J^(a  +  hx^)  "  "  4a    ^^  V     x" 

r    dx  1.         1+Xfl+X  +  X^\^ 


tan'^tV. 


3^, 


1  ,  /   35a?  \ 

2  .  3'-'  Vl  -  d?V 
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^  a®  +  0?^      ^€?  \aj 


w^do)       1  ,       /I  +  a^^ 


r^a\       M  da;       1,       /l+^\ 


Integrals  of  the  form  fd/v  0D'^(a  +  6a?")«  can  be  rationalized, 
when    is  an  integer,  by  assuming  a  +  6^7*  =  »^,  and, 

971  -f*  1         O 

when  +  -  is  an  integer,  by  assuming  a  +  60?"  =  a?*ijf'. 

7 i— Ti  =  -7i  («  +6^)^  (6^  -  2a). 

(a +  6^)1      36*^ 


(2 


(S 


(4 


(5 


(6; 


(7 


(8 


(9 


/   ;; rj  =  2(<2?  -  l)U^^ ^  +  -  (a?  -  1)*  +  ^}  . 

r        dw  1  f  (a  +  bai)i  -  o*! 

J  aj{a  -^-hx)^      a^        ((a  +  6a?)i  +  aij  * 

r        dw  2         «i/^^-«\*       2        _i/«\* 

J  w^bw-  a)i      al  \     a     )        ai  \bwl 


r      dw  w  9.  l^a  -\-bx\ 

J  {a  +  fea?)t  "  ^l(o  +  fej?)M  • 

/d^a;(a  +  6^)1 ^^— ^  (^— ^  -  -J  . 

r    dw  {j^  2   3  (a  +  6^)*  ^Qa{a^-  bw)  -  o* 

J  {a  -^  bw 


)«      3fe'  (a  4-  6*1?)^ 
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Hence 


f ? 


dw 


+  2a^  +  a?+l       4a?^  +  l 


1  a?+  1        1 


1,        ^+1 


(15)      Let    __  = 


V      (0^2  -  a?  +  1)«  {x  -  1) 


;  then 


3  (a?^  -  a?  +  1)      0?  -  1       3* 


2          25  ,  2a?  -  1 
rtan-^- 


-log 


(o?^  -  a?  +  l)i 


«r- 1 
2a? -1 


r  dx         1,  Ct?+l)  1  /2a? -1\ 

^     ^  1  +  cV^      3     ^  (a?^  -  a?  +  l)i      3i  V    3*     / 

r        da?  _^i/^'\ 

^^^     7a?  (a  4-  fea?')  ~"sa  ^^  \a  +  6a?^j  * 

r        dw         ^         1  b  /a  +  ba^\ 

^^^     Jw'ia^ba^)"  "3^'*"5^  °^V"""^~/  ' 

r        dx  1  1  /a  +  6a?'\ 

^^^      Jx(a  +  ba^y  "  37(a"+~6^  "  3^  °^  V~S^      J  ' 

/•  del?     ^  J_         /!  + 2^.17  + a?^\        1  /   2^a?  \ 

^^^      JTT^^  2"5  ^^  U-2^a?  +  a?V  "*"  2^  ^^"      Vl  -  x")  ' 


21 


/da? 


23)       f 


24) 


dx  1  /a  +  fea?'*' 

a?  (a  +  6a?*)  "  "  4a    ^^  V     ^* 

/*  da?         1  1  +  .2?  /I  +  a?  +  a7^\^ 

J  1  -a?«  ""  6   ^^  1  -a?  Vl  -  a?  +  a?V 

1 
H-  — 1  tan 

o     fit 


-1 


si 
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00^  dx 


(25)         -, -,  =   -jtan-*     -      . 


a?"  dx       1  ,       /I  +  /p^' 


('^  r~."-M^- 


Rationalixation. 

Integrals  of  the  form  fdx  x^{a  +  6<i?*)«  can  be  rationalized, 
when    is  an  integer,  by  assuming  a  +  ha!^  =  »^,  and, 

Tift  "hi         1)    . 

when  +  -  is  an  integer,  by  assuming  a  +  6i»*  =  /p*jjf'. 

7^  ^ 


(1 


(2 


(3 


(4 


(5 


(6 


(7 


(8 


(9 


7 r-\i  *=  ^Ti  (^  +hx)t  {hx  -  2a). 

{a  +  fe^)i      36*  ^ 

Jx(a  +  bx)^      ai        \(a  +  fea?)i  +  aij  * 

r        dw  2         .i/^'^'-oX*       2        _i/«\* 

J^af(bx-'  a)i      ai  \     a     )        ai  \ba) 

/TTT a  =  («=«?-i)M T-    +-COS-M-    . 


7  (a  +  fea?)t  "  6^\(a  +  6j?)M  ' 

-                       .      2(a  +  6a?)*  /a  +  6a?      a\ 
fdww(a  +  fea?)t  = — ^'  1^— ;^ -J  . 

r    dx  ai^  2    3  (a  +  fea?)*  -f-  6a  (a  +  6^)  -  a* 

J  (a-^  bx)i  "  Sb^  (a  +  bx)^ 
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00)      /•-^.  =  ^(a+5.)l(^+A-.?). 
(12)     fdaw{a  +  J?)i  =  ^--^ i-  I j  . 


(IS)     /da?  a;*  (a  -f  a?)i  =  3  (a  +  a?)*  | 


(a  +  ^y      da(a  +  a?)* 
14  11 

8  5| 


da7  jt'  6a?*  -  2a 


(14)      /--^fZ- =  ".fJL^  («  +  6^)i. 


dor  2j?  -  1 


^   _^       f    dxa^         ^  ,vi  f^      5a?'      5.S.J?! 


/     \       /•     at 


dtP  07^  2a  +  fea?* 


dw  X' 


6a?»)f      fe«  (a  +  bx»)h  * 

0?  (0?^  -  3)       3  .      , 


^^^^      J  (l^r^f  "  ~  2  (1  -  0?*)^  ~  2 

r  do?  (a  +  2fea?^) 

^^^^     J  a?«  (a  +  6a?«)t  ^  "  a-a?  (a  +  bx")^ ' 

r      dx       ^  a?(2a?'-f  3) 
^^^^     7  (1  +  ar^)5  ~  3  (1  +  ^)t  • 

^^^^     i  (o+T^  ^  3a  («  +  ha^)^  ' 

If  an  integral  be  a  function  of  several  fractional  powers 
of  A',  it  may  be  rationalized  by  assuming  a?  =  ijf%  r  being 
equal  to  the  product  of  the  denominators  of  the  indices. 


INTBORATION    OF    FUNCTIONS    OF   ONB    VAIUABIJB.  868 

by  assuming  w  «  x"".     This  is  equivalent  to 

{75911  % 

(Xf^        (JS^        (£i        Sffk        offi  I  I    I 

7       5       4       3        2  ^^  j 

I  11  a  jr  1  I 

(23)  fdw- .  =  _+-----  +  -. 

14.^11         8         7         *        3 

If,       /a?i- 2sarn  +  i\                      28/r«l 
+  ;i  I  ^""^      >     .>    >      ,  U  2  tan  - » \ . 

When  the  integral  involves  also  fractional  powers  of 
binomials,  such  as  a  +  hx,  it  can  be  rationalized  by  assuming 
a  +  fe.»  =  jj?',  r  being  the  product  of  the  denominators  of  the 
indices.  If  the  binomials  be  of  the  form  a  +  6^9  they 
may  be  reduced  to  the  preceding  form  by  assuming  w*  =y. 

(24)  Let  the  integral  be /^^--f5^^j. 

Assume  (1  +  a?)~i  =  Xy  then 
/•  dx  ^  r    dz  1  t9^%  +  1\ 

•/  (1  -  0?)  (1  +  ai)h  "^  ""^  J2«*-  1  ""2*  °^  \2*«  -  1/ 

_  J_         fg^  +  (1  +  ay)^l 

; — -j  =  2  tan-'  (1  +  ai)l. 

r  dw  1,      fl -d?  -  2^(1  +  a?^)J| 

('^>  /(I  w)(i  -0^)^  °  ai  ^°  {(r--^4  ''"^  It;:^)  • 

r  d.v  1  ,      f  (1  +  a^)i  +  Zix\ 

^''>     /(l-y)(l+..')rii^°g{      (1-^')^      )• 
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(30)      /t jt:;^ r-Tjr,  =  sm"  07   r    ,ae>6c 

^  (c  +  ear)  (a  +  6.ir)i  \ac  +  acor/ 

1  ,      c  (a  +  fea?*)i  +  J?  (fee*  -  ace)^ 

log ^ -— T ,  ae<6e 


(6c*  -  ace)^  (c  +  ea?*)i 

A' 


if  ae  =  fee. 


e  (a  +  ha^)^ 

(Si\      f        ^^  ^  (« -h  feaT*)'^  ~  o^ 

^    ^     Jwia-^haf)^      na^     ^         (fea7»)i 

^^^^     /(a-fe.r^-)^'^'^""  \(i)    ^"j- 

If  the  function  to  be  integrated  involve  (a  +  6a?  ±  ca)*)J 
it  may  be  reduced  to  the  preceding  forms,  as 

^^^^     7  (1  +  0?)  (f^o?  -  .r^)^  ■"  ^^"      12  (1  +  cr  -  ^^)ij  ' 

(''>    /(TT^ 0"--7l-^  =  ^°n VT7v }• 

Various  functions  can  be  rationalized  by  assumptions  for 
which  no  general  rule  can  be  given :  familiarity  with  the 
transformations  to  which  different  substitutions  lead  is  the 
best  way  of  acquiring  a  knowledge  of  the  most  convenient 
assumption  in  particular  cases. 


m 


5^  +  (l   ^-  07^)H» 

(S6)      Let   the    integral    be    Jdx  ^—   -^ — TaxiT       '      % 

y\  +  0rj2 

assuming  o?  +  (l  4-  (x^)^  =  ^"j   the  transformed  integral  becomes 


n  n  *" 


n  fdz  z"'-'  =  -  ^'"  =  -  {.r  +  (1  +  w')H\ 
^  mm  ' 
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(37)     If  du  =  - — ^^ — r— r^ — 1 ,  we  have  by  assuming 

^    ^  (1  -  0?*)  (1  +  a?*)i  -^  ^ 


«  = 


1  -  a?' 


/•     (1  +  0?*)  do?  1      r     dx 


(38)     If  dw  =   -—^ — ^z-z TTT ,  we  find  by  assuming 

^    ^  (1  +  a^)  (1  +  w*p  ^  ^ 

2^a 


X  = 


•/(l+^)(l+^*)i      2i  Vl  +  W' 

/XT/..         ^^(1  +^*)^  2ia? 

{S9)     If  ot^  = — ,  assume  x  = 


1  -  0?*       '  (1  4-  a?*)i ' 

1  -4-  ZD*  1    —  Jt^ 

therefore    (1  +  «*)i  = ttt  ?  and  (l  -  x^)i  = -j ; 

^  ^       (1  +  a?*)i '  "^  (1  +  a?*)i 

dx  \         dx 

and 


(1  +  a?*)i      2i  (1  -  ijr*)i  *  , 

Dividing  both  sides  of  this  equation  by 

1  -  a?* 

7— -J  =  (»  -  ^  *. 

1  +  «r* 

we  have 

/•  d<i?  (l  +  a?*)i       1    r  dx     ^   I   I  r  dx  r  dx    \ 

J        1  -ci?*       ""  ii/l  -5?*""  i*  UiT^"*"  J  l~^xV 

1  ,      f (1  +  a?*)4  +  2*^1        1     .         /  2^^  \ 

=  ii  ^°« {      1-^-      I  +  if  ^'"     iTT^j- 

(40)     fiy  the  same  assumption  we  find  that 
r        dx  af^  ^~\       f(l+«^*)*-f-2i'»)       J^    .      ,  /  2i<!r  \ 
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dw 

(41)  If  du  = xr-7 — s Ti  >  assume 

x  ^  X  {%a^  -  l)i,  when  it  becomes 

dx 

du  =  -; ;   and  therefore 

«*  -  1 

f(2^  -  l)i  -  a?l       ,  a? 

dx 

(42)  If    dt^  =  7 — Y7 in jTi  >    we    find    by 

^     ^  (1  +07*)  {(1 +^)* -^}* 

assuming  a?  «=  jj?  {(l  +  «)i  -  ^}i, 

(43)  In  Kke  manner  by  assuming  d?«=JBf  J(l4-^)*— a?*}i, 
we  find 

/d(D                               ,               w 
a-  tan  ■*  ^ 
(1  +  a^)  {(1  +  a^)4-  0^}^                 {(1  +  afi)^  -  ^}*  ■ 

These  transformations  are  taken  from  Euler,  Calc.  Diff. 
Vol.  IV.  Sup.  I. 


CHAPTER  II. 


INTEGRATION    BY    SUOCBSSIYB    REDUCTION. 


The  method  of  integration  by  successive  reduction  is 
applicable  to  a  great  number  of  functions,  and  is  the  process 
which  in  practice  is  generally  the  most  convenient.  I  shall 
here  give  only  the  principal  formulae  of  reduction  with  a  few 
examples  of  each,  taken  chiefly  from  those  integrals  which 
more  commonly  occur  in  analysis.  The  reader  who  wishes 
for  more  numerous  examples  of  the  formulae  is  referred  to 
ihe  Integral  Tables  compiled  by  Meyer  Hirsch,  from  which 
work  a  great  number  of  the  examples  in  this  and  the  pre- 
ceding chapter  have  been  taken. 

Ex.  (l)     Let  the  function  to  be  integrated  be 


a?» 


The  formula  of  reduction  is 

J  {a?  -  ^)*  n  n         J  {a^  ^  «*)i ' 

By  this  the  integral  is  reduced  to 

— —r  =  sin  ~    -   when  n  is  even, 

(a*  -arp  a 

and  to      /V-^ TTi  =  -  (a^  -  ^)i  when  n  is  odd. 

J  (a*  -  arp 

Let  n  =  3  ; 

^ [jxr  -f  2a*). 


r     arc 


Let  w  «  6  ; 


roi^dw  ,  ^      vxi/^      5a^cP^       b,^a^x\         5.3     .  .     .of 

J{a^-a,^p  \6         6.4  6.4.2  /       6.4.2  a 
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(2)      Let  the  function  be 


The  formula  of  reduction  is 
r     oT dx  0?""^  (2aa?  —  <J7*)^      2n  —  1      r    af^~^dw 

By  means  of  this  the  integral  is  made  to  depend  on 


h 


dw  ,  w 


=  vers"^  -. 


Let  w  =  2  ; 


vers  ~  ^  -  . 


J(2aa?-a7«)J  ^  M2^    2/^    2  a 

Let  n  «  5  ; 

J(2ax-ai^P  ^    \5       5.4  5.4.3 


9.7.5       ,  9. 7. 5.3        A       9-7.5.3  .of 

+  a^x  +   a*  I  + vers"*  -  . 

5.4.3.2  5.4.3.2.1        /        5.4.3.2  a 


(3)      Let  the  function  be  -— ^—  . 

The  formula  of  reduction  is 
/*      dw  1  w  2n  —  3    1     r        dw 

By  this  the  integral  is  reduced  to 

r     dw  1  ,  X 

/  -2 ^=  -  ^an-^  -. 

J    a^  +  or      a  a 

Let  w  =  4 ; 

/•      d^  1  «r  5  a? 

J  (a^  +  ary  "  6  a^  (^^  +  a^y  "*"  gT^  a*  {a?  +  0?^)^ 

5.3               0?                   5.3      1  .  w 

4- 1-  —  tan  "  *  - . 

6 .  4  .  2  a*  (a^  +  0?")       6  . 4  . 2  a^  a 


(4)      Let  the  function  be 


of" 


,2\m 


(a^  +  a?'-^) 
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The  formula  of  reduction  is 

Let  w  =  2,  w  «=  3  ; 

r    ai^da                    so                         x                    \      \  m 

I ^  .1. j_  —______——_  j_ tan  ~    — 

J  (a^  +  wy         4^ia^  +  af'y      4.2a*'(aVa^)      4.2  a»  a' 

Let  n  =  4,  m  B  2  ; 

(5)      Let  the  function  be  (a^-o?^)^,  n  being  odd; 

/(a«  -  af^ydof  =  -^^ ^  +  — ^/(«'  -  ^')  '   d^. 

•'^  "^  w  +  1  w  +  1"'^  ^ 

Let     w  =  1 ; 

•'^  2  2a 

Let     n  =  5  ; 


/(a^  -  aP)idx  =  — ^ — - — -  +  ^ —  or 00  {a^  -  d?^)t 

^•^        4       /2  2\J  ^'^         «•        1^ 

6.4.2         ^  ^        6.4.2  a 

(6)     Let  the  function  be  -;^^^_^; 

/•       do?  1      (a?*  -  l)i      w  -  2    /•         dof 

J^Or^- l)i  "^  w  -  1      a?»-*      "^  w  -  1  Ja?"-2(,r2-.i)r 

By  this  means  the  integral  is  reduced  to 

f—r-o ri  =  sec~^^  when  n  is  odd, 

J  ooyar  "  Ip 

/dx             (od^  —  l)^ 
-k-— ^ TT  = when  n  is  even. 
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Let     «  =  S  ; 


dof  (ar^  -  l)i 


Let    n  =  4 ; 


^a? 


da?  (j?»  -  l)i       2  (a?2  -  l)i 


*(a?2-l)^  Sa?»  3       ^ 


(7)     If  the  function  be  -— -— r  the  formula  of  re- 

a?  (1  +  ^)» 

duction  is  the  same,  excepting  that  both  terms  are  negative. 

The  final  integrals  to  which  it  is  reduced  are 

/— ; r-T  =  loff  \ >  when  n  is  odd. 


p       dai  (1  +  a^)^ 


and    / -r-^ — ,  = when  n  is  even. 


Let     n  =  6  ; 
dx  1(1+  «J?*)^         4(1+  a?2)^       4 . 2  (1  +  a?')i 


a? 


(8)      Let  the  function  be 


ixT 


{a  -I-  hx)^ ' 

/•   a?™da7         2a7*"(a  +  6a?)^  27W      a    r^  x"^'^  dx 

J  (a  +  bx)^         (2m  +1)6         2m  +  1  6  •/  (a  +  6.2?)^  * 

Let     m  =  3  ; 
r    a^dx         fxr^       6   ax^       6.4   a^x     6.4.2  a^\ 

J  (a  Tfe^)^  [Tb'TTs'^'^  tJTs  '¥  ~  TJ7s  b*)  2(«+*^)*- 

Let     m  =  4,      6=1; 

8.6.4 


r    ^'^^  n/  NiK  ^  «5  8.6 

/ -7  =  2(a  +  a?)2< aar  + a-ar  - 

J(o  +  cr)^        "^  ^  l9       9.7  9.7.5 


a^x 


+ 
9 


9.7.5.3 

8.6.4  1 

2o*}. 

.7.5.3         I 
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(9)  Let  the  function  be  -r-r 7— ri; 

^  ^  a?  (a  +  bwp 

r       da  1        (a  +  fe^)J      b  Qn-'S  r       dw 

Jaf*(a'^  ba^i"     (n-l)a     jt""*         2a  n-1  ^^"*(a+6a?)i' 

By  means  of  this  the  integral  is  reduced  to 

/dw  I         (a  +  6a?)i-  ai 

a(a  -¥  baf)i  ~  aJ        (a  +  baf)i  +  a^ ' 

Let       n  s  3 ; 

/•        dar  /        1  S6  \  ,        .    vi     3  6*   /-       d.r 

/ T  as  I H 1  (a  +  6^7)2  H / 1  . 

(10)  Let  the  function  be 


(a  +  6^)i ' 

/af^dx        3a?*(a  +  6a?)^  Sn     a   raj^'^dw 

(a  +  6d?)*        (SnH-2)fe         Sn  +  2  6«/(a  +  fe^)i* 


If         w  =  1 ; 


/wdof           3  (a  +  6^)t  /  a\ 

(a  +  fe^)i  "         56«         V  ^  "  2  j  * 

If         n  =  2  ; 

r  af^dof          3  (a  +  6a?)*  f(a  +  6a?)*  2     ,       ,   ^      aH 


(11)     Let  the  function  be 


(a^  +  a?*)2 
do?  1  0?  71  —  3       /•        diV 


/dW  1  07  7/  —  3        /•         c 

/  -  .  ^\l  ~  (w  -  2)  a*  .  2  .   -2\|-^      (n-2)a*  J  ^  o 
(a-  +  ar)«      ^  '      (a^  +  ary  ^       ^         (a«  .j. 


5-1 


If  w  =  5  ; 

d<a7 


r      dx  /I  2\  07 

•^  (a*  +  a7*)i "  W  +  a?*  ■*■  av^i^^r^^Tjr^^  ■ 


If         n  =  7 ; 


/>         dw  ^  I  1  4  1   1  07 

i  (a«+a7«)5  "  W  +  ^0'  "*"  3a«(«'  +  a7«)  "^  S^j  5a' (a*  +  07^)r 
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(12)  Let  the  function  be ; s-r; 

^    ^  (a  +  6a?  -h  c/ify 

(a+b,v+car^)i  nc  n     eJ  {a'\-h(ie-\-cx^^ 

2w      c  ^  (a  +  fea?  +  caP)^  ' 
By  this  the  integral  is  made  to  depend  on 

r  dx  A     r         ^^^ 

J  {a  +  b/v  -^  cai^i '  J  {a  -^-bx  +  caf^)^  * 

If       «  =  2,  a  =  fc«c=l; 

f     a^dw  2a?-3 ,  ovi      1,       c  ^  «  i> 

i(l-Har+^)i  =  -^(l+^+.t^)i  -  -log  {2^+1  -hgO+^+^i}  . 

If       w  =  3,     a=l,       6  =  c  =  -l; 
r      a?5dc»  (]-a?-^2)i        ,  X     17  .      ,2a?+l 

(13)  Let  the  function  be    e^'a?"; 


•^  a  a  -^ 

If     w  =  4  ; 

r  a*    d  J  a*  f*^*       4.a?3        4.3.a?^        4.3.2a?       4.3.2.1) 

la        a^  a^  o*  a*       j 

If       n  =  5,     a  =  -  1 ; 

fe"'  a^d.v^  -  6"'(a75  +  5a?^+20a?^  +  (50^+  I20a?  +  120). 

(14)     Let  the  function  be  — ^ . 
The  formula  of  reduction  is 

nx  J  ^  ax  ^  ax 

x^      "  ~  (n  -  1)  0?'*-'  "^  w  -  1  Jx^'    ^" 
by  means  of  which  the  integral  is  reduced  to 

/e^^dx  a^x^         a^x^ 
=  log  <r  +  ax  +  — -  +  J-  &c. 
X              ^                    1.2^       1.2.32 
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If      «  =  3,       O  =  1  ; 

(15)  Let  the  function  be     a?" (log a?)"; 

/ar  (log  xydie  =  '^*   0°g^)' ^  Cg^  (log  „).  - 1  ^^ 

m  +  1  -  w  4-  1 

If     m  =  3,     n  =  2  ; 

/^(logcv)«d<i?  =  J  l(log^)'-ilog^+i|. 

If    m  =  1,     w  =  3  ; 

it^  f  3  S  3 ) 

/i?(loga^)«da?  -  -j(log^)'  -  -  (logo?)'  4-  -  (log/p)  -  ~|. 

(16)  Let  the  function  be  (sin  a?)*  (cos  a?)". 

We  may  use  any  of  the  following  formulae  of  reduction : 
/d.t7  (sin  ^)**(cosa?)' 


ki 


(8maf)'"'*'Vcosa?)"~        »-l  r.    ^.      V  ^o,        V    «     XV 

«  ^ ' ^^ —  +  idw  (sm  j?)'"+«(co8a?)«-«...(l) 

m  +  1  111  + 1 

/d^  (sin  a?)"  (cos  xf 

(sina?)*""Yco8^)""'"*     m-l  -,    ,  .     ,     ,,        ,  ^-,     ,  ^ 
«--^^ ' ^ ' — + /di?(sina?)«-«(co8a?)"+*...(2) 

/d/p  (sin  ai)^  (cos  a?)" 

(sina?)""^(cosa?)*'***     «»-l    /.,    .. 
=  -  ^ — ^^ —  + /del?  (sin .!?)'"-« (cos sbY  ...  (3) 

/da?  (sin  a?)"  (cos  a?)" 

(sin a?)" +  * (cos a?)*"'       »-l  r,    X.      V 
=  ^ ^^ ^^ —  + /del?  (sin  a?)" (cos 4?)"-*  ..•  (4) 

/dti?  (sin  a?)"*  (cos  aiy 

(sin 07)*  +  ' (cos a?)""***      i»  +  n  +  2.,   ,  .     ,  ^^^ 
=  ^^ ^^ '—  + /dci?(sina?)"  +  ^(cosa?)"...(5) 

fdw  (sin  0?)"*  (cos  wY 

(sina?)'"+'(cosci?)"+*     m  +  n  +  2  r,  .  .     v  ,        v     . 
«-  ^^ ^^ 1- i—  + --/da?(sin<r)'»(cosa?V+«...(6) 

18 
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COS  V 

fdof  (sin  0?)*  = 1  {(sin  oz)'  +  2}  by  (3) 

3 
=  t  [—^ Scosorj. 

Jdw(sin/vy  ^ {(sina?y+-sina?>  +  —   by  (3) 

i/sin4^        .        \       Sw 
sin  20^1  +  — . 
\    8  /         8 

fdw  (cos  ay  =  ^  (sin  a?  cos  a?  +  j?)  by  (4) 

-    /        sin2^\ 

/td.r  (coSct)*  = 1  (cos  wy  +  -  (cos  a?)*  +  -  >    by  (4) 

.  r8in5<v      5  sin  307  .      ) 

/da?  (sin  0?)* (cos 0?)'  =  ^^ ~  i(cos  a?)^  +  ->  by  (4), 


I  -  sin  5a?  +  -  sin  3a? 

16  \5  3 


-  2  sin  ,2?  j . 

/ritt?  (sin  a?)*  (cos  zf)^  =  -^ <  (cos  zr)^  +  "f  • 

/do?  (sin  a?)*  (cos  a?)*  =  — -  ( —  cos  lO.r  -  -  cos  6x  -\'  5  cos  2a?  | . 
•^  2^VlO  6  / 

/da?  (sin  wy  (cos  o?)^ 

1/15  8  \ 

=  -s    -  cos  9^  —  cos  7a?  +  -  cos  5a?  —  14  cos  a?  . 

2*V9  7  5  y 

r     dos  cosa?fl  4        1  ^^lu/ 

J  (sin  a?)®  5      |(sina?y      3  (sin  o?)^      3   sino?/     ^  ^  '' 

/dor  cos  a?  1         /       a?\ 

C^k^  °  "  2  (sin  a;y  ^  2  '"^  l*^"  2  J  " 
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f-Jf^  .  ^/_L..  .  +  -1^1  by  <6). 

J   (COS^)*  S      [{cOSWy        COS  07 J 

=  tan  ^  +  ^  (tan  a?)'. 

r     dcD  Anx  I      1  3       \      S  (tc      af\ 

J  (cos CBf  "  "T" \'(cos wY  '^  2(cosaf)*j  "*■  8  °^     °  \4  "*"  2/  ' 

/•da?  (sin  a?)*  ,  f (sin  ^)*      ,  .      vjl      ,      ,         v   ,      ,^, 

•/         COS^  *  ^        2  j 

/dwico^ooY      (coso?)*  -       /       ^\    , 

-_V__i^i_2+eo8a.  +  log(tan-)    by   (4). 

/do?  (sin  xf 
—z ~  =  cos  X  +  sec  «?. 
(cos  wy 

.d^  (cosy  ^  ■J_/(ggg^  ,  A  -.,log(sin.). 
J      (sina?)»         (sin^)«\      2  j  s  V        >^ 

/•dzp  (sin  wf      i    .  2l       1 

J      (cos  a?)'  \^  ^        SJ(C08^)^ 

/da;  (sin  xf            1         f  .  2\ 

- — ^ 1-  B  — -{smo? — >. 
(cos  xy        5  (cos  xy  [  7) 

/dx                    1  ••      r         \  t 

^' ? T^  "  ^-7 ^  +  ^^g  (**°  *^)- 
sm  X  (cos  a?)'*      2  (cos  xy 

r  dx  1  8 

I  — ; s    ; cot  2(2?. 

J  (sin  a?)^  (cos  xy      3  sin  a?  (cos  a?)*      3 

/da7  8  cos  2a?  f       i  2     I 

(sin  a?) '  (cos  a?)*  3        \  (sin  2  a?)'      sin  2  a?  j  * 

da?  11 

7-^ — r4 7-' — ^  +  log  (tan  a?). 

4  (sin  a?)*      2(sina?)'*         ^^         ^ 


^sina?) 


*cosa7 


(17)     If  the  function  be  (tan  a?)"  the  formula  of  reduc- 
tion is 

^dx  (tan  a?)"  =     ^"     /da?  (tan  a?)"  -  ^ 

18—2 
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fdof  (sin  aif {(sin  oz)'  +  2}  by  (3) 

-t  \—^ ScosorJ. 

jdxysmwy  ^ ((8in^)'+-sina?>  +  —   by  (3) 

i/8in4ar       .        \       Sx 
sin  20^1  +  — . 
V    8  /         8 

j  dm  (cos  wy  »  ^  (sin  a?  cos  a?  +  j?)  by  (4) 

/d.r  (cosa?)*  « 1  (cos  a?)*  +  -  (cos  aif  +  -  >    by  (4) 

.  rsin5<v      5  sin  3^  .      ) 

/ 

/da?(sina7)*(cosa?)'  =  ^^ i(cos  xf  +  ->  by  (4), 


—  I  -  sin  5  .r  4-  -  sin  3a? 
16  V5  3 


-  2  sin  .2?  j . 
jdtV  (sin  0?)*  (cos  0?)^  =  ^ <  (cos  wy  +  -J  • 

/do?  (sin  0?)*  (cos  a?)*  =  — -  ( —  cos  1 0.i?  -  -  cos  6x  +  5  cos  2a? ) . 

/da?  (sin  xf  (cos  o?)^ 

1/15  8  \ 

=  -5    -  cos  9^  —  cos  7a?  +  -  cos  5a?  —  14  cos  a?  . 

2H9  7         5  y 

r     da  cosa?|l  4        1  ^^lu/x 

J  (sina?y  5      |(sina?)^      3  (sino?)^      3   sina?j      ^  ^  ^* 

/da?  cos  07  1         /       a?\ 

(^iiT^"  ""  2  (sin  ^0^  ^  2^  V^"i"J  • 
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/dar(smcTy  =  -^^{(sina2)«+2}  by  (S) 


(cos  3^17 
3 


-  Scos 


Of], 


fdaf(mkaiy^ {(sin^y+-sina?>  +  —   by  (3) 

V    8  /         8 

fdof  (cos  ay  =  ^  (sin  w  cos  ^  +  j?)  by  (4) 

,    /        sin2^\ 

fd/c  (coso?)*  = 1  (cos  wy  +  -  (cos  a?)*  +  -  >    by  (4) 

,  (sin  Sof      5  sin  3^  .      1 

/da?  (sin  0?)^ (cos 0?)'  =  ^^ <(cos  «2?)   +  ->  by  (4), 

= I  -  sin  5a?  +  -  sin  3a?  -  2  sin  «a?   . 

16  \5  3  / 

j dtt?  (sin  0?)*  (cos  0?)^  =  ■ <  (cos  o?)^  -f  -> . 

fdo?  (sin  0?)*  (cos  a?)*  =  — -  ( —  cos  1 0/v  -  -  cos  6a?  +  5  cos  2a?  | . 


/do?  (sin  0?)''^  (cos  a?)' 


1/1  5  8 

=  -5    -  COS  9«2?  —  COS  7a?  +  --  cos  5a?  —  14  cos 

2^9  7  5 


0?). 

r     dx  COS  a?fl  4        1  ^^lur^ 

J  (sina?)^"        5      |(sina?)*      3  (sina?)^      3   sino?/     ^   ^  ^* 

/d  0?  cos  a?  ^  1       /       ^\ 

(sin  o;)^  '^  ""  2  (sin  a) ^  "^  2  ^^  V  "  i"/  * 
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r-if_  .  ^/_L_  .  +  _?^l  by  <6), 
J  (cos  a?)*         S     ((coso?)'      cos^j 

=  tan  a?  +  ^  (tan  a?)'. 

/•     dof         sinw  I      1  8       \      S  /^      af\ 

J  (cos «r)*  "  T" \(cos a?)*  "*"  2 (cos a?)* j  "*"  8  ^^     ^  U  '^^  2/  ' 

/•da?  (sin  a?)*  ,  f(sina?)*      ^  •      X2I      i      /         x  i.     ao. 

j      ^,^      =  -  i  I  — ^  +  (si"  ^)  J  +  1^  (se^  ^)  V  (3)- 

/dw(coswY      (coso?)'  ,       /       «\    , 

-_^  =  L_2+co8.  +  log(tan-)    by   (4). 

/do?  (sin  ofY 
—^ ~  =  cos  w  +  sec  «?. 
(cos  Wf 

/•da?  (cos  a?)*  1       f^         V,      «  >       3 

/  — T-i ~  =  ^ — : —  \ (cos a?r  -  3cos  tV\ a?. 

J      (sinwy        2  sin  a?  ^^         ^  *      2 

/da?  (cos  wY  1        f (cos  a?)*        )         i      ^  .      v 

.da?(sina?)3^|  21       1^ 

J     (cos  a?)'  P         ^       3 J  (cos a?)^ 

/•da?  (sin  af            1         f  .  2\ 

I  ^ — !^ — ^  s —/sin  a?  — > . 

J     (cos  a?)**         5  (cos  a?)^  (  7) 

/da?                    1  ,      r         \  t 

-^ =  — +  log  (tan  a?). 
sin  a?  (cos  a?)'      2  (cos  a/)'' 

/da?  1  8 

(sin  a?)^  (cos  a?)*      3  sin  a?  (cos  a?)^      3 

/da?  8  cos  2a?  f       i  2     1 

(sin  a?) '  (cos  a?)*  3       \  (sin  2  a?)'      sin  2  a?  j  * 

/^^  1  ^  1      r         ^ 

{sin  a?)*  cos  a?  4  (sin  a?)*      2  (sin  a?)*'* 

(17)      If  the  function  be  (tan  wY  the  formula  of  reduc- 
tion is 

fdiv  (tan  a?)"  -  LfilLf^ |rfa?  (tan  a?)" '  ^ 

18—2 


a?. 
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If  the  function  be r-  the  formula  of  reduction  is 

(tan  47)" 

/dw  11^1 

(tan  wy  *"  ""  (m  -  1)  (tan xY"^  "  ^   ^(tandf)^-** 

1 
Jdw  (tan  aiy  «  -  (tan  aif  -  tan  x  -^  w. 

jdw  (tan  wy  ==  -  (tana?)*  —  (tan  a?)*  +  -  (tana?)*  +  log(cosar)« 

6  4  2 

f(U^'  =-i(cota?)*+  i  (cota7)*+  log(8in  w). 

(18)  If  the  function  be  w"  cosa?,  the  formula  of  reduc- 
tion is 

fdof  a?"cosa?  =  af  sina?  +  wa?*""^cosa?  -  w(w-l)  /da7a?"~*cosa?. 

fdw  c?  cos  a?  «=  a;*  sin  a?  +  i^a?  cos  a?  —  2  sin  a?, 

/dfa?  a?  cos  a?  =  a?*  sin  a?  +  Sa?*  cos  x  -^  6x  sin  a;  —  6  cos  a?. 

In  the  same  way  we  find 
Jdx  wsinx  =  —  X  cos  a?  +  sin  a?. 

/da?a?*sina?  =  — a?^cosa?  +  4a?^sina?  +  12a?^cosa?— 24a?sina?— 24cosa?. 

(19)  If  the  function  be  €^(cosa?)"  the  formula  of  re- 
duction is 

/da?  6^  (cos  a?)" 

€^  (cos  a?)"" ^  (a  cos  a?  +  w  sin  a?)      w  (w  —  l) 


a'^  +  w'  a*  4-  w^ 


fdx€^(cosxy~^; 


a  similar  formula  exists  for  e*''^  (sin  a?)". 

(a  cos  a?  +  2  sin  a?)  2  e 

fdx  €'*''(cos  .rV  =«  e^^'cos  a? + 


a^  +  4  a  (a-*  +  4) 

„  ,  .     ^„(asina7-3cosa?)     6€"*(asina?— cosa?) 

fdx 6-  (sin  wy  =  e^^smxy^ ,      ^      /  +    ,  ,     ,,  ^  ,      .   ■ 

■^  a^-i-9  («^+l)(a*  +  9) 

X r  /         xy      ^""^  f ^  sin  7<i?  -  7  cos  7  a? 

3rasin5a7-5cos5«2?)     asinSa?-  ScosSa?     5  (a  sin  a?  — cos  a?) 
a^  +  25  a'  +  9 


in  a?  — cos  a?)) 
a^^  +  l         ^J' 
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(20)     If  the  function  be  -7 ; r-   the  farmula  of 

^  (a  +  6  COS  or)* 

reduction  is 

/dm  —  6  sin  a 

(a  +  6  cosd?)*  (n  -  l)  (a*  -  6*)  (a  +  6  cos  wY'^ 

(2w-3)a       r  dm                   (^ "  2)         r        dm 

Let  n  B  2,  then 

(a  +  ftcosa;)* 

1       r  -ftsinor  2a  -li/^^""*^*        ^iT 

"  ;?"^  La  +6  cos  .V  ■*■  (a«  -  6«)*  ^°     IV«T6/    **"  2jJ* 
Hence  also  we  find 

/dfo?  cosd? 
(a  +  6  cos  wy 

1      p    a  sin  or  26  -if/^^""^^*       ^\"1 

"  ^r^  La  +  6  coso?  "  (a«  -6»)^  **°     IViTfcJ   **"2jJ" 
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Let     «  =  S  ; 
Let    n  s=  4 ; 


sec"^/p. 


(7)     If  the  function  be  -~ —j  the  formula  of  re- 

a?  (1  H-  ^)» 

duction  is  the  same,  excepting  that  both  terms  are  negative. 

The  final  integrals  to  which  it  is  reduced  are 

/— ; TTi  =  log  I >  when  n  is  odd. 


P       dw  (1  +  a^)^ 


and    r..    ^    ...  =  -  \lSl-r_  ^^^^  ^  j^  ^^^^^ 


Let     n  =  6  ; 
dx  1  (1  +  «J?*)^         4     (1  +  ci?2)^       4. 2  (1  +  J?')i 


.X'*  (1  -I-  .27*'*)^  ~       5         x^  5,3        ^^  iTi 


07 


(8)      Let  the  function  be -— -^ ; 

(an-  bofp 

r   af^dw         20?*"  (a  +  60?)^  27W     a    raf^'^dx 

J  (a  +  bw)^         (2m  +1)6         2m  +  lb  J  (a  +  6.2?)^  ' 

Let     m  =  3  ; 

y    a7^d<r         /o?"^       6   ao?^       6.4   a^a?     6.4.2  a^\ 
J(aT6o7)i"  V76~7:5"fe^^7X3 "6^^7X3  W^^^^^ 

Let     m  =  4,      6=1; 

J{a-^x)h        "^  ^[9       9.7  9.7.5  9.7.5.3 

8.6.4  1 

+ 2o*}. 

9.7.5.3        J 
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(q)     Let  the  function  be  -r-r ;— vi; 

r       dw  1        (a  +  6d7)i      h  Zn-^S  r       dx 

Jaf'(a  + bai)i'^     (n-l)a     a^'^         2a  n-l  Jaf~\a+bw)^' 

By  means  of  this  the  integral  is  reduced  to 

/dof  1         (a  ■¥  bw)i  -  ai 

/r  (o  +  ba)^      ai        (a  +  6^)*  +  o* ' 

Let        n  B  3 ; 

r       dw         _/        1  ^*  \  /        h  \h     ^^  C       ^'^ 

Ja^(a'^bw)i     \    2aai^     ^a^wl  8o*^<»(o  +  6a?)i ' 

a?" 
(10)     Let  the  function  be 


{a  +  6a?)i  ' 

/af^dw        Sa^(o  +  6a?)^  Sn     a   raf^'^da 

(o  +  6a?)i        (dn  +  2)fr  Sn  +  2  6^(o  +  feo?)*' 

If         »  =  1 ; 

/^dcT  3  (a  +  6a?)4  /  a\ 

{a  +  6^)i  ^6^         V      "  2  J  • 

If         »  =  2  ; 

/•   a?^cii?  S(o  +  6a?)f  r(a+6ar)*      2     ,       ,   v      a'^l 

(11)      Let  the  function  be  ; 


(a^  +  (jfy 
r     dw  1  w  n  —  S       r       dw 

^  (a^  +  ^)f  ^  (^^"  (a«  +  ^)|-^  "■  (^-^)  «'  \a^  +  ^jl"^ ' 


If  n  =  5  ; 

—  =    I-. 4-  -  I I 

If        »  =  7 ; 


r       da?         ^   /       1  2\  a? 


P      dw       __  f         1  .4  1  1  a? 

J  (a«+a?«)J""  K^^^T^  ■*■  3^^T^)  ■*"  S^J5o'(a^  +  ^)r 
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cT" 


(12)     Let  the  function  be ; stt; 

^    '  (a  +  6a?  +  cfify 

r       sf^dw  a?"~^  (a+6a?+ca?^)^      n—lar        af^ 

•/ (a+6.r+c/p^)i  ~  nc  n     cJ  {a^hso^-caP)^ 

2n  -  1  6    r       af^'^  dx 
2n      c  J  {a  +  baf  •\-  caP)^  ' 

By  this  the  integral  is  made  to  depend  on 

r  dx  -       r  {Jcdw 

J  {a  +  b/v  +  caP)^ '  J  (a  ■\-hx  -{-  caP)^ ' 

If       9^  =  2,  a  =  6se=l; 
/•     ar^dx  2a?-3,  om      1 1      c  z  !»xi> 

If      n=3,     a=l,       6  =  c  =  -l; 

/•     a?^dd?               0-a?-a?^)i       4                  V     17  .      ,2a?+l 
/ 5-1=  -  ^-^ ^(8 a?^- 10a? +  31) sin-^ 5—. 

(IS)      Let  the  function  be    e'^'o?"; 


€    X       n 


/€"''a?»dA'  = /e'^'.r"-^  da^. 


If     71  =  4  ; 


r  «*    .  ,  ««  f<^*       4a?3       4.3.a?^       4.3.2a?      4.3.2.1) 

/€«'a?*da?  =  e"'{ g- + —  + [. 

\a        a^  a^  a  or       ] 

If       n  =  5^     a  =  -  1 ; 
fe'-'x^dx^  -e-'ix^  +  5a?^+ 20a?^  +  60a?^  +  120a?  +  120). 

ax 

(14)     Let  the  function  be  — - . 

a? 

The  formula  of  reduction  is 

fix    1  ^  ax  _  ax 

/€     ax                     €                        ^        r  ^        1 
=  —  r  + / ax* 
a?"              (w  -  1)  a?"-^       n-  1  J  x""-' 

by  means  of  which   the  integral  is  reduced  to 

/e^^  dx  a^x^         a^x^ 
=  log  a?  +  ax  +  — -  +      -  4-  &c. 


.  nVTSGRATION    BY    gUOCBMWE    RBDUCnON.  27S 

If      n  =  3,       O  t=  1  ; 

(15)  Let  the  function  be     a!"(loga?)"; 

far  (log  «)»  daf  =  ^•''Qog^  _  _Jl_  1^  ^Y^^y  _ ,  ^^ 

m  +  1         -  w  +  1 

If     w  =  3,     n  =  2  ; 

If     m  =  1,     n  =  3  ; 
/r  (loga?)« dd?  =  -jOog^)'  -  -  Qogwy  +  -  (log^)  -  -| . 

(16)  Let  the  function  be  (sin  ^)"*  (cos  a?)\ 

We  may  use  any  of  the  following  formulae  of  reduction : 

fd.v  (sin  a?)**  (cos  a?)" 

(sina;)""*'*(cosa?)""*      »-l  -,    ^.      ^  ^,,        ^    ^     ,^ 
-  ^ ' '^ ^ —  +  fdw  (sin  wy  +  ''(cosaY'\..(l) 

fdx  (sin  a?)*  (cos  d?)" 

(sinar)*""  ^(cosa?)''"*'  *  w  - 1 

»  +  1  ii  +  l 
/d/p  (sin  47)*"  (cos  x)* 

(sin^)*"\cosa?)*"^  *  f»  - 1 

m  +»  wi+w 

/d«r  (sin  d?)*(cos^)" 

(sin  xY  "^  ^  (cos  0?)""" '       n  -  1 


/d^(sina?)"*-*(co8a?)*+*...(2) 


/d«i?  (sin  .r)*""^  (cos^)" ...  (3) 


fdx  {sin  4?)"" (cos 4?)""*  ..•  (4) 


/dtT  (sin  J?)"  (cos  a;)" 

(sin a?)*"*"' (cos J?)"'*'*      f»  +  n+2.,   ,  .     ,  ^o, 
=  ^^ ^ ^ ^—  + /dci?(sin^p)"  +  «(cos^)"...(5) 

fdw  (sin  a?)*"  (cos  a?)* 

(sina?)*"+'(costi?)"+*     m  +  »+2  -.,.,,        .     « 
—  ^^ 5^ ^—  + /d.T(sina?)'"(cos^)»+^..(6) 

18 
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-  COS  W  f 

fda  (sin d?)*  = {(sin  o^*  +  2}  by  (3) 


(cos3<r 
3 


—  3  cos 


/r|. 


r,      ^  •        V-.  C08J?f,   .        ^,       3     .  I       3^ 

/a^(sina?)*= {(sina?)'+-sin/r>  +  —  by  (3) 

i  /sin  4a?       .        \       3w 
sin  2a?    +  — . 
V    8  /        8 

« 

fdof  (cos  a^y  =  ^  (sin  a?  cos  a?  + «»)  by  (4) 

-    /        sin2a?\ 

/d.r  (coso?)*  = 1  (cos  a?)*  +  -  (cos  a?)*  +  -  >    by  (4) 

5     ^  3  3j 

,  rsin5a?      5  sin  3a?  .      1 

=  4-  < H —  +  5  sin  a?>. 

/•»    i' .      x«^        V,      (sina?Vf.         ,,      21  , 
jaa?(sina?)  (coso?)'  =  -^^ Hcos  a?)*  +  ->  by  (4), 

-  2  sin  .r  J . 

joo?  (sin  0?)*  (cos  wy  =  ■ <  (cos  o?)^  +  -> . 

fdof  (sin  0?)*  (cos  o?)^  =  — -  ( —  cos  1 0.r  —  -  cos  6af  +  5  cos  2a?  | . 

•^  2^\10  6  / 

/rfa?  (sin  0?)'  (cos  o?)^ 


— -    -  sin  5a?  +  -  sin  Son 
16  \5  3 


1/1  5  8 

=  -«    -  cos  9^  —  cos  707  +  -  cos  5x  —  14  cos  a? 

2M9  7  5 


/•     do?  cos  a?fl  4        1  ^^lu/\ 

^  (sina?y  5      [(sin  a?)*      3  (sin  a?)'      3   sino?/     ^   ^  ^* 

/do?  cos  07  1         /       a?\ 

(^kT^  "^  "  2  (sin  *)^  ■"  2  '°^  I**"  i  J  • 
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J  (cos  a?)*         3    |(cosa?)'      cos  a?/     ^ 
=  tan  «27  +  -J  (tan  ^)'. 

•/  (cos ^)*  *  IT |(cos d?)*  ^  i(co8^j  ■*"  8  °^     "  U  "*"  2/  ' 
/•da?  (sin  a?)*  ,  [(sin^V      ,  .      v«]      i      ^         v   .      , 

/  cos^   =  - i \—r- + ^""  "'^1  ■"  '*«  ^'"^ *>  ^^  ^^>- 

/dof  (cos  wY      (coso?)'  -       /       ^\    . 

-__J.  =  !__J.  +  cos*  +  log  ^ta„ -)    by   (4). 

/dw  (sin  0?)* 
--: r--  =  cos  a?  +  sec  a?. 
(cos  Off 

rdwicoaajfV  1       r,         v  >       ^ 

/  — J-. --—  =  — : —  Kcos.vr  -  3cosa?{ a?. 

J      (sinwy         2sina?^^         ^  *      2 

/d/ff  (cos  a?)*           1       f  (cos  wY       1         ,      .  .      V 
— r^ — TT-  =  :r^ — ^r -  1  >  - 2 log (sm a?). 
(sina?)»         (sina?)'^\      2  j  ©v        / 

/•dar  (sin  Off      f ,  .      X2     2l       1 
J     (cos  a?)'  P  3 j  (cos  a?)' 

rdof  (sin  a?)'  1         f  .  2\ 

/  *^7-^ — r^  =  ""7 r^\8ina?  — >  . 

J     (cos  a?)**        5  (cos  j?)^  (  7) 

da?  1  1      ^         V  • 

-4- log  (tan  a?). 


/a 
sin  a?  (cos  a?)*      2  (cos  wy 

/d.v  1  8 

(sin  a?)^  (cos  a?)*      3  sin  a?  (cos  a?)*      3 

/da?  8  cos  2a?  f        J  2     | 

(sin  a?) '  (cos  a?)*  3        \  (sin  2  a?)'      sin  2  a?  j  * 


/da?                        1  1  - 

■T-. — ^7 ■= T-T — r4 7-' — 7u  +  log  (ta°  ^)- 
(sin  a?)*  cos  a?          4  (sin  ar)*      2  (sin  tvy        ° 

(17)      If  the  function  be  (tan  .r)"   the  formula  of  reduc- 
tion is 


fd/v  (tan  ofY  «  }—fl fd^  (tan  a?)"  -  K 


18—2 
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comparing  this  with  the  given  equation  we  find^ 
^'  (y)  t=  0,  and  therefore  ^  (y)  a  C 
Hence  the  integral  is 

(^  +  yf  (y  +  »)  =  c. 

(21)  Let  dw  {ay  -  hz)  +  dy  {c%  -  aai)  +  dx{pm  —  cy)  «  0, 

The  integral  is  ^H^L^  „  c. 

car  —  ax 

(22)  Let 

(^  +  yiif  +  «*)  do?  +  (.»*  +  a?)jf  +  ijf*)  dy  +  (^  +  jyy  +  y«)  dar «  0. 
The  integral  is     wy  +  az  -^  yz  ^  a  (w  ^  y  •\-  x), 

(23)  Let      da?  +  dy  +  dijf  +  (a?  +  y  +  »)  dar «  a 
The  integral  is       (a?  +  y  +  ar)  €*  *=  C 

(24)  Let     z{wdaf -^ydy^-^- {{a^  ■\'tf)%-l}d»^0. 

The  integral  is     6^^"^"^^   =  C. 

Sect.  2.     Functions  of  an  order  higher  than  the  first 

Let  V  =  d*w  be  a  diflferential  function  involving  Wy  y, 
and  their  differentials,  and  let  w^^  Wz^  ^39  &c.  y^,  y2>  ^39  &c. 
be  put  for  do?,  d*a?,  cPw,  &c.  dy,  d^y,  d'y,  &c.  Then  the 
conditions  that  v  should  be  the  differential  of  a  function  d*'"*^, 

are 

dv       ^    dv        ^    dv        „     d«       ^  ^  . 

-7-  -  d  .- —  +  d^ . d^  .  -—  +  &c.  =  0  ...  (1), 

dx  doBi  d/Vz  dw^ 

dv       ,     dv       _,    dv        ^     dv      ^  .  ^ 

and     -: d,-7— +  d^.— dr  .  - — +  &c.  =  0  ...  (2). 

dy  dy^  dy^  dy^ 

The  conditions  that  v  should  be  the  second  differential  of 
a  function  d*"^w,  are 

dv  ,    dv         ^    dv       ^ 

2d.— -+3d^.- &c.  =0    (3), 

dwi  da^2  da?3 

dv  dv  ,„  dv 

and 2d. -3—+ 3d*- &c.  =  0    (4). 

dyi  dy2  dys 
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The  conditions  that  v  should  be  the  third  differential  of  a 
function  (T'^u  are, 

d»  ^    dv      ^  ^    dv  ^  dv       ^  ,  V 

3d.  -—4-  6cP.- lOcP— -  +  &c.  =  0  ...  (5), 

dtV2  dx^  dx^  dx^ 

dv  dv  dv  dv 

Sd.~— +  6cP-- 10(P— -  +  &c.  =0...  (6). 

dy^  dy^  dy^  dy^      . 

In  a  similar  manner  are  found  the  conditions  that  v  should 
be  a  differential  of  any  order :  the  numerical  coefficients  fol- 
low the  law  of  those  of  the  Binomial  Theorem  in  the  case  of  a 
negative  index. 

These  remarkable  formulae  were  first  discovered  by  Euler 
(jComm.  Petrop,  Vol.  viii.)  in  his  investigations  concerning 
maxima  and  minima.  A  more  direct  demonstration  is  given 
by  Condorcet,  in  his  CalcuL  Integral. 

Ex.   (1)      Let    V  «=  (Pu  =  xd^y  -  ydl^x. 

r^^         dv       ^  dv  dv 

Then    -—^dl'y^y^,      IT  "^  ^^    T~"  =  •"  »• 
ax  (tXi  ax2 

Therefore  the  first  equation  of  condition  becomes 

^8  -  cPy  =  0, 

and  is  therefore  satisfied.     In  the  same  way  the  second  con- 
dition is  also  satisfi^edy  and  we  find 

du  «  xdy  —  ydx  +  C. 

(2)  Let  V  ^  d^u 

s=  a^d^y  +  (a  +  2)  xdy  dx  +  (ay  +  2a?)  d/nr^  +  (a  a?y  +  x^)  d^x. 

Both  the  conditions  (l)  and  (2)  are  satisfied  in  this  case, 
and  we  find 

du  ^x^dy  +  axydx^x'dx+  C. 

(3)  Let 

V  =  d^u  =  (ax  -  2y)  d^y  -  2dy^  +  2a  dy  dx  +  ay  cFx. 

In  this  case  the  conditions  (3)  and  (4)  are  both  satis- 
fied, so  that  V  is  the  second  differential  of  a  function,  which 
is  found  to  be 

u  =  axy  -  y^  +  C. 
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(4)     To  find  the  condition  that 

Rdip'^  +  Sdwdy-^Tdf 

should  admit  of  a  first  integral.     If  we  assume  S  ^  S^-^-  S2 
this  may  be  put  under  the  form 

(R  dx  +  S^  dy)  dw  +  {S^  dw  +  Tdy)  dy ; 

and  in  order  that  it  may  admit  of  a  first  integral,  we  must 
have 

-—{Rdx^  S\dy)  =  -—(S^dw-^-  Tdy), 
dy  dx 

dR  ^         dSi  ,         dS2  ,        dT  ^ 
or  ---    dof  +  — --  dy  =  — —  dw  +  -z —  dy. 

dy  dy  dw  dx 

But  from  the  indeterminateness  of   d<r,  and  dy  this  in- 
volves the  conditions 

dR      dSi  dT  ^dS^ 

dy        dw '  dw        dy 

dl'R       d'S^  -     cPT       cP^i 


dy^  dwdy^  dw^       dwdy^ 
and  therefore 

d'R  (f  T  _    d'S,  (PS2    _    d'S 

dy^  dw^       dw  dy  dwdy      dwdy 

which  is  the  required  condition. 

The  complication  of  the  formulae  when  the  order  of  the 
differentials  rises  above  the  second  renders  their  application 
almost  impracticable,  and  as  the  subject  is  not  one  of  any 
practical  importance,  it  is  unnecessary  to  adduce  other  ex- 
amples. 


CHAPTER  IV. 


INTEGRATION    OF    DIFFERENTIAL    EQUATIONS. 


Sect.  1.     Linear  Equations  with  constant  coefficients. 

These  form  the  largest  class  of  Differential  Equations 
which  are  integrable  by  one  method,  and  they  are  of  great 
importance,  as  many  of  the  equations  which  are  met  with 
in  the  application  of  the  Calculus  to  physics  are  either  in 
this  shape  or  may  be  reduced  to  it. 

be  the  general  form  of  a  linear  differential  equation  with 
constant  coefficients;  Ai^  A^^.^A^  being  constants,  and  X 
being  any  function  of  x.  On  separating  the  symbols  of 
operation  from  those  of  quantity  this  becomes 

as  we  may  write  it  for  shortness.  Now  by  the  theorem 
given  in  Ex.  5.  of  Chap.   xv.  of  the  Differential  Calculus, 

the  complex  operation  / 1  -t"  )   ^^  equivalent  to 

a„  a2...att  being  the  roots  of  the  equation /(;»)  =  0 (3) 

Hence  performing  on  both  sides  of  (2)  the  inverse  pro- 
cess of 
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-{/(i)}-{a-"")(^-«-)-(^-»-)r"-«- 

The  result  of  this  transformation  is  different  according 
to  the  nature  of  the  roots  of  (S). 

1st.  Let  all  the  roots  be  unequal;  then  by  the  theo- 
rem given  in  Ex.  6.  Chap.  xv.  of  the  Differential  Calculus, 
the  equation  (4)  becomes 


^''-ir.-'-)"''- <=> 


where  JVT, 


(«i  -  ^2)  («i  -  %)  •••  (^1  ~  «•) 


and  similarly  for  the  other  coefficients. 

But  by  the  theorem  in  Ex.  11.  of  the  same  chapter, 

A  similar  transformation  being  made  of  the  other  terms, 
we  find 

+  Nr,  €^^  /da?6-««^  X (6). 

It  is  to  be  observed  that  each  of  the  signs  of  integration 
would  give  rise  to  an  arbitrary  constant ;  and  that  this  must 
be  added  in  each  of  the  terms  when  the  integrations  are 
effected*     The  value  of  y  would  then  appear  under  the  form 

^iV^„6"»^(/da7e-«-^^+  C„) (7). 

Cj,  Cz^^oCn  being  the  arbitrary  constants. 

The  functions  Ce^-^  which  arise  in  the  integration  are 
called  complementary  functions. 

2nd.  Let  r  of  the  roots  of  the  equation  (4)  be  equal 
to  a.      Then  by  the  Theory  of  the  decomposition  of  partial 
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( d         y      ..       ,         . 
fractions  we  know  that  the  factor   I- a\     will  give  rise 

to  a  series  of  r  terms  in  (5)  of  the  form 

Mr.-')"' 

the  coefficient  Mp  being  equal  to 

(__^  I        L_  when  y  T*  fl 
d«l          f(z) 


f  d         \'^ 
Now  (j--a)     Xr^^f^daf^ie'^^X) 


or,  introducing  the  arbitrary  constants  which  arise  from  the 
integration, 

d 


fa")   ^X^€^^[Pda^(e-^X) 

\dw        J 


+  €«»  (Co  +  C^X  +  &C.  +  Cp.iO?^-^). 

Therefore  the  complete  value  of  y  is 

y  =  6«^  \Mrf'dm'{€-''^X)  +  Mr.yf'-'da^'^''  (c'^'X)  +  &c 

+  iVi6«»^/da?(6-«»*^)  +  N^e""^  Jdw  {e"''^  X)  +  &c. 

4-  Cie"»*  +  C26«»*  +  &C.  +  C,_^€«— ^.  (8) 

There  are  in   all  exactly  n  arbitrary  constants  as  there 
ought  to  be. 

3rd.     Let  there  be  a   pair   of  impossible   roots,    which 
must  be  of  the  form 

a+(-)ii3  and  «  -  (-)J/3; 
then  the   coefficients  of  the  corresponding  terms   in  (6)  are 


of  the  forms 


and 


19 
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And  as  c{«  +  (-)*^J*-  6«*  {cos/3^  +  (-)isin/3a?}, 
and  6^«-(-)*^J*  =  €«*  {cos)3a?  -  (-)i  sin/3a?f . 
The  sum  of  the  two  corresponding  terms  in  (6)  is 
26"^  {J  cos  fiw  +  B  sin  )3a?)  /d>y  (c""^  cos)3a?.  JT) 

+  2e"*(Jsin/3a?-  '^ 


gco8/3d?)/d^(6-''^sinj8^.^)  I 
J*  +  B'  J 


This  may  be  put  under  a  simpler  form,   for  if 

=  cos  d,         y-rz —-1  «  Sin  0, 


the  sum  of  the  terms    becomes 

The  sum  of  the  complementary  functions 

may  evidently  be  put   under  the  form 

€«*(Ccos/3a?  +  C  Anfiw)  =  Cc^^cos  (/3a?  +  a).     (11) 

If  there  be  a  number  of  equal  pairs  of  impossible  roots 
in  the  equation  (3),  the  general  expression  for  the  value  of 
y  becomes  so  complicated  as  to  be  of  little  use,  and  it  is 
therefore  unnecessary  to  insert   it  here. 

The  preceding  process   may  frequently    be  simplified   in 

its  application  to  particular  cases,  by  means  of  the  following 

considerations.      The  inverse  operations  are   always   reduced 

f  d         \  "** 
to  the  sum  of  several  of  the  form    I  — -  +  a  I     X  where  r  may 

be   1    or  any  positive  integer.      Now  this  operation   will  have 
a  different  effect   according  as   it  is   expanded    in   ascending 

or  descending  powers   of  — ,  that  is,  according  as  it  is  con- 

O/OO 

sidered  to  be 

inasmuch  as  in   the  one  case   it   will  involve  integrals,   while 
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in  the  other  it  will  involve  diiFerentials  only.  But  a  simple 
relation  connects  the  two,   for 

Now  the  latter  term    { —  +  o|"'^0  =  €"'**/' dcf  0 

=  €-"** *(Co  +  C^m  +  C^w^  +  &c.  +  Cr^ ,  a?'- '>,  and  the  former  term^ 

(«+-—)      X^  being  expanded  in  ascending  powers  of  — , 

will  give  rise  to  a  series  of  differentials  which  are  always 
easily  found,  and  which,  when  ^  is  a  rational  and  integral 
function   of  a^  of  n    dimensions,   always  breaks  off  at    the 

(d         \ "'' 
—  +  a] 
dw        I 

gives  rise  to  a  separate  complementary  function,  while  X 
is  operated  on  by  all  in  succession,  it  is  sufficient  to  ex- 
pand |/(y")f  JJ^  descending  powers  of  Jf,  without  split- 
ting it  into  its  binomial  factors,  and  then  to  add  the  com- 
plementary functions  corresponding  to  each  of  these  factors. 
If  the   function   -^  be    of  the   form   e*"',    the    result  of 

the  operation  /(;j— )  e*"'  takes  a  very  simple  shape.     For  if 

we  expand  f  \'-r'\  i^  ascending  powers  of  —  so  as  to  have 
a  series  of  the  form 

and  then  operate  on  6*"*  with  each  term  separately,  we  find, 

as    ( — I    e*'  -  m!^  e"**,   that  the   series  becomes 

\dw) 

{A  +  Bm  +  Cm^  +  Dm^  +  &c.(  c""  =  /(/w)  e" 


Hence  for  example,    we  have    f-r a\  e 


mx  ^ 


jmae 
mx 


\dw        J  (w  —  ay 

If  the  function  X  be  of  the    form  cosmw   or  sinm^, 

19—2 
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,.|^^  . 


and  if  the  operating  function   be  /  I  — j  I ,  it  is  easy  to  see 
by  the  same  method  that,    as    (;7-l    cos  mo?  =  -  m*  cos  m^p, 

and   (.-7-1  sin  m^  =  -  m*  sin  wa?, 

\daf) 

f  iin]    cos  w/r  =/(-  w»^)  cos  mar 
\darl 


BXidif  (373)  sin  msD  =»/(-  ^*)  sin  mw. 

The  preceding    theory   may   be  stated  in   the   form  of  the 
following  proposition :    if  the  integral  of  an   equation 

be  given,  that  of  the  equation 

can  be  found  from  it  by  differentiation  only. 
Ex.  (1)      Let  -~  -  aj^  =  cT* ; 

therefore  ( a  |  1/  =  «^% 

\doD        )  ^ 


and    y  =  {-z a]     a?* 


dx 


w[      a\dxl     d^\dx}      a^\dxl      a*\da!j  j 


-fCe", 


the  differentials  after  the  fourth  being  neglected.     Effecting 
the  differentiations 

a?*       4.27^       4.3.<a?2       4.3.2.0?       4.3.2.1 

a        a^  a^  a  or 

(2)     Let       ^  +  aj,  =  c-- 

ax 
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(J  V     —1  «# 

aw        J  a  +  m 

dy  -. 

(3)     Let       -;^  -  ay  —  6     cos  r^, 
^  ^  a«r 

y  =  {- a\     (e"*'cosra?)  =  e^'^fdw {e^"*""^cosrdtr}  ; 

^^  j  (wi  -  a)  cos  r 0?  +  r  sin  ra?|       ^  ^ 
therefore       y  =  .-li^ (^T^jiT? '  ^  ^'^'' 

therefore         v  =  -  e"*'  /d«»  7 -:  +  e"'  /dar  7 -^ . 


But 


and  integrating  by  parts,  we  find 

/day  — —  S5  __  —  / do? ; 

•^        (1  +  tT)»       1  +  /P      -^        14-0? 

therefore      y  =  e"*'  /da? +  Ci  e"  +  Cg  c"*'. 

This  is  equivalent  to 
therefore      y«=   (-^ 2  1    a?" 
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Hence,  performing  the  differentiations, 

(o)     Liet     --3  -  2m  — -  +  w^y  =  smno?. 
dar  d/v 

This  gives      ( w  j  ^  =  sin  ncV ; 

and  therefore     y  =  \-z m]      sin  no? 

Let     m  =  (m*  +  w*)i  cos  ^,       n  «  (w*  +  n^)i  sin  0 ;    then 

ro  .  o .           .         X                sin  (nof  +  20) 
/^d/r^Cc-^^'sinwo?)  =  c"™'  ^ r— ^  ; 


m^  +  n^ 


1    1       /.                 sin(«a?  +  2fi)  ,^      ^    ^ 

and  therefore     y  = — ~  +  e""(C  +  CiW). 


m^  +  w^ 


(7)     Let     j^  +  ^'y^O. 

This  contains  two  impossible  factors 

therefore  by  the  formula  (11) 

y  =  C  cos  nw  +  C  sin  w«  =  Cj  cos  (w^  +  a). 

The  same  result  may  be  obtained  by  a  different  process, 
which  is  subjoined  as  it  points  out  very  distinctly  the  reason 
why  these  circular  functions  appear  in  the  integral. 

-{(i)"-'r»-(i)"'{--©T'»- 

It  is  indifferent  in  which  order  we  perform  the  operations ; 
taking  then    f  —  j       first,  we  have,  as   I —J      0  =  C  +  Cj/r, 
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Expanding  the  operative  symbol, 
I  1.2        1.2.3.4       1.2.3.4.5.6  j 

+  Ci  <a?  -   — ■ —  -h —  +  &c.  > 

\         1.2.3       1.2.3.4.5       1.2.3.4.5.6.7  J 

=  C  COS  nx  •\-  —  sin  nx  =  C  cos  no?  +  Cf  sin  na?, 

as  the  constant  is  arbitrary. 

As  operating  factors  of  the  form    ( —     +  n^   very  fre- 

quently  occur  in  differential  equations,  it  is  convenient  to 
keep  in  mind  that  the  complementary  function  due  to  it  is 
of  the  form    C  cos  n«v  +  C  sin  nai. 

(8)     Let    3~  +  n  y  =  coswa?. 
dor 

Then     y"*\(-|— )    +  ^*[     coswjf  +  Ccosn/r  +  C'sinwo? 

cosma?       -,  ^  . 

+  Ccos  na;  +  C  sin  n^p. 


n*  -  w* 


,  V    T       ^y       ^y 

therefore 

sinm/r  ^,i  v^         ,i         /^v 

y  =  :^i — ^^2^^  +  Ccos(2ia?  +  a)  +  Cicos  (3ia?  +  ^). 

»l    —  5  Wl*  +  O 

(10)     Let     ^  +  y-a?-. 

Then    y  =  {l+(';T-)f     ^  +  Ccoso?  +  CjSino? 

y  =  .j?»-n(w-l)a;»""*H-w(n-l)(w-2)(w-3)^''~*-&c. 

+  C  COS  d?  +  Ci  sin  ^. 
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(11)     Let     ^-a*y  =  /r^. 

The  roots  of    jjf*  —  a*  =  0,     are 
» «  +  a,     i8f=-o,     «s,4.(-)ia,     i8f=-(-)ia; 

therefore     y  = j  +  Cc"'  +  Ci  €""'  +  Cg  cos  (aa?  +  3). 

a  ^ 

^^^^     ^®*    d^"^^"  d^"'■"^"'*°**• 
This  is  equivalent  to 

From  which  we  find 

cos^ 
y  «  j-i Tj  +  (C  H-  Ci^;)  cos  aw  -k-  {C  •¥  Ci  a?)  sin  aof. 

(13)     Let 

ePy         ePy         cpy  cPy        ^  dy 

aar         o^*         o«2r  o^  a  of 

When  the  difierential  expression  is  divided  into  factors, 
this  may  be  put  under  the  form 

Whence  we  find 


€«* 


y  =  7 7:^ ^v.    o    ^.  +e'*(CH-Cia?)+C26"^*+C3Cos(3cr+a). 

(m-2)^(7W+2)(7W^+9)  ^         \       -r    / 


_        d^v      d^t/      dv 


The  integral  of  this  is 

15  ■*"  (15)^  *"  (uy 


y  *  7^  +  777^  •"  77^  "^  ^'  (C  sin  2ct?  +Ci  cos  2a?)  +  C^e'^'. 


(15)     Let    l^-a^»y  =  ^. 
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The  roots  of  the  equation 

«*•  -  ««•  =  0, 
are  included  in  tfae  formula 

a{cos0  st  (-)i  sin0|, 

ATT 

where  <f>  =  — ,.  X  receiving  all  values  from  0  ta  n ;    and 

the  roots  corresponding  to  X  =  0  and  \  =  n  being  +  a  and 
—  a. 

If  now  we  take  a  pair  of  the  impossible  roots,  which 
we  may  call'  a  and  )3,  the  corresponding  terms  in  the  general 
value  of  y  are 

But  by  the  theory  of  the  decomposition  of  rational  frac- 
tions we  know  that 

1        _      a      _  cos  0  +  (-)i  sin  0 

«.    .,    1     mr      COS0  -  (-)Jsin0 
Similarly  J\r. ^g^;,.:!.      ^- 

Now 


(i"^) 


^=  ga*co8  </>  I  cos  (a^  sin  0)  +  (-)i  sin  (aof  sin  0)} 


X  /dar  JlTe""**^*  {cos  (a^p  sin  0)  -  (-)*  sin  {aof  sin  0)}, 
and 

( A  -  jS]     Jr-  ea*co8^  jcos  {aw  sin  0)  -  (-)i  sin  (aw  sin  0)} 

X  fdarXe'^*^^'^  {cos  (a^  sin  0)  +  (-)*sin  (a^psin0)}. 

Therefore  substituting  these  expressions,  the  two  terms 
in  the  value  of  y  become  after  reduction, 

^       e«*co8</>cos(aa?sin0+0)/da?{^e-«*^*cos(aa?sin0)J 


na^*'^ 


fK^' 


-€«*«»*sin(a^sin0+0)/da;{^€-«*«»*sin(aa?sin0)}. 
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Also  the  two  roots  +  a  and  -  a  give  rise  to  the  terms 
1 


^na 


„— 1  (€-«'/d^^€«*  -  e'^JdofX €"''''). 


Hence  we  put  the  expression  for  y  under  the  form 

+  —2^1  2  [e«'<=«»^  cos  {ax  sin  0  +  0)  x 

Jdw  {^€-«'«»^  cos  (aa?  sin  0)}] 
+  — STTIJY^  [€«'«»*  sin  (ao?  sin  0  +  0)  x 

/da?  {^€-*'^^sin(o^  sin  0)}]. 

The  symbol  2  implies  the  sum  of  terms  derived  from 
assigning  to  0  in  the  preceding  expression  all   values  from 

—  to  m  —  1)  —  . 
n  n 

The  complementary  functions  are,  for  the  sake  of  shortness, 
supposed  to  be  included  in  the  signs  of  integration ;  but  if  we 
wish  to  see  their  form,  we  have  only  to  make  X^O  in  the  pre- 
ceding expression  when  it  becomes 

+  €       "   \ Ca  cos  I  aa?  Sin  —  H-  —    +  C4  sm    a^  sm  — v  —]} 

\  \  n      nj  \  n      nl] 

acos—    f^         /         .     27r     27r\      ^     .    /         .    27r     27r\l 

n    KCftCos  aa?sm  — + —    +C6sm   a<a?sin v  —  |  > 

(  \  n       n  J  \  n       n  /  ] 

+  &c.  +  &c. 

This  is  evidently  the  solution  of  the  equation 


+  € 


d'^'y 


2n 


Euler,  Calc.  Integ,  Vol.  11.  Sect.  2,  Cap.  iv. 

d^y 
(16)      Let    -—  -  a^y  =  cos  moc. 
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COS  ma 


then    y  =  - +  Cjc"**  +  Cgc 


adr 


a®  +  m* 


H-ei^^iCgCos  (a^p  —  +  —  j  +  C4sin  lax  —  +  — )[ 

+  €"»"*< Cj cos  la^  —  H-  — j  +  Cesm  laa?  —  +  — J  >. 

(17)    Let  a"y  +  wa-^  -^  +  -i i a*'^  -^  +  &c.  =  ^; 

da?  1.2  day* 

n  being  a  positive  int^er. 

d\ 


Here  the  operating  function  is  {«  +  ;j— )   9  which  is 


com- 


posed of  n  equal  factors ;  consequently 

d\-' 


^=("^d 


•II 


The  term  e"""' /*  da^  e"*  JT  may  either  be  integrated  by 
successive  steps,  or  by  the  general  formula  for  integration  by 
parts ;  or  what  will  generally  be  more  convenient,  the  function 

I  a  +  —  I       may  be  expanded  in  ascending  powers  of  — . 

If  n  were  negative  or  fractional,  the  first  term  would  retain 
the  same  form,  but  the  form  of  the  complementary  function 
would  be  diiferent  from  the  difference  between  the  roots  of 

(x  +  ay  =  0, 

when  n  is  integer  and  when  it  is  fractional  or  negative.  I 
cannot  however  here  enter  into  a  discussion  of  the  difficulties  of 
this  subject,  which  is  closely  connected  with  that  of  General 
Differentiation.     Euler,  Calc.  Integ.  lb. 

,    ,      ^  d*v      d'*"'t/  d«/ 

(18)     Let  _5  +  ^^  +  &c. +  -ji^  +  y- jr. 


solk 
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This  may  be  put  under  the  form 


Now   the  factors  of  ■  are  the  same  as  those 

d 

d(B 

[dy-^^  .  .       d 

of  (;7- 1       -  1>  omitting 1 ;  therefore  if  w  +  1  be  odd, 

the  integrjal  of  the  preceding  equation  consists  of  a  number  of 
terms  of  the  form 


4 


n+1 


sin^0€*c°«^cos^(3e  +  2a?sin0)/da7e-*^*«^  Jrsin(^8in0) 


sin^06*^<'«®sm^(30+2a?8in0)/da?e-*c°«^jrcos(af8in0); 

Stt  47r  Stt 

where  6  receives  all  values  ,  ,  ,  &c.  which 

w+1     n+1     n  -\-  I 

are  less  than  tt. 

If  w  +  1  be  even  we  must  add  the  term 

-^€-'fdw€*X. 
n  +  1        '' 

Euler,  Calc.  Integ.  lb. 
09)    Let     ,--__  +  __ -^_&c.=X, 


or     cos 


(a— 


The  roots  of  the  equation 

cos  ^  =  0, 

TT  Sir  Sir 

are  ±  - ,      ±  —  ,      =t  —     &c., 

2  2  2    ^ 
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and  the  factors  of  cos  ( — )   are  therefore 

\dwl 

\        irdoi)    \        IT  dm)   \        Sirdwl  \        Sir  dx) 

Hence  decomposing  |cos  {;r-)  }     into  partial  fractions,  we 
find 

-(i-fJ"'-(i^.4)"--(¥-.^.)"> 

and  therefore 

y=  ^  e'^''  jdw  e'^'' X  -{^  e""^^ [dw  ^"^  X 

ator  Stt  a-ar  Sor 

^e^'fdwe     ^""X^e"^'  fdxe'^'  X 

6^  5^  5ir  Sir 

+  &c.  —  &c. 

+  C,  el'  +  C,  e"?'  +  Cs  e"^'  +  &c. 

nrx  3or  5ir 

+  C/6-2     +C/€"   2^    +   C5'6""2"%&C. 

Euler,  Calc,  Integ.  lb. 

(20)     Let  the  equation  be 

w(w-0)  d«y      y^(n-l)(n-2)(7^^3)  d'y 

^  1.2       da^  1.2.3.4  d<r* 

The  factors  of  the  operating  function   in   this   case   are 
the  same  as  those  of  the  algebraical  function 

The  quadratic  factors   of   this   expression  are  given  by 
the  formula 

(1  +  ijf)--  2  (1  -  ^)  cos 20  +  (1  -  «)\ 

where      6  = . 

2w 
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From  this  we  easily  find  the  simple  factors  of  the  ope- 
rating function  to  be 

^±(-)ltan0; 

Therefore  decomposing  it  into  partial  fractions,  as  in  the 
previous  Examples,  we  find  that  y  consists  of  a  number  of 
terms  of  the  form 

2  (cos0)"" ^  j    sin  (4?  tan  9)  fd,v  X  cos  (j?  tan  G)  \ 
n  I  -cos  {p  tan  G)  fdw  X  sin  {is  tan  Q)  j  ' 

.0  receiving  the  values   — ,   — ,   — ,  8cc.,   so   long  as   they 

At  /»       At  Tit       SS  ##' 
TT 

are  less  than  - .     Euler,   Calc.  Integ.  lb. 

It  sometimes  happens  that  the  inverse  processes,  such  as 

/d  \-'  . 

I a  \      Xy  fail,  from   the  coefficients  becoming  infinite, 

in  the  same  way  as  the  formula  for  integrating  af^  fails  when 
71  as  —  1.     Thus  for  instance, 

-7-  —  a  I      e^^  — =  CO  when  m  ^  a> 

\aa;  J  m  —  a 

The  method  to  be  adopted   in    such  cases  is   the    same 

in  principle  as  that  used  for  determining  the  value  of  /  — . 

It  is  this :  since  the  function  becomes  infinite  in  these  cases, 
we  so  assume  the  arbitrary  constant  in  the  complementary 
function  as   to   make  the    formula  assume  the  indeterminate 

form  -,    the  true  value  of  which  may  be  easily  determined 

by  the  ordinary  rules.  The  assumption  made  with  respect 
to  the  arbitrary  constant  is  that  it  shall  be  negative  and 
infinite,  so  that  the  difference  of  the  two  infinite  quantities 
may  be  finite. 

(21)     Let  the  equation  be 

ay  =  e    . 
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The  solution  of  this  by  the  usual  formula  would  be 

as 

y  =  -^—  +  Ce". 
a  —  a 

To  determine   the  real   value  of   this,   let    us   take   the 
equation 

the  integral  of  which  is 


€ 


y  =  +  Cc**'. 

Now  C  being  an  arbitrary  constant,  we  may  assume  it 
to  be  equal  to 

*     m  -^  a 

mx  ax 

so  that  y  =  ^— — ?     +  C.  e"'. 

m  —  a 

When  m  B  a,  the  first  term  of  this  becomes  - ;  and  its 

0 

true  value   is   easily   seen,  by  differentiating   numerator  and 

denominator    with    respect    to  m,   to   be    «»e"'  when  m  =  a. 

Therefore 

y  ^  We     +  Cj6 

is  the  solution  of  the  equation 

dy 
~-ay^€    . 

UtV 

(22)     Let  the  equation  be 

d 


( 


djf        '  ^ 
The  solution  of  this  by  the  usual  method  would  be 

y  ="  7 ^  +  «"(Co  +  c,w  +  &c.  H-  c,.y), 

(a  —  a) 

which  is  a  nugatory  result.  Proceeding  by  the  same  method 
as  in  the  last  example,  we  find  the  function  whose  true  value 
is  to  be  determined  to  be 


< 
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when  m  e  a. 


{m  —  ay 
By  Ex.  15.  of  Chap.  vi.  of  the  Diffi  Calc.  we  find  the 


true  value  of  this  to  be 


V 


r  e' 


1.2.3  ...  (r  -  l)r' 
therefore 


lutT    ax 
X    6 


is  the  solution  of  the  given  equation. 
(23)     Let  the  equation  be 


2  +  n?y  s=  cos  Wti?. 


The  solution  of  this  by  the  usual  rule  would  be 

cosn<2? 


V^'-V? 


+  C  cos  no?  +  C\  sin  nco. 


If  we  assume  C  =^  C « we  have  to  find  the  true 


«*  — m^ 


value  of  the  function 

coSmx  —  cosw<r 


n^  -  m^ 


when  m  =^  n. 


This  is  easily  seen  to  be 

^sin  W.3? 


2w       ' 


so  that  the  solution  of  the  given  equation  is 

.rsinw^  . 

V  = 1-  C  cos  nx  +  Ci  sin  nx. 

This  example  is  one  of  great  importance,  for  in  the  ap- 
plication of  analysis  to  physics,  equations  of  this  form  fre- 
quently occur ;  and  as  the  value  of  y  is  not  simply  periodic, 
but  admits  of  indefinite  increase,  it  indicates  a  change  in  the 
physical  circumstances  of  the  prol3lem.  Cases  of  this  kind 
occur  in  the  theory  of  the  disturbed  motions  of  pendulums 
and  of  the  Lunar  perturbations. 
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(24)     If  the  equation  be 

we  shall  find  by  means  of  Ex.  21,  of  Chap.  vi.  of  the  DiflP. 
Calc.  that  the  integral  is 


y 


(-ya?'*cos  f  n/r  +  r  —  j 


Sect.  2.  Equations  in  which  the  coefficients  are  func- 
tions of  the  independent  variable. 

Equations  of  this  class  cannot  be  generally  integrated  by 
one  method,  but  a  considerable  number  may  be  reduced  to  the 
class  discussed  in  the  preceding  section. 

I.  In  the  first  place,  all  equations  of  the  first  order  may 
be  reduced  to  equations  with  constant  coefficients  by  a  change 
of  the  independent  variable,  or  by  some  equivalent  process. 
The  general  form  of  a  linear  equation  of  the  first  order  is 

^  +  Py  =  ^, 

diV 
P  and  Jf  being  functions  of  w.      Assume 

dt  =  Pdwy    so  that    t  =  fPd/v  ; 
then  the  equation  becomes 

dy  X 

Tt'-^^r^ 

the  integral  of  which  is  by  the  preceding  section, 

y  =  e"Vd^~e*+Ce-S 

ot  putting  for  t  its  value 

y  «  e'fP^^fda^Xef^^^  +  Ce'f^'^'; 
which  is  the  complete  solution  of  the  equation. 
(l)     Let  the  equation  be 


(1  ~  ^  )  —  +  tvy  =  00? ; 


20 


Here  Pda 3  and  jPdx  =  -  log  (1  -  ^i. 

Therefore  y  «  a  +  C  (l  -  aP)K 

(2)     Let  (1  +  a?-)i -^  +  wy  «  a  (1  4^  4^)*. 

Here  Pda?  = —k  ,  JPdw  «  n log  Ja?  +  (1  +  a?*)*}, 

and  the  solution  is  * 

(S)    Let  -Jl  +       ^ 


integiral  of  ihis  is 


1     /I  +a?\*     ^  /I  -^M 
^     a  +  4  Vl  -  W  \1  +  W 

(4)     Let  (1  -  w^)i  -^  -  wy  =  a?  (1  -  a?^)^. 
The  integral  of  this  is 

y  =  -  -^ ^^ /—- i  +  Ce'*^^^    *. 

II.     Equations  of  all  orders  of  the  form 

j«  j«-i.- 

(o  +  6a?)'  -4  +  J,  (a  +  fta?)"-'  -— ^  +  &c.  +  J,y  =  JT, 
atP  aw 

where  A^y  A29 A„  are  constants,  can  always  be  integrated 

by  a  change  of  the  independent  variable. 
In  the  first  place,  if  we  assume 

the  equation  evidently  takes  the  form 

6V  ^  +  J,  6-'  «-•  ^  +  &c.  +  A.y  =  Z; 
dsr  ax    ' 
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.     .  a 

where  Z  is  whdt  X  becomes,  when  we  substitute  in  it  »  —  r 

0 

for  a.     As  fc",  ft"-^  &c.  are  constants,  this  equation  may,  by 
dividing  by  6%  be  put  under  the  form 


?^ 


where   J/  =  — ' ,     ^;  =  -i,  &c.  and  Z'  «  - . 

In   this   equation   make    —  ^  dt^  or   «  =  e*.     Then  by 
Ex.  6.  of  Chap.  in.  of  the  DifF.  Calc.  we  have 

dz'     dt  \dt       I  \dt       I       \dt  I 

so  that  the  substitution  of  t  for  %  will  give  rise  to  an  equa- 
tiort  of  the  form 

where  T  is  what  Z'  becomes  when  We  substitute  in  it  e*  for 
%,  The  coefficients  5i,  ^g,  &c.  are  constant^  to  that  this 
equation  is  integrable  by  the  method  given  in  the  last  sec- 
tion. This  transformation  was  first  given  by  Legendre, 
Memoir 68  de  VAcademie,   1787,  p.  S36, 

o  d^v        dy 
(5)     Let  .«J^.£-y..". 

Making  x*ie\  the  transformed  equation  is 


de 

-y  = 

the 

integral 

of  which 

is 

y  = 

c 

-  + 
1 

C6'  + 

Cie- 

A 

m*- 

i 

or 

y  = 

T  + 

C.V  + 

• 

20 — 2 


5-  'A". 
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/-/.x    -r  •^y        dy  1 

(6)  Xet         4^^4.3a,-+y«— -,. 

CluMigiiig  tbe  indjependent  yariablie  from  atott  and  makiis^ 
a  m  t\  this  becomes 

id        \*  1 

the  integral  of  which  is 

y  -€-7d^;r-^,  +  (C+  CxOe-*. 

(I  -6; 

Therefore    y  -  log  [--—)''  +  -  (C^  +  Ci  log 4^). 

(7)  Let 


♦ 

Let   «  d^  and  therefore  1  +  zp  =  e*.      The  trai^- 

1  +a? 

formed  ^nation  is 

the  integral  of  which  is 

^      85    (1  +  ^)*      51  ^  ^  ^  ^ 

+  Ci  cos  log  (1  +  wY  +  Cg  sin  log  (l  +  aif. 

(8)     Let      ^g-8a^g  +  7.rg-8y  =  jr. 

When  the  independent  variable  is  changed,  the  operating 
function  is  found  to  contain  three  equal  factors,  hence  the 
integral  is 

y  «  ^  T—  T—  f—  —  +  ^  {Co  +  Ciloga?  +  Cg  (logo?)'}. 

In  other  cases  the  reduction  may  be  made  by  artifices 
suggested  by  the  form  of  the  equation. 

,  X     T  dJ^y      9,  dy       , 
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Now  ^).^^H-2^. 

dsf  dar        dw 

Therefore  g+!^  =  l^. 

dsr     00  dx     x    dor 

The   given  equation   may   therefore   be   put   under   the 

form 

d^  (ooiA 
-i/-a«(.,)-0; 

which  is  a  linear  equation   with   constant  coefficients.      The 
integral  of  this  is  evidently 


and  therefore  y  =  1  (Ce"'  +  Cje-"') 

X 

is  the  integral  of  the  given  equation. 

This  may  be  put  under  the  form 

dx  \dx      xj 
Integrating  with  respect  to  j?,  that  is,  operating  on  both 

sides  of  the  equation  with  (-7—)     >  we  have 

\dx      xl  \dxj 

C  being  an  arbitrary  constant. 
Multiplying  by  a', 

Now  (.^^+2)y.(^]*|.(^)     V}. 


If  therefore  v^e  put  %  =:x  l  —  j     y,  the  equation  becom 


dx^ 


114  mvmmmh  mum»%^ 

the  integral  of  which  is 


«'&  -—  ^  +  ^  cos  (nw  +  a), 

A  and  a  being  i||>hitr{|rj  ^i^stanti,    Therefore  U 

4 


V  a  — '  f  -  I ,  we'  find 
^     da  VW' 


A  nA 

y  at  -  3  eod  (n^w  +  a)  — ^r«  ^in  (nw  +  a). 

or  Of 

The  integrals  of  other  equations  with  variaHe  eodB^ei^ii^ 
will  be  found  in  the  following  chapter  oa  Integratfon.  hy 
Series. 

After  all  however,  when  these  ^uations  are  of  the  second 
or  higher  orders,  the  number  of  cases  in  which  they  afe  Uh 
tegrable  is  very  limited,  and  there  seepia  to  be  np  grea( 
prospct  of  the  number  being  much  increased.  A  Ittle 
consideration  will  poipt  put  the  reason  of  thit$,  W||(§||  we 
speak  of  an  equation  being  integrable,  we  mean  that  the 
dependent  variable  can  be  ei^presp^d  Jn  tprmji  pf  (hf  de- 
pendent variable  by  means  of  a  finite  series  of  functions  of 
that ,  quantity,  the  forms  of  such  functions  being  limited  to 
those  known  as  algebraical  and  transcendental.  Now  it  has 
been  seen  that  the  simplest  forms  of  diflPerential  equations 
involve  the  highest  transcendants  which  we.  recognize  as 
known  functions,  such  as  e***  or  cos  na:^  and  it  is  to  be  ex- 
pected that  when  the  equations  become  more  complicated 
their  integrals  must  involve  higher  transcendants  to  which 
we  have  not  affixed  particular  names,  and  which  we  do  not 
look  on  as  known  forms.  This  indeed  is  found  to  be  the 
case,  as  for  example  in  the  equation 

d^y      dy 

*  ;74  +  T^  +  y  =  0, 

which  in  its  integral  involves  the  transcendant 

CD  00^  S^  OD^ 

It   would  appear  then  that  before  we  are  able  to  make 
any  farther  progress  in  the  solution  of  difierential  equations 
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we  must  create  new  transcendants  in  the  same  way  as  t^e 
ordinary  transcendants  €%  coSiTy  logo?,  &c.  have  been  created, 
we  must  study  their  properties,  and  endeavour  to  express 
the  integrals  of  differential  equations  by  means  of  them. 
The  first  part  of  this  task  has  for  some  time  past  occupied 
the  attention  of  mathematicians,  and  great  progress  has  been 
made  in  it  though  much  still  remains  to  be  done.  The 
second  part  has  also  been  the  object  of  study,  though  not 
to  the  same  extent  as  the  other,  and  several  mathematicians 
have  applied  themselves  with  success  to  the  expression  of 
the  integrals  of  differential  equations  by  means  of  definite 
integrals  which  are  the  representatives  of  new  transcendants. 
Thus  for  instance  in  the  case  cited  above,  the  transcendant 

l--r+  -T—- r-T— o  + &c.  =  -/    d6cos(2sm0^i).. 

Examples  of  such  integrals  will  be  found  in  Crelle'^s  Journal^ 
Vol.  X.  p.  92;    Vol.  XII.  p.  144;    Vol.  xvii.  p.  ^^Z. 

As  it  appears  then  that  the  number  of  linear  differential 
equations,  which  are  integrable  by  means  by  the  ordinary 
transcendants,  is  not  very  great,  it  becomes  a  matter  of  some 
importance  to  enquire  under  what  circumstances  they  are  so 
integrable,  and  to  classify  them  accordingly.  This  enquiry 
has  been  undertaken  by  M.  Liouville,  whose  researches  on 
the  subject  will  be  found  in  the  Jour,  de  FEcole  Polyi. 
XXII®.  Cahier,  p.  149,  and  in  the  Memoires  des  Sav.  Etran. 
Vol.  v.  p.  108. 

There  are  however  some  general  properties  of  these  equa- 
tions which  may  be  studied  without  a  knowledge  of  their 
complete  solution,  and  which  are  of  importance  in  the  absence 
of  more  direct  ways  of  attacking  them.  Such  is  the  theorem 
of  Lagrange,  that  if  we  have  a  linear  equation  of  the 
form 

and  if  we  know  r  values  of  y  which  satisfy  it,  when  the 
second  side  vanishes,  the  equation  can  always  be  reduced  to 
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tli6  integration  of  a  linear  equation  of  the  order  n  —  n  Tiie 
following  demonstration  is  due .  to  Libri.* 

Let  jfi  be  the  value  of  y  which  satisfies  the  given  equation, 
when  the  second  side  becomes  zero. 

Assume  jf«  yi  fxdof^  ss  being  a  new  variable.  TlMl| 
observing  that  by  the  theorem  of  Leibnitz, 

df  (uv)  -  f)dfu  +  pdvdP-^u  +  ^  ^^  "  ■     d'^vd^-^u  +  &c 
^     ^  ^  1.2 

the  given  equation  takes  the  form 

Now  since  ^i  satisfies  the  equation 

the  term  involving  /srddr  disappears,  and  on  dividing  by  jfi 
we  have  an  equation  of  the  form 

and  the  equation  is  thus  reduced  to  one  of  an  order  lower 
by  unity.     Again,  if  y^  be  another  value  of  y  which  satisfies 

equation  (2),  and  since  ij?  =  -—-  (  — ),   we  have  %y  = —  |??i 

as  a  particular  integral  of 

If  therefore  we  assume  z  =  Zi  fzdo}  =  -r—  (~|  fz'dx^  we 

•^  do?  Vyi/  "^ 

shall  be  able  as  before  to  reduce  the  equation  (3)  to 

do?  Vj^,/ 
*  Crelle's  Journal,  Vol.  x.  p.  186. 


u 


+ 
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which  is  of  an  order  inferior  to  (l)  by  two  unities.  Proceed- 
ing in  this  manner  we  can  reduce  the  equation  to  one  of  the 
order  7i  —  r. 

In  the  same  memoir  M.  Libri  has  shewn  that  linear 
differential  equations  possess  various  properties  analogous  to 
those  of  ordinary  equations.  Thus,  for  instance,  we  can 
always  cause  to  disappear  the  (r  —  1)*^  term  of  such  an  equa- 
tion, by  the  aid  of  the  solution  of  an  equation  of  the  r^ 
order.     Let  the  equation  be 

and  let  us  assume  y=zu;  it  then  becomes 

d»«       f    du      ^    \dr-'^x      ^ 
— -  +  {n-—-{-Piu]——-r+  &c. 
del?"       V    dof  Jdaf"'^ 

n(n  -1) («  -r  +  l)  jd'^u      r      d^'^u 

1.2 r  \dos^      n    ^  dx^-^ 

r(r-l)  ^  d'-'^u     ,     ^d^-^x     ^ 

The  (r  +  l)^**  term  of  this  transformed  equation  will  dis- 
appear if 

d'u      r  ^  d"^u      r(r-l)  d^"'w      ^ 

dof"^      n       dw"^    *      n{n --l)  dx^    ^ 

which  is  a  linear  equation  of  the  r*^  order.     Since 

du 
w  — -  +  Pj  w  =  0, 
aw 

can  always  be  solved,  it  appears  that  we  can  always  make  the 
second  term  of  a  linear  equation  disappear. 

Some  equations  which  are  pot  linear  may  be  reduced  to 
that  form  by  a  change  of  the  variable. 

Let     dy  +  Py  dw  ^  Xy^'^^dw^ 

assume  y»  =  — ,  when  the  equation  becomes 

u 

du  —  nPudw  =s  —  nXdx^ 
which  is  linear  with  respect  to  u. 

See  Jac  Bernoulli,  Opera,  pp.  Q63  and  731. 


Tb«  equation  ii|  u  is 
finm  which  ««  «  A«*  +  i+ fi^^- 

The  integral  is 

(is)     liCt     ay  dy  -  bt^  d9  ■»  ca?  dof. 
Assuming     ^  ^u    this  li^omes 

which  is  linear  in  ti.     The  integral  is 

^         c        ae  **- 

a^  da? 

(14)  Let    wy^  dy  +  y^d^  = . 

w 

By  assuming     j^  ^  Uy     we  find 

3      3a3      C 

(15)  Let     ydy--—dw^-. 

W  OB 

The  integral  found  by  assuming  y*  =  w  is 
y^==e    * + 


(l6)  Let  do?  -  a;ydy  =  w^y^dy. 

1 
Putting     t7?  =  - ,  this  becomes 

dv  - 
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which  is  linear  with  respect  to  v.     The  integral  is 

1  y' 

Sect.  3.     Equations  integrable  by  separating  the 

variables. 

I.  Homogeneous  equations  of  the  first  order  an4  degree 
can  always  be  integrated  by  means  of  the  separation  of  the 
variables.     If  the  two  variables  be  a  and  y,  assume 

y  ^ 

-  -  Xj     or  -  ^  Zf 

^v  y 

and  by  means  of  one  of  these  equations  and  its  di^erential 
eliminate  one  of  the  variables  and  its  differential  from  the 
given  equation.  The  resulting  equation  invplving  x  aqd  the 
other  variable  always  admits  of  the  variables  being  separated. 

This  method  of  integrating  homogeneous  differential  equa- 
tions of  the  first  order  was  first  given  by  John  Bernoulli.  See 
the  Comm,  Epis,  of  Leibnitz  and  Bernoulli,  Vol.  i.  p.  7. 

Ex.  (l)     Let  the  equation  be 

a^dw  +  ydy  =  mydoD. 

y 

Assuming     -  =  ^,  the  transformed  equation  is 

w 

doB  zdx 

tV        1  —  mz  +  z"^ 

dcV      1    2z  —  mdz        1         mdz 

or     —  +  - + =  0 ; 

Off       2  1  —  mz  +  ^      2  1  -  mz  +  sr 

the  integral  of  which  is 

1  m    r         dz 

log  0?  +  -  log  (1  -  mz  +  ;2f^)  +  —  / =  C. 

^         2*^^  ^       2Jl-w«f  +  «^ 

If  w  >  2,  the  denominator  of  the  part  under  the  sign  of 
integration  is  of  the  form  {z  --  a)  iz j  ,  and  therefore 


mdz  a^  +  1  ,       /z  —  a 


/maz  a  +  1 

1  -  mz  -{-  z"      a^  -  I 


816  mwrmasfimkL  bquations.- 

1  1  a*  4 1     ' 

and  logf  +  -log(l  -i»»  +  «*)  +  ^  -^ — -log 


Subs^toting  for  «^  its  value  -»  we  hat^ 


(^)- ' 


log  («^  -  ««y  +  j^J  +  ^-^+i_  kg  (^^^)  i-  C. 

Let  m  <2t  so  that  we  may  assume  m  «  Sicbsa. .   Then  / 

r           dx                   1               /    AT  sin  a    \ 
/ .«  --_*  tan"**  ( -^ —  )  ; 

•/l-2cosa.»+«'      sma  \l-«coso/ 

and  therefore  the  integral  of  the  equation  is 

wsL _ )  te  (7. 

w  —  ffcosaj 

Let  fw  «  2,  or  1  -  m»  +  «• «  (1  -  «y.     Then   the  inte- 
grid  of  the  equation  becomes 


-"Kv*   y^-^-^_y' 

or     OB  -y  =  Ce   *~y. 

(2)     Let 

a;dy-yd^  =  (.r«  +  y')Jd^. 

Making 

j^  =  <r^,  this  becomes 

dw           dz 

0?    ""  fl  +  ^2^J ' 

whence     ^  =  C  {^f  +  (l  +  i?f^)^}, 
from  which     w^  =  2  Cy  +  C". 
(3)     Let     (^y  +  2^^)  do?  =  Sxy^dy. 
Assuming     y  =  wz^  we  find 


a?         1  -  2^5?' 


an  equation  which  is  easily  integrable,  since  the  second  side  is 
a  rational  fraction.  The  final  integral  may  be  put  under  the 
form  {a^  -  ^y^Y  =  Cod^. 
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(4)     Let         y^dcn  +  {poy  +  of')  dy  m  0. 

Assume  w  ^y«^  when  the  transformed  equation  becomes 

dy         d% 


y      ^%  ^  sf? 

— j    . 

(5)  Let       xdw  +  ydy  ^  m{ady  --  yda). 
Assuming  y  s  wXf  we  find  the  integral  to  be 

log  (ar^  +  y*) J  «  m  tan"^  -  +  C. 

(6)  Let         y'do?  +  a^dy  =  osydy. 

Assuming  w  =s  y«f,  we  find  as  the  integral     y  =  Ce"  . 

(7)  Let      y^dy  +  Sj^wdw  +  9,a?dx  =  0. 

The  integral  of  this  is     y^  +  2^  =  C(a?*  +  y*)J. 

(8)  Let  a^ydw  --  f^dy  ^  a^dy. 

The  integral  is  y  -  Ce^^^'. 

(9)  Let     o^ycJj^  —  y^dx  =  (ti?  +  y)'  e"*  d.a?. 
The  transformed  equation  is 

dx       ze'dz 

"V^  (iTzy' 

and  the  integral  is 

(a?  +  y)  log  -  =  ^e' . 
c 

(10)  Let  the  equation  be 

a^dy  —  x^ydx  +  y'd^  -  xy^dy  =  0. 
In  this  case  the  transformed  equation  is  reduced  to 

a?(l  -»^)d«  =  0; 
which  may  be  satisfied  by 

0?  =  0,      1  -  »'  =  0,     or  d^  s=  0. 


I 


olO  BIFFJrailmAXt  WffjATsSnE. 

This  last  is  thd  tihljf  diffei^Htial  ^tlMi^n,  and  ih^Aftre  is 
tlie  sdatioil  of  the  equaticm.     It  gives  as  the  integral 

The  other  two  solution!  ttorrt^spond  to  particular  values 
of  the  arbitrary  constant;  The  first  or  ^  «  0  gives  o  »  oo, 
the  second  or  »*«  1  give*  C^  ^1.  .     .:    .  . 

II.  Equations  in  Which  the  variabiles. can^b^  sepi^rated 
by  particular  assumptions. 

(11)  Let     (m«  +  ny +  p)d»+ (»«  +  6y  +  c)dy  kO. 

Assume      aw  +  b^  -¥  c  ^  x^    mcs  4-  ny  + 1> «  t« ; 

whence    adw -^h'ijLy^d^i    feilli^  4- fi^y  «  dt^^ 
and  therefore 

dy^ — rz — - — -J-    d(»A      \'^ — ^9 
mb-^na  mb^na 

by  means  of  which  the  proposed  equation  becomes 

(mx  —  nu)  dUs  +  Q>u  -  a%)  du  «  o, 

which   is  a   homogeneous   equation  integrable  by  the  usual 
assumption. 

If  —  =  -  j^this  method  fails,  but  the  given  equation  is 

then  easily  integrable :    for  eliminating  m  it  becomes 
6  (cdy  +  pdw)  +  (ao?  +  by)  {bdy  +  ndw)  =  0 ; 

and  by  assuming  aw  -{-by  =  %  whence  bdy  ssdsa  ^  adw^  the 
equation  becomes 

{ac  —  6j3  +  (a  -  w)  «}  dw  ^  (c  +  x)  dx, 

in  which  the  variables  are  separated. 

Euler,  Calc.  Inieg.  Vol.  i.  p.  26l. 

(12)  Let  dy  -  (a  +  boff +  cy)doff. 

By  assuming  bx  ^  cy  ^  z  we  find  the  integral  to  be 

6  +  c  (a  +  6d?  +  cy)  «  Ce". 

Euler,  lb.  p.  262. 


(IS)     Let  dy  +  Vjfdjf  i=  ^al^dca. 

Assume  y  s  j^%  by  which  the  equation  becomes 

TSi^^^dz  +  Vx^^dw  a=  u^a^dx. 

In  order  that  this  may  be  homogeneous  we  must  have 

r  —  1  =  2r  =  m; 

whence  r=:-l,  wa-2,  so  that  the  transformed  equation  is 

d%      ta^*^      o?dcB 
"■"^■^       ^^~^' 

a  homogeneous  equation  in  which  the  variables  are  separable. 

This  equation  was  first  considered  by  Riccati  in  the  Acta 
Eruditorum^  Sup.  viii.  p.  66,  aiid  it  usually  bears  his  name. 
It  may  be  converted  into  a  linear  equation  by  assuming 

1     d% 

*'"  6*i  d^' 
when  it  becomes 

dx" 

(14)  If  in  the  equation  of  Riccati  m  :=  0,  the  variables 
are  immediately  separable.     It  becomes  then 

dy  +  fe^y^  dw  =  a^dx    or     dx  =  -- — -— ^ , 
the  integral  of  which  is 

; —  !*  Ce 

o  -6y 

The  assumption  y  =  «;*  is  not  the  only  one  which  renders 
the  equation  of  Riccati  integrable.     If  we  assume 

y  -  JxP  •{■  x^Zj 
the  equation  becomes 

x^dx  +  (qx^''  +  26^Ja?^+^  +  6W0  «dx+  (pJx^'^  +  6«JV0  dx 

l^his  will  be  reduced  to  an  equation  of  three  ternls,  if 
we  have 

p-lo2jp,  q^i^p^^^ 
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The  first  and  second  conditions  agree  in  giving  p  <"»«-> !» 
and  from  the  second  and  third  we  find 

so  that  the  assumption  is 

1        X 

and  the  equation  is  then  reduced  to 

or 
(15)     If  in  «>  -  4^  the  equation  becomes 

in  which  the  variables  are  separated.     The  int^al  is 

ab  "^  Of  +  feVy 

.    If  in  the  equation 

d^  1 

d%  +  6^»*  — -  =  a^w^  ■*■  *da?  we  assume  ijr  =  — , 

we  have  du  +  a^u^a/^'^^daf  «=  — 5-  ; 

a? 

and  in  this  equation  making   (w  +  S)a?"'+*da?  =  dw,   and   for 
shortness  putting 

o*         09  ^^  2      ^  +  * 


m  +  3  m  +  3  m  +  3 

it  is  reduced  to 

du  +  fi^u^dv  =s  a^D*dv, 

which  is  similar  to  the  proposed  equation,  and  is  therefore 
integrable  if  w  =  -  4,  or  w  =  — .      If  n  be  not  equal  to 

3 

—  4,  we  may  transform  this  equation  by  the  same  assump- 
tions as  before,  when  we  shall  obtain  an  equation  of  the 
form  du'  +  (i^u^dv'  =  a'^v'^'dv, 
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which  is  integrable  if  r^'  =  -  4,  furnishing  a  corresponding 
value  for  m.  In  this  way  we  may  proceed,  continually 
transforming  the  equation  and  finding  values  of  m  which 
render  Riccati^s  equation  integrable.  It  will  be  found  that 
these  values  are  included  in  the  formula 

4r 

2r-  1 
r  being  an  integer. 

Another  series  of  values  for  m  may  be  found  by  making 

y  aa  —    in  the  original  equation,  when  it  becomes 

and  this  being  transformed  by  the  assumptions 

a'  ^«  6*  «         w 

w+1  m  +  1  m+1 

we  find  du  +  fi^u^dv  =  a'«"d«, 

which  is  similar  to  the  proposed  equation  and  integrable  if 

n  be  of  the  form ,  that  is,  if 

2r-l 

,  or  7»  =  - 


m+1      2r-l  2r  +  l 

Hence  all  the  values  of  m  are  included  in  the  formula 

4r 


wi  =  — 


2r  ±1 

(16)  Let  dy  +  y^d^  =  — ^  . 

Then  »44±^^=Ce-*. 

9,dx 

(17)  Let  dy  —  y  da^s:  — ^ . 

T*^^»  rrXTT 7  ==  tan    +  C    . 

S.2^a?*(H-^y)  V^  / 

(18)  The  equation 

dy  +  aif^aPdso  +  hc^y^  do?  =  0 
21 


i 


.  1      *,  .     .j>*     .   N 


-■"     '■'  .'; 


t       ^         » 


9$A  Im  nade  homogoieea*  if. 

(;>  + 1)  (1  -  ff)  *- (i»  + 1)  (i  :i  »)^ 

y  as  jjf^^  or  =  J8r^. 

There  is  an  exceptipti  to  this  if  n  «  i  and  9  « 1 ;  but  in 
this  case  the  equation  becomes 

in  which  th«  variabliK  ml  alrtidy  mp$mt»At  • : 

(19)    Let  ayd^  4-  hcsifi^^g^ ipyi^&  ewdy)  -  0; 
dividing  by  4Py  ir^  tov«  r  :* 


From  this  it  appears  that  the  isiumptions  ^ 

•  ■    *  .  •  •  .      . 

will  simplify  the  eqttatldn.     tt  becomes  afb(»»  these  'SObst^ 

tutions 

du  ftdw 

—  +  U'^VP —  =aO, 

,  me  —  nc     ^     na  —  mb 

where  a  =  — ^ — r-  9  p  = r—  • 

ae  —  PC  ajs  --  DC 

The  integral  of  this  is  evidently 

-— *0-''- 

ma      c        ^ 
If    a  =  0     and     i3  =  0,     i.  e.  if  —  »*-=!- ,    the    inte- 

n       o      e 

gral  takes  the  form 

log  u  +  log  V  =  C ; 
or  tev  =  C ; 

or  a?«  +  ^y^  +  ^=C. 

(20)     Let     (a?  +  yy  dy  «=  a^  dot;. 
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Assume  a?  +  y  =  «, 

a^  du 


whence  dy 


a?  ^-u^^ 


in  which  the  variables  are  separated. '    The  integral  is 

y  +  c 

y  ^-of  !=  a  tan . 

a 

(21)     Let     (y  -  a?)  (l  +  a?^) J  e?y  =  71  (l  +  j/^)»  da?. 
To  separate  the  variables  assume 

w  -^u 

when  the  equation  becomes 

dw  udu 


1  +  d?2      (1  +  t^2)  {t^  +  w(l  +  «^^)i}  * 
To  integrate  this  put  1  +  w^  =  ^,  which  gives 

dw  dt 

1  +  ^'^ 
and  again  putting     t  = ,    we  find 


1  +  a?«  ""  1  i-  «^      (w  +  1)  +  (ti  -  1) «^' 
which  is  easily  integrable. 

Euler,  Calo.  Integ.  Vol.  i.  p.  270. 

Sect.  4.      Equations  which  involve  y  and  iti  different 
Hals  in  powers  and  products. 

I.     Equations  of  the  form 

(£)■  ^  MS)""  ^ --';■->■ 

are  to  be  resolved  (when  possible)  into  the  simple  factors 

and  each  of  these  is  to  be  integrated  separately.  Any  one  of 
these  integrals,  or  the  product  of  any  number  of  them,  will 
be  an  integral  of  the  proposed  equation. 

21—2 


.„.J..,, 


■'.f  .■"" 
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« 

Hare         3 a«0,         — +a«0; 

iharefore  y  «  a/p  +  e,         y  »  —  ao?  +  Ci, 

ate  both  integrals:  also 

(y  —  ad7  —  c)  (y  +  a^  —  Ci)  =  0. 

If  we  suppose  e  and  C}  to  be  the  same,  this  may  be  put 
under  the  form 

(y  —  c)*  ■  a*a?*. 

The  integrals  are 

y*  «s  4iaaf  +  c,  y*  *■  —  ^aa?  +  Ci^ 

and  (y*  -  4aa?  -  c)  (y*  +  4aa?  -  cj  «  0 ; 

or  (y*  — ■  cy  ■■  l6a*fl7%       when  Ci  =  c. 

The  integrals  are 

(^  +  i/)i  =  0?  +  c,  (o?^  +  y^)i  =  -  0?  +  Ci, 

and  {(<r^  +  y^)i  -  a?  -  c}  {(a?^  +  y^)i  +  ^  —  Cj}  =  0 ; 

or  y^  =  SCO?  +  c^,    when  Ci  =  c. 

(4)     Let 

The  factors  in  this  ease  are 

(g-«')(S-')(S-^)-v 

and  the  integrals  are 

y=:--+c,  y  =  eT  +  Ci,  y  =  -  -  +  Cg, 

and  (y  -,  -  -  c)  (y  -  eiJ  -  Ci)  (y  +  -  -  c^)  =  0. 
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(5)     Let 

The  integrals  are 

a  ax 


{y-cf^  —  f  sin-i -j       if    C2  «  Cj  =.  c. 
\dwl        X    ax      CD^       \       cd^J  \dxj 


Extracting  the  square  root  on  both  sides  and  multiplying 
by  X, 


whence    y  =  a?  cot  f  C  ±  — ) . 

II.  If  the  equation  be  of  the  first  order  and  homo- 
geneous in  X  and  y,  and  if  we  assume  y  =  ux  or  x  ^uy  we 
shall  obtain  by  the  elimination  of  the  variables  an  equation 

d  v 
between  u  and  -— ,  which  combined  with  the  differential  of 

dx 

ux  or  uy  will   give  us   the  means   of  finding   the   relation 

between  x  and  y, 

(7)     Let      ,-.g  =  «.|l+(g)y. 

^       dy  .  , 

Put    T-  =  Pj  and  y  ^  ux^  then 
dx 

u  =  p  +  n(l  +  p^)^ ; 

but     dy  =  pdx  =  udx  +  xdu  ; 

do?        t/t^ 
therefore     —  = 


X         P"  u 
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But  dte«dp  +  -^^-^, 

and    |>-w=-n(l+  p*)*; 
therefore     '^*' -  '^^  ^'''* 


"i 
and     log  0? log  {p  +  (I  +i)*)i}  -  ^logO  +  jP^  +  C 

whence  if     C  =  log  a, 
whence  we  find 

The  integral  is 


(8)     Let    y  -~  +  w^ 


f^\  C^y  ^  y  +  (y°-  +  »a?')^ 

This  equation  is  homogeneous  in  w  and  y,  and  may  be 
treated  like  the  preceding  examples,  but  it  is  more  convenient 
to    proceed   as  follows.      Square  both   sides,   and  solve  the 

equation  with  respect  to  y  — - ,   which  gives 

dy        n^w  |(w^  -  l)y^  +  w^cT^^i 

Whence,  dividing  by  the  second  side  of  the  equation  and 
integrating, 

{{n^  -  1)  »^  +  ^'.»'}^  =  ± a;  +  C. 
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III.     Equations  integrable  by  Differentiation. 
If    y  ^xp  +f{p)      (where  p  =  — j  , 

we  have,  on  differentiating,     0  =  {^  +/'(p)}  ^P* 

This  is  satisfied  by  dp  =  0,  or  y  =  dv  +  C',  where 
C"  =/(0.  The  singular  solution  is  found  by  eliminating  p 
between  the  given  equation  and  ^  +/'  (p)  —  0. 

This  equation  is  known  by  the  name  of  Clairaut^s  form, 
having  been  first  integrated  by  him.  See  Memoires  de  VAca- 
demie  des  Sciences,  1734,  p.  196. 

(10)  Let  y  -  px  +  n(l  +  p^)i. 

The  general  integral  is     y  =  Cw  +  w  (l  +  C®)i; 
the  singular  solution  is     oT  +  y^  =  vt?. 

(11)  Let  y  =^  pw  •{-  p  —  p^. 

The  general  integral  is     y  =  C  (a?  4-  1  -  C) ; 
the  singular  solution  is     4y  =  (1  +  ^y* 

(12)  Let         y  -px  ^  a{l  -  j>')i 

The  general  integral  is     y  =  Cx  +  a  (l  -  C^)i; 
the  singular  solution  is     yt  —  a?t  =  a^. 

(IS)      Let  y  =  p.r-^^^j. 

The  general  integral  is     y  -  C  \x  - TJiTif  > 

the  singular  solution  is     j^f  +  yl  =  o§. 

Sometimes  an  equation  which  is  not  of  Clairaut'*8  form 
may  be  reduced  to  it  by  being  multiplied  by  a  factor. 

04)      Let      ay(g)'+(2.-6)g-3,  =  0. 

Multiply  by  4y,  and  let  y^  =  «^,  and  9,ydx  =  du. 

Then  a    -7-      +  (4^?  -  26) 4t^  «  0, 

VdW  dx 
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du      (b  du     a  fdu\H  ) 

tt  «  0?  _  -  j-  —  -  -  j^— j  I , 

which  is  of  Clairauf  s  form.     The  general  integral  is 

«  «y  «  Co?  -  L  C  -  -  <? ]  . 
The  singular  solution  is    4ajf'  +  (2«  —  &)  a  0. 

(15)  Let    aa?y  ( -^  j   +  (ba^  -  ay*  -  a6)  ^  -  6a^y  -  0. 

On  multiplying  by  4^y,  ^nd  taking  a^  and  y*  as  the  liew 
variables,  the  equation  becomes  of  Clairaut's  form,  and  t^ 
integral  is 

b  +  aC 
The  singular  solution  is     ay*  +  &  (^  -  al)'  ■>   - 
If  y  -  Par  +  Q, 

where  P  and  Q  are  both  functions  of  p,  we  have  by  dif- 
ferentiation 

f    dP      dQ\ 
dy  =  pdw  =  Pdx  +  ( «»  — —  +  -— )  dp, 

\    dp      dpi 

whence  (;,  -  P)  e^.  =  L  ^  +  IS]  ,p, 

\    dp       dpi 

which  being  a  linear  equation  in  w_  may  be  integrated,  so  that 
we  have  co  expressed  in  terms  of  p,  and  as  y  =  fpdtV,  we  can 
eliminate  p  and  so  obtain  a  relation  between  a?  and  y, 

(16)  Let  y  =  a?p^  +  p*. 
The  integral  is     yi  =  (a?  +  l)i  +  C 

(17)  Let    y  =  (1  +  p)  07  +  p^ 

Then  y  =  2  (1  -  p)  +  Ce"^. 

Substituting  in  this  the  value  of  p  derived  from  the 
equation,  we  have  the  required  integral. 

(18)  Let     y  -  2pa?  =  a  (1  +  p^)^» 

We  find  p^ou  =  -  -  [p(l  +  p*)*  -  log  {p  +  (l  +  p^)*}]  +  C 
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By  eliminating  p  between  this  and  the  given  equation, 
the  integral  is  determined. 

(19)     Let     y  =  ^  {p  -  (1  +  p')i } . 

In  this  case  Q^  0,  and  we  have  to  integrate 

dof      (l  +  p^)i  —  P  . 

T"      (1+pO*        ^' 
and  then  to  eliminate  p.      The  result  is 

IV.     Homogeneous  equations  of  the  second  order. 

dy     d^y 
If  an  equation  involve  a?,  y,  — - ,    -— -,  and  if  we  assume 

ax     dor 

dy 
00  and  y  to  be  both  of  one  dimension,  -p-  will  be  of  0  di- 

mensions,  and  — -r  will  be  of  -  1  dimensions.     The  equation 

dcr 

then  is  said   to  be  homogeneous   when,  adopting  this  scale, 

the    sum   of   the   indices   in    each   term   is   the  same.       To 

integrate    an   equation   of   this   form,   let  —  =  p,    -—  =  q ; 

QiOO  CLW 

then  by  assuming  y  =  ua^     9  =  -»    the   quantity  of  can   be 

(27 

eliminated   so  as   to    give  a   relation    between  w,  v,    and  p. 
But  as  dy  ^pdw  ^  udx  •\-  wdu^  we  have 

dw        du 
w       p  —  u^ 

and  as  dp  =  qdw^  we  have  also  vdai  =^  ocdp. 

Whence  v  du  =^  (p  —  u)  dp. 

From  this  v  may  be  eliminated  by  means  of  the  given 
equation,  and  we  have  a  differential  equation  of  the  first 
order  between  p  and  u:  by  integrating  this  we  obtain  p 
in  terms  of  u,  and  then  w  in  terms  of  u  from 

do?  du 

(s        p  --  u 

in  which  the  variables  are  separated. 


-■'ww^ 


^9ft0  mtmwmAh  wvumoM. 

put  y  B  um^         9 » - »  then 

This  being  a  linear  equadon  is  iasily  integrated^   and 
we  find 

pmu+l  •¥  C«*. 

_,,  dof         du  e^^du 

Of        l  +  Cc*       C  +  €~* 

C  Cf  ^  Cm 

ilttd  log— «log(C4-0  or  e-*°  ; 

whence  y  =  a?  log  I J , 

whaob  is  tb#  required  integral. 

(21)     Let        a^^^^d^^+y«0. 


The  integral  is 


,  ,,     (C-l).ri+{2y+(C^-l>|i 


(C  +  1)  «ri  -  ^5y  +  (C^  -  l)a?}4 ' 
There  is  also  a  singular  solution     y  =  Coo. 

Sometimes  an  equation  may  be  considered  homogeneous 
by  reckoning  os  as  of  one  dimension,  y  ot  n  dimensions,  and 

consequently  —  o{  (n  -  1)   dimensions,   and  — -  of  (n  -  2) 

dimensions.  In  such  cases  assume  y  =i  w^u,  p  ^  af^~^t^ 
q  ^  af^'^v  ;  then  by  steps  similar  to  those  in  the  last  case 
we  arrive  at  a  differential  equation  of  the  first  order,  between 
t  and  u^  which  being  integrated  will  enable  us  to  determine 
the  relation  between  w  and  y, 

d'v  dy 

(22)      Let     ^*  v4  =  (a?^  +  ^a?y)  -^  -  4f. 

dcV^  do} 

Assume     y  =  a^u^      p  ^  wt^        q  =  v.     Then 

V  -t(l  +2u)  •^4iu\ 
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But  we  have 

du  (v  -  ^)  =  dt  (t  —  2^^),     and  therefore 
Qudu  (t  -  2u)  ^  dt(t  -  2u). 

This  IS  satisfied  by 

2u  du  =  dti     or  by     if  -  2w  =  0. 
The  first  gives     u^  -i-  C  =  t,     and  therefore 

ds  du 


w       u^'-^U'^C 
When     C  «  1,     this  gives 

^  =  (o?^  -  y)  log  - . 

a 

When     O  =  1  -  7^^,     this  gives 

(;i  -  1)  tT^  +  y 
When     C  =  1  +  n^,     this  gives 

y  ^  a?\l  +  w  tan  ( n  log  - )  r  • 
The  other  factor     ^  —  2t^  «  0,     gives 

as  a  singular  solution. 

If  X  be  reckoned  of  0  dimensions  so  that  y,    — ,    _ r. 

are  of  the  same  dimensions,  a  homogeneous  equation  may  be 
integrated  by  assuming 

p  =  uy^  q  ss  vy;     whence  as 

dy  =  uyda     and     udy  +  ydu  =  vyda^^ 

—  s=  udx    and     du  +  v^dx  =  t?  dx. 

y 

From  this  last  if  we  eliminate  v  by  means  of  the  given 
equation,  we  have  to  find  u  in  terms  of  a?,  by  integrating  an 
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equation  of  the  first  order,  and  then  by  means  of  -—> «  t^  dm^ 
we  can  determine  the  relation  between  m  and  y. 

From  this  ye  find 

t«  .    du  da 

t>  -  tt^  +  7-r- — STT    and 


therefore  w*  C{a  +  (a*  +  w^i} ; 

whence  log  (Cy) -Ca* log 1 4?+ (a* +«^i}  +<?^{^4-(i^4-^iJ. 

(84)    Let    «y  — -y_  +  »(^^j    +  j^r:;;-^.       . 

The  integral  is 

(a*-««)i      ^,     c|«6+ (o» -««)*} 
____.Mog , 

b  and  c  being  arbitrary  constants. 

V.     Equations  of  the  second  order  in  which  one  or  other 
of  the  variables  is  wanting. 

If  the  deficient  variable  be  the  dependent  variable  y,  by 

(Py      dp  .  .         /.    ,       o 

putting  -—  c=  -i-  we  have  an   equation  of  the   first  order 

between  p  and  Xy  by  the  integration  of  which  we  obtain  p  in 
terms  of  x^  or  x  in  terms  of  p ;  and  then  by  means  of  the 
equation 

y^fpdx^xp-fxdp, 

we  can  find  the  relation  between  x  and  y. 

(^^)  ^^^     V'-iijl-^-xd- 

dy  (Py      dp 

puttinff  -7-  =  P     and  — —  =  -p-  this  becomes 
^        ^  dx     ^  dx^      dx 


therefore 
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dp  Swdx 


(1  +  p*)'         a' 


whence  - — =— -t-  =  —  +  C  ■= : 

(1  +  p^)i      a*  a? 


and  tf-   f(^L±^^)^ 


^2  ■   ~ 

w 

This  is  the  equation  to  the  elastic  curve. 

Jac.  Bernoulli,  Opera,  p.  576. 

m     Let     (.+^)g^.+  (gy.o. 

The  integral  is 

C«y  =  (1  +  C*)  log  (1  +  Ca)  -  C«  +  C 

The  equation  between  p  and  «  is 

(1  +p^)i +^p-£^^-£(^  +py^ 

which  is  integrable  when  divided  by  (l  +  p')*. 
The  complete  integral  is 

where  b  and  c  are  the  arbitrary  constants. 
(28)     Let     a^^(a2  +  aj*)i  +  a*^  =  a?'. 

The  integral  is 

aj^      Qa'w      ^  (a'  +  a;^)i 
£i»4i«  ss — + —  Car 

^  9         S  9 

+  Ca>  (a*  +  a>')J  +  a'Clog     ^^7        • 


(29)     Let     (.r  +  o)^  +  a?(^y  =  ^. 

^  '  dar*  \dar/        dx 


MB^  onmnmAit  WKtAXKonu 


The  equation 


i»  +  a)  —  -  p  ^  -  wf^. 
becomes  linear  by  assuming  p  «  -,  and  the  complete  int^^ral  is 

e  apd  e'  being  arbitrary  constants. 

If   the  independent  variable   (w)  be   wanting,    we   put 

a^      dof  ay  dp  *  . 

tween  p  and  y  from  which  by  integration^  wc  iitd  jp  in 
terms  of  y,  of  y  in  terms  of  pi  and  then  0  is  koown  ffom 
th^  equation  ^ 

dy  mpdm.  ' 

From  this  -~  {py  +  l)  «  1  +  p*, 


It  ■  \J9  U 

and     dy  -  ^;— ^ — ^  ydp  «  rT3^ 


1  +  p*  1  +  p' 

a  linear  equation  in  y,  which  being  integrated  gives 

y  =  p  +  C(l+p% 


^ 


=  f—  =  logp  +  Clog  {p  +  (1  +  jf)i}  +  C, 


whence   by  eliminating  p  we  obtain  a   relation   betweeji  ^ 
and  y. 

The  integral  is 

—  «\  i                          y  ^  a 
COS"*  


where  C  and  a  are  arbitrary  constants. 
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^^y     fdyV*  dp 


,   ^    T         » 2/     (dy\  * 

m     Let     y-^^[£)   =1,  or  yp~^p^^^ 

Putting  this  under  the  form 

dp 

dy 

multiplying  by  y  and  integrating,  we  have 

whence     a?  +  c  =  (a"  +  y^)i. 

d^y         dp 
Puttinff    -— ^  =  P  -7-  5  this  becomes 
^    dos^     ^  dy 


dp 


-{'-©}' 


which  is  of  Clairaufs  form.     The  general  integral  is  there- 
fore 

p^  Cy  +  n(l  -\-  a^(7)i, 
wheppe     C«  -^  C  '^  log  {Cy  +  /^  (1  +  a^C*)J}. 
Tha  singular  solutioq  is 


p  = 


a 


,  .    C  +  a? 

whence     y  =  nasin 


a 


The  examples  in  this  section  are  taken  chiefly  from  Euler, 
Calc.  Integ.  Vol.  i.  Sec.  iii.  and  Vol.  ii.  Sec.  i.  Cap.  2  and  8* 


^•^^^**^i-^^« 


■*-^ 


CHAPTER  V. 


INTE6BATI0N    OF    DIFFERENTIAL    EQUATIONS    BT    SERIES. 


The  method  employed  for  integrating  Differential 
Equations  by  series,  is  to  assume  an  expression  for  the 
dependent  variable  in  terms  of  the  independent  variable 
with  indeterminate  coefficients  and  indices,  and  then  to 
determine  them  by  the  condition  of  the  given  equation. 

(1)     Let  -3  +  aof^y  =  0. 
aar 

Assume     y  =  a?«  (J  +  J^a^-*-^  +  -42^*+*  +  -^30?'*+*  +  &c.) 

Whence  we  find 

T^«a(a-l)^a?«-*  +  (a  +  n  +  2)(a  +  w  +  l)  Jia?«+»+&c/ 

and  aa?"y  =  aAx'"^''  +  a-4ia?"+*"+*  +  &c. 

Substituting  these  values  in  the  equation,  and  equating 
to   zero  the  coefficients  of  the  powers  of  a?,  we  have 

a  (a  -  1)  J  =  0,      (a  +  n  +  2)  (a  +  n  •{-  1)  Ji  +  aJ  =^  Oy 

(a  +  Qn+  4)  (a  +  2n  +  3)  A^  +  aAy^  =  0,  &c. 

The  first  of  these  is  satisfied  either  by  a  =  0  or  a  =  1. 
Taking  a  =  0  and  substituting  it  in  the  other  equations,  we 
find 

J                   a  A  ^  c?A 

^1  =  -  r :\ , r^j      A.  = 


(w  +  l)(7i  +  2)'         ^      1  .2(n  +  l)(2/i  +  3)(w  +  2)^' 

a'A 
1  .  2  .  3  (w  +  l)(2w  +  3)(37i  +  5)(7l  +  2)3 
SO  that 

^  "■      ^    "  (w  +  i)  {n  +  2)  "*"  1.2(7i  +  l)(2/i  +  3)(n  +  2)2  "    ^'^ 
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But  as  this  contains  only  one  arbitrary  constant  Ay 
it  is  not  the  complete  solution.  Let  us  take  a  =  1  and 
call  A',  -4/,  A^\  &c.  the  corresponding  coefficients ;  we 
then  find  in  the  same  way  as  before 

y^J'iof h — --&c.{ 

^         (w  +  3)(n  +  2)      1.2(n  +  3)(2n  +  5)(n  +  2y  * 

which  is  another  incomplete  integral  with  one  arbitrary  con- 
stant. The  sum  of  these  two  series  is  the  complete  integral 
of  the  equation. 

When  n  =3  -  2  both  the  series  fail,  as  the  denominators 
are  then  infinite :    but  the  true  integral  is  easily  found. 

For  if  __^  +  -£.  =  0, 

and  we  assume  y  ^  Aoo^^  we  have 

a  (a  —  1)  +  a  ■=  0. 

This  is  a  quadratic  equation,  which  gives  two  values  for 
a.     If  these  be  ai,  a^  the  integral  is 

y  «  Axixf^^  +  A^x^^. 

2r-  1 
The  first  of  the  preceding  series  will  fail  when  n^  — 


T 


and  the  second  when  w  «  -  ^^ -^  r  being  any  whole  num- 

T 

ber:  the  complete  integral  may  however  be  found  by  the 
following  process.      Assume 

y  ^u  -^  V  log  cx^ 

where  v  is  the  particular  integral  furnished  by  the  series 
which  does  not  fail.  On  substituting  this  value  of  y  in  the 
original  equation  we  obtain  the  system  of  equations 

d'v 

d?u      2  dv       i) 

+  -- ::  +  awir  =0; 


dx^      xdx      3^ 

the  second  of  which  serves  to  determine  u.      Euler,  Calc. 
Integ.  Vol.  II.  Chap.  vii. 
22 


T'^  7«-.-vT.-  -r?-: 


U8  nniMiav>M  ,m  mf^Wi^i^m  ^mmh 

Then  v 


\   I ' 


The  equation  to  detenoftieMii  kf '  ■       nujtr.ufrj  <iili  ^jIbI/ 
Assume     u^B^BiW^ B^af  +, B^(^  +  'IwS* '  "''*^'^'  ^'''^ 


•;  1 


Then  ve  find  ^a  '^•i*;  IJfi  isiefi  undeterm&idd  iind 

a 

But  since  we  have  intro^uced^  the  arbitr^  ;f^n^^t  e 
in  log  cx^  we  may  assume  for  ^|  ttie  value  zero,  and  then 
we  have 

y  «  -  J  ^ — -  x^  +  — — - — -  x^  -  &e.  > 

.  c        ax^         cfx^  a^x^  «     >  , 

^     1.2    l.2^3    l.2^3^4        *    "=" 

Euler,  76.  p.  156. 
,  ^      ^       d^y       ay 

T-r  ^  f         4a     _  l6a^        „  64a^  I    „     ■> 

^  1.3  1.2.3.4  1.2.3^4.5  ^ 

J   1         ayJ       8. 4.  a    3      lOO.lfi.a^    „  ] 

and  y  ^  ^  A\  —  + x^  +  — — - — - — r  x^  —  &c. } 

^         Ud'    a      l^3«        l^3^2^42  j 

.  f         4a     -  l6a^        .  64a^  5     «     •»  , 

^         1.3  1.2.3.4.  1  . 2 .  3^  4 . 5  ^      ^^ 

Euler,  lb.  p.  159. 


(4)     From  the  equation 

d'y      dy 

we  easily  obtain  a  particular  integral.      For  if  we  differen- 
tiate the  equation  r  times,  we  have 

and  when  x  —  0 

d'+^y  1      d^'y 


rf^'^+i         r  +  1  dx 


r  • 


Thus  any  one  of  the  coefficients  in  Maclaurin's  Theorem 
is  derived  from  the  preceding  one.  Let  the  first  coefficient, 
or  the  value  of  y  when  a?  =  0,  be  A,  then  we  find  as  the 
particular  integral 

Let  this  be  put  equal  to  v :    then  assuming 
y  =  t^  +  ?j  log  cx^ 

and  u^  B  +  B^w  +  B^x^  +  B^oi?  +  &c., 
we  find  by  substitution  in  the  given  equation 

Sx'^       lliir^  51a?'*  ,      B 

Hence  we  have 

Sx^       Wa?  51aj* 

+  ('-?+ 1^*  -  F:i^? -^  FT^Cs^i^  -  ^^•> '°^ '''"' 

B 

the  constant  -7  being  included  in  c. 

Fourier,   Traite  de  la  Chaleur^  p.  372. 

(5)     Let  (€''  ^-^^c'y^  0. 

doT 

22—2 


$46  jmmsuimonrmfr  mivsm^Tmmofm 


The  assiim^tioilt  jf!4>S^(l44r|)  <^vii^ifor/(io  ^^tfi  src'V 

From  thii^^it  ajmears  that  a»«  0  ^xcept  for  thoae  values 
of  n  whichieaufle^Wodtfr  Ikolortto  midfebi  «aSieMf  t^oes 
of  »  are  r  in  number;  let  them  Be  f»i,  a, ..•!>,»  tb«iv.|»9 
corlli^pfAldiJt^  H^'ikiUes  of  a,  beibg  indeterminate,  we  have 

Assume  ^         y«S*(o,flf)5 

then    J^,J'2{9^{f\f^^)a,(^''\ 

Substituiiligv^h^s^  ip/^he4^qufl1^fq4^  to  zero 

the  coeflScients  of  fl>'^*,  we^have  v^^*        / 

If  nsO,  or  n-l^  a^  and  Oj  fldth  vanish,^ and  so  con- 
sequently do  all  the  superior  coefficitots. 


VI .  ..  u  '•*'  *        v'^^ 


If    7i=-l,     1.2a_i«crai       and   a_i  = , 


n=-2,     2.3a_2=  c^c^o       a^^d    a^ 


8 


.ii8>?*.,) 


c*a, 


7^  =  -  3,     3.4a_3  =  c^a_i     and   a.o  = • 

'  1.2.3.4 


e*o. 


7i  sa  -  4,     4.5a^4  =  C'a„2     and  a.^.—     'A   «   j'  i^ 


&c.  &C.  ,         ,  -    . 


Hence  we  have 


....\ 


.«  1  ^.4 


1     c^  1         c*      .    .  ;    .    W.J 


^         ^         1.2   a?       1.2.3.4  i»'  ^ 

+  ao(l  + s  + 7  +  &c.), 

°  ^        1  . 2 . 3  a?2       1.2.3.4.5a;*  ^' 


t         I         I 


*    :•) 


Oj  and  a^  being  two  arbitrary  constants. 
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This  may  obviously/ ibe  put  tihdet  the  form 

4if+ -^^.1,  .and  B^^tui  -»  -Sji 


Euler,  Iff,  p,  16^., 


[J..J  ii:-  ;  :  ''.f  .  I     '  .• .    -i  I 


(7)     Let        ^    -^4-^^  =  0, 


y^  X  \C  cos  -  +  Ci  sm  - 1 . 
\(       .^  xj 

Euler,  76.  p.  167. 
The  integral  is   ' 

Euler,  76.  p.  168. 

(9)     Let  _J_c»a)-''y  =  0. 

The  integral  is 

Generally,  the  integral  of 

—  --c^x'^^y^O 

will  be  expressed  in  finite  terms  when  X 


bcx' 


2r±  1 


Mr  Leslie  Ellis  has  given  {Cambridge  Mathematical 
Journal^  Vol.  11.  p.  169  and  p.  193)  some  remarkable  methods 
for  reducing  to  finite  functions  the  solutions  in  infinite  series 
of  certain  classes  t)f  Differential  Equations. 

Let  the  equation  be  of  the  form 

g  +  .'s^  =  MP-i)|.       ^         (1). 


Then  on  asuuipipgi  f^^i^0f^%  aiidi  eubstitutiiig  1^  the 
given  equation  We  qbt{d,p  .as  |h^  condltidti'^or  deMnBISfig 
the  coefficients  , 

Now  n(n-.l)^p(p-l)-(»-;))(n  +  ji-l)j,^yij|;|^^^ 
therefore    {n  - 1))  (|^,+  j(.y. l)  o,  +  gg®.-*  «  0. 
'  Assume      (n  +  p -1) »»»<(» -|)4-i)o,;  *^ 

then     »»^i-— --^^-»» 

^nd    (f|^n*i-2)(»  +  p-S)5,+  g*6„-8  =  0...(4). 

Again  assume  (n  +  ji  -  3)j^«a  (n- j^ +  4<)Ck,  asd^m  01^ 
in  succesfdon.  We  shall  thus  pb^^  a  series  of  equatlpi^  of 
whiqh  the  t^pe  is  ^      ^   '  4  (  <  .:Si'^      <     ^^) -^ 

If  ji  be  eYe^,>t  p  f  j*^  .  t^ien  ^i^  - 1^  ,-r  1^  j*f , ^  ^4  ,^  j  j 

If  p  be  odd  let  pta  fi,^  1,  then  /t*;-*  p  »*>r  I..1  u  » f 

In  both  cases  the  equation  (5)  becomes 

7^(r^-l)Z„  +  g'/„_2  =  0. 

This  is  the  relation  between  the  coefficients  which  we 
should  obtain  from  the  equation 

dl  +  «'J'=« («)• 

Hence     2  (Z„^")  =  C  sin  (go?  +  a)   (7), 

that  being  the  integral  of  equation  (6). 
Now  suppose 

(n  -.  p  +  M  -  2)  (w  +  p  -  M  +  1)  in  +  ^in-2  =  0, 
{n  ^  p  +  fx)  (n  +  p  ^  fi  -- 1)  k^  +  (iK^^  =  0, 
to  be  any  two  consecutive  equations ;  then 

(/^+p-|li  +  l)^;=  (/^-p+ Ai)A:,, (8), 

but  ri-p+/x  =  7i4-p-M  +  l-2(p-/x)-l; 
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therefore  i.  =.  i,  -  i^fci^llilA , 

k  1 

therefore 

Now    {ri'-p  +  fi)  k^af"'^ «  ^"'*"^  (w  - p  +  /ul)  &X"'^'*^'*'* 
therefore 


1  ^  /^«^\  . 


By  the  application  of  this  formula  y  or  2(a«^„)  may  be 
deduced  by  a  series  of  regular  operations  from  Csin  (gw  +  a). 

If  p  be  even  2  (p  ->)  +  1  gives  the  series  1,  5,  9,, 

If  p  be  odd  it  gives  the  series  3,  7j  11 

(10)  Let     ^.^<fy-'-^, 
where     p  =  2.      The  integral  is 

y  ss  C  isin  (ga?  +  a)  H cos  (qos  +  a)|. 

^  qx  ^ 

(11)  Let     — +  0^1/  =  — , 
^    ^  dai'     ^^      w"' 

where     p  ^  3.       The  integral  is 

y  =  cjsin  (qof  +  a)  ^1  -  — j  +  —  cos  (qof  +  a)| . 

This  method  may  be  successfully  applied  to  reduce 
d'^y  ,         ,1  d'""2y 

when  p  or  p  -  1  is  divisible  by  w. 


"".■'<P^  T.I 


(18)     Let     ^  +  g»^-.__.  .  .   .         . 

The  complete  integral  ii*  V  V^  V       / 

•  +  ci.^{8ih  (i^*^  "Ij^^^  *  ^*^  (t«*  +^)^ 

'.)     .  i  riip'i  '«u   jrfff^Mtii  r^^ui'/lqmr  u^o  inuYi  d?>*^hj;  giriT 

neglect  a  factor^  ^icb  am^nj^Jl^vdlsapmars,  we  sl^all  bi^ff 
a  solution  which  is  erroneous  or  incomplete. 

Assume    Jf^^ifln^jy    then  -  ^ 

'  '  or  (ft  *•«)(»+  1)  «-  +  fe,  -  1)  9«ji-t  ■*  0  •••  *,»^#-»,  (l 
...  Let  (n+  l)iF,  -t  (n--l)6,  ♦....^..•f.*^.^^^^^^jl^^jj|| 
then     {n  ^'i){w^  l)^n4„^'(n«4->fe)'(w-^i)g4i^Jgf«6o6  ttT(S)* 

The  factor  (n  -  2)  may  be  safely  neglected,  but  (ri  —  i) 
must  be  retained,  as  it  enters  into  the  solution  of  the  auxiliary 
equation  -    .!  ...w-   ij  )    vr.'iw    t.ui', 

d^%         dz 

dai\        don        ' 

From  (2)  we  have 

26« 


'4 


ttn  ^   K- 


n  +  i 


and  as,  except,  when  n  =  1,  we  have  nb^  +  Q^fin-^i  *=  0^ 

= Oj^+iy.     except  when  »  =  0  ; 


♦ . '  f'»  '< 


n  +  1  Q' 

.     ,      .        _  2  . 

therefore  <»n  =  *n  +  -^»+i •• • (4). 

q 

The  solution  of  the  auxiliary  equation  is 
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and  from  (4)  it  appears  that 

This  appears  to  be  the  solution  of  the  equation,  but  it  does 
not  satisfy  it  unless  Cj  =»  0,  when  it  becomes 

which  is  only  a  particular  integral,  and  therefore  incomplete. 

This  arises  from  our  implying  in  the  use  of  equation  (4) 
that  n6«  +  g6«-i  «  0  is  generally  true,  whereas  the  equation 

(n-l)(«6,  +  ?6«-i)=:0, 

derived  from  the  auxiliary  equation 

d'z         dz 
da^         da 

shews  that  5i  is  not  necessarily  connected  with  Jq,  since  it  may 
be  satisfied  by  n  =  1. 

To  complete  the  solution,   we  have  from   (2)  which   is 
always  true 

«n  =  —  6r 


^0  •=        ^0> 


and  from  (4)  which  is  true  for  »  =  -  i,  we  have 

2 

2                2 
or  as     5  _  J  s=  0,     a  « i  =  -  ftg  « «o- 

9  q 

These  quantities  are  independent  of  a^,  erg,  &c.,  therefore 
writing  Ci  for  a^  as  it  is  an  arbitrary  constant, 

\      qoDj 

is   a  particular  integral  of  the  proposed   equation,  and  the 
complete  solution  is 


i'.-.  .•"-•^-♦SPpWfrr'— ' 
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9 

« 

(14)     To  integrate 

Assume  y«2(a»4f),  thmi  if 

■^  '  BUiftmn  fli<^'g!4i'#i#^  !^^'^''^  ^'"'"^^  '^ '''''' f 
n  W  -  1)  •••  (n-r  »  +  »){«;  r^(»-l,,l)*Ji}.  fff+*^ff*-»1«fe 

"  •  fifii  - 1);..  (n  -:  m'+ 2)  i:':'4'  "^  ;|i  +'i)  ft:i^  * Vi'^'fe*^* 

.  .%1;  thi3  4?,  <h^  ^u#ti«ft  w|iiiiiU.,VP^d  r^u^^^ 

.,,,1  .••*.  ..irifijPl^l.in.^.^fl?    ":ff.-i   'jiif  'fo  <nofmUf]|9f^ 

therefore  2(o„jr)  is  the   solution  of  this  last  equation,  and 
is  therefore  known.     Calling  it  X,  we  have 

y  =  2  (a„crn  =  ci?'«(^  +  ^)-^  f-i-  -f-V  — , . 

Let  w  =  2,  1?  =  2,  then  the  integral  of 

T^  "  ~  :r  +  ^  y  =  ^ 

ao;^      oc  aw 

IS     y  =  ar    — —    Ccos -\ 

\os  a  OS  I  X 

or     y  =  C  1(3  -  A?^.a7^)  cos  (Ara?  +  a)  +  ^hx  sin  (fcc-i?  +  a)}. 

Ellis,  Cam.  Math.  Jour.  Vol.  ii.  p.  202. 


CHAPTER  VI. 


PABTIAL  DIFFERENTIAL   EQUATIONS, 


Sect.  1.     Linear  equatiom  with  constant  coefficients. 

By  the  method  of  the  separation  of  symbols  the  inte^ 
gration  of  Linear  Partial  Differential  Equations  is  reduced  to 
the  same  processes  as  those  for  the  integration  of  ordinary 
differential  equations  of  the  same  class.  Hence  the  theory 
which  is  given  in  the  beginning  of  Chap.  iv.  is  equally 
applicable  to  the  present  subject,  and  it  is  unnecessary  to 
repeat  it  here ;  I  shall  therefore  content  myself  with  referring 
to  what  has  been  previously  said  in  the  Chapter  alluded  to, 
adding  that  every  differential  equation  of  this  class  between 
two  variables  has  an  exact  analogue  among  partial  differential 
equations  of  the  same  class,  and  that  the  form  of  the  solution 
of  the  latter  is  the  same  as  that  of  the  former.  On  this  point 
one  remark  may  be  made  which  is  of  considerable  importance 
in  the  interpretation  of  our  results.  As  in  the  solution  of 
ordinary  differential  equations  we  continually  meet  with  ex- 
pressions of  the  form 

so  in  partial  differential  equations  we  shall  find  expressions  of 
the  form 


d 
a-5—  .* 


6 


dy 


(piy), 


in  which  the  arbitrary  function  takes  the  place  of  the  arbitrary 
constant.  Now  as  the  preceding  formula  is  the  symbolical 
expression  for  Taylor's  Theorem,  we  know  that 


d 
a-,—  ,x 


Hence,  in  the  solution  of  partial  differential  equation3,  arbi- 
trary functions  of  binomials  play  the  same  parts  as  arbitrary 
constants  multiplied  by  exponentials  do  in  equations  between 
two  variables. 
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(1)     Let  the  equation  be  -^b 


llieifomixb/ 


This  may  be  put  under  fli$ifomi 


Ci  s^ 


whence  Jif «  {a-;-  + 6t-|     <?.  b 

Now  supposing  ^  to  be  the  indepeft4^t  variable,  and  -^ 

a  constant,  with  respect  to  it,  by  the  Theorem  ^v^i  Jfi  Ex. 
(11),  Chap.  xv.  of  the  Diff.  £!alil.^titt|^jsre^l)^dwtp^ia^^"i^  ,hn« 

or,  effecting  the  integra^iiiQ^^ad^g)m\|irbitrary  funetum 
of  Sf,  insteafl^bf  i^  ^ffitrdry  o^Off ap^^  ^    ^  ^  "^^  -  ^ 


.  » .  J .  I  ■  ■  ;■     >i    1        >    t 
6     d 


Now  by  Taylor'*s  Theorem 

or,  as  the  form  of  (p  is  arbitrary,  we  may  for, 

-(piy  —  ti?J      write     (piay^btv)^     so  that 

^  as  — ■  •{•  d>  Cay  -  6*r). 

rt       ^  '  ^ 

It  IS  obvious  that  if  we  had  taken  y  for  oui*  indiependent 
variable,  and  considered  —  as  a  constant  with  respect  to  it, 

we  should  have  had 

cy 
j»  =  —  +  0  (b.v  —  ay). 
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,  .      _         dz        dx 

(2)     Let a  --  =  e"**  cos  ry, 

dx        dy 


z  9S.  I  - —  a  -T-  I      €**  cos  ry 
\d{V        dy/ 


d  d 


But  by  Taylor's  Theorem 
d 
€       ^  cos  ry  =5  cos  r  (y  -  aa?)  ;     therefore 


as* 


X  ^  €    ^^  fdx  €*"'  cos  r  (y  -  a.i?)  ; 


and,  integrating  with  respect  to  ^r, 

'    (w»  cos  ry  -^  c^  r  sin  ry) 


or, 


«  =  «"" ^,^^^    .       ^<P(y  +  aa,). 


The  same  method  is  applicable  to  4ny  number  of  inde- 
pendent variables. 

(3)     Let  the  equation  be 

du      ,  du        du 
ax         ay         az 

( d  d  d\ 

or,  +6-— +  e--U*  =  xyz\ 

\dx        dy        dzj 

whence 

(  d  d  d\'^  ,  i.        . 

w=    T'  +  ^T'+^^T")      »^y*  H-  complementary  lunction. 
\dx        dy        dzj 

If  we  expand  the  operating  factor  in  ascending  powers  of 

A  ■—-  +  c  -r-  I   we  shall  have 
dy        dzJ 


( 


fd\''(       [d\'^(^d         d\       ^ldY^dd\ 
\dx/     [       \dx/      \   dy       dzJ  \dxj     dydzf 

the  other  terms  being  neglected,  because  when  the  operations 


futlGtaknl  intbis  ckse-isfj^  •'^'^-''''  '^^  -nhiWlU.^mniuUM  owi  To 
Uierefore,  enecubff  the  operations  indicated,  « /  .    ,    ^ 

,j;  Ji  jife  integi^^e  with  r^|p(?e^      <f  i«ffi .-^f^f ;    liVV     .o  -  \ 

If  we  integrate  with  li^espect'to  m  we  shall  have  two 
arbitrary  functions  of  t,  iiihSi  thd  ^Hifferentiat  with  respeidt 
to^theftHmier  variableis  of  the  nWtnid  orflferi^    (*'"'  ijj.o  ov 

Writing  the  equation  in  the  foitii        '    '^^  *"''  ^'»  ^'^''' 

d^^       1  d^ 
da?^      a  dt        ^ 
we  may  divide  it  into  two  factors 

\dx      ai  \dtJ  i  \da>      ai  \dt)  j 


Whence     «  =  e^"  ■"'  '  0  (0  +  e"^"  "''  '  >/'  (0  5 
or,  if  we  put 

(p(t)  +  f  (0  =  i^(0.   and  (^)    {  -^  (0  -  >/'  (01  =/(0. 

this  may  be  put  under  the  form 

1    a,'    dF(t)       1         a>'        d'Fjt)  .  ,^ 

"^  ^-^^'^  +  a  T72T3  ~dr  ^  a^  1.2.3.4.5  ~d?~  "^  ^ 
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It  seems  anomalous  that  the  same  equation  should  admit 
of  two  solutions  differing  so  essentially  in  character  that  the 
one  contains  two  arbitrary  functions  and  the  other  only  one : 
but  the  following  considerations  may  serve  to  explain  the 
difficulty.  Since  by  Maclauritfs  theorem  any  function  of 
a  variable  may  be  expressed  by  means  of  its  differential 
coefficients,  taken  with  respect  to  that  variable,  we  know 
the  function  if  we  can  determine  its  successive  differential 
coefficients.     Now  from  the  equation 

di'^^d^' 

We  can  determine  the  values  of  all  the  differential  coefficients 
with  respect  to  t,  when  ^  =  0,  if  we  know  the  value  of  %  when 
f  «  0.  This  therefore  is  the  only  undetermined  quantity  in 
this  case,  and  it  corresponds  to  the  arbitrary  function  0(^). 
But  from  the  equation 

d^x      1  dx 

da?      a  dt ' 

we  can  only,  from  the  value  of  z  when  ^  »  0,  determine  the 
values  of  the  alternate  differential  coefficients :  and  in  order  to 

d..ermi.e  ,h.  other,  .e  mu..  dso  know  the  ,.!„,  of  ^' 

dx 

when  a?  =  0.  Therefore  in  this  case  there  are  two  indeter- 
minate   quantities  corresponding  to    the    arbitfery  functions 

/'(Oand/CO. 

This  is  the  equation  for  determining  the  linear  trans- 
mission of  heat  in  an  infinite  solid. 

Fourier,  Traite  de  la  Chaleur^  p.  471  and  p.  509. 


or 


fd      ^  d'\ 

\dt  da?) 


a- 


Whence  ^  =  e"^*  €^f(w). 

This  is  the  equation  for  determining  the  motion  of  heat 
in  a  ring. 

Fourier,  lb.  p.  266. 


•.A  '■     i  ■      i» 
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(6)    Let  rj!  «««!!Lr.iteo»       ^    .     >i^    ^^ /jl.- 


The  oparatiiiK  hie^m  m  tibis  eiwr  ibfllf  .1^  ^(»6caiipoiffii| 
into  two,  and  the  e^mAm  ^bUsA  beooMbft 


(4  d\  /#         d\     - 


I  t 


4  '  d 


Whenee  »-€   ^^(#)-^e"   ^^fi^i 

This   is  aae  of  the  nost  iiB|wtaiit  eq^tiatbas  m  the 
apl^cfttion    of  mtiAmu^laM  ^  Vn^tmAr  ^PioikHf^^ 
thi^  which  results  ftom  the  mvesl^iliioiBii  of  the  oiotiott  of 
▼ibrating  chor«bi»  wd  of  lh#  .ydbea;  fepimnA^^  %  si^«#pi|lh 
anoe  in  a  smdl  cytiiidrical  cokiimi  of  air* 

(7)    Let  _.«P_-,j^ 


The  cotnplemaitary  fuiielum  mUm  ets^i^  HN^  ioM 
as  the  integral  <tf  the  laet^  aad  fih^  x^tOlt HI  ikt  M^M^ 
operation  on  wy  will  best  be  found  bV  expan^g  in  ascend- 

ing  powers  of  [-^j  9  when  it  is  easy  to  see  that  all  the 

terms  after  the  first  may  be  neglected.      We  find  accord* 

8?  «  —  +  ^  (y  +  aaf)  +  y^fiy  -  ax). 

d^«'     d^z 
(8)     Let        — -  +  — — -  =  cos  ma  cos  ny, 

ditr      dy^ 

The  solution  of  this  is 

cos mw  cos ny  (     ^\  j  r  ^       •    I     ^ 


iir  =  — 


"*■ ''''"  [^  d^"^^^""  ''''  (""  d^)  "^  ^'^' 


m?  '\-  n^        '         \    dyl  ^  "^^  '         V  dy, 
Compare  this  with  Chap.  iv.  Sect.  1,  Ex.  (8). 

(9)     The  equation 

d^%              d'%  ^  d'% 
oa +  a^  — -  =  0, 

dod^  dxdy  dy"^ 
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may  be  put  under  the  form 

d  dV 


I  d  d^y 

\da         dy)  ' 


so  that  the  two  factors  are  equal.     Hence,  integrating  with 
respect  to  ^, 


d  d 

o,x-—    ^_       .  ax. 


or     z  rs^  iV(f)  (y  +  aai)  +  >|^  (y  +  aai). 

•-  X     ▼      ^^        o^^  ,    '      d%         ^.  d% 

(10)  Let  — -  -  a*  ---^  +  2a6  -—  +  ^a?b  —  «  0. 

da?         dy-  dw  dy 

When  resolved  into  its  factors  this  becomes 
[d       ,     d  ^A  ( d  d\ 

Integrating  with  respect  to  the  first  factor  we  have 

The  efifect  of  the  second  factor  on  the  second  side  qf  the 
equation  will  be  simply  to  alter  the  function  of  y,  and  as  that 
is  arbitrary  we  may  leave  it  as  it  stands,  so  that  we  have,  on 
adding  the  complementary  function  due  to  the  second  factor, 

or  «  s  e'^'^^'(p  (y  +  aw)  +  >//^  (y  -  aw). 

Euler,  Calc.  Integ.  Vol.  iii.  p.  210. 

d^z  dz        dz        ,        ^ 

(11)  Let  3— ^  +  a— -  + 6-— +  a5^«=  r. 
■     '  '^  dwdy        dw        dy 


(d 
or 


h* ')  [i*  ">  - '■ 


\dy 

"Whence  «  =  e-^""*^'^  jdye""  fda!e'"'V  +  e-'^^ix)  +  «-''>/,  (y). 

If  V'^e"?-^",  then 
23 


Eul^^^i^.  11*189. 

(It)    Let  3--;-  «» aiir  «i  0.  .    J  ^      V 

dady 

^    A      ^-  ■■■■     'V-..,, 


Thi.git...-(3j.5--.)-o. 


or  • 


■  (r)  "*•"  ^^^""^  ^^ "  •"^^^"'  ^*^  ^^  *'^' 


■  ,   I.    :  1 


(18)    Let— ^a»«-0. 
The  roots  of  the  equation 

areO,«{«»^+  (-)illfl^k  tad  tt|eeil^A(-)»Ai^l. 

Therefore 
»«e"'0(y)  +  e  ^  COM -r- J  V'l (y)  +  ^   a  lid  I --- j  tffg (y). 

(14)  Let 

daP     ^  Uaf'dy^^        ^^  dwdy"  dy" 

In  this  case  two  of  the  operating  factors  are  equal,  and 
we  find 

^  =  ^  (y  +  *^)  +/(y  +  ^^)  +  ^/i  (y  +  «^)- 

(15)  Let  the  equation  contain  three  independent  vari- 
ahles,  as  in 

d^u  d^u  d?u  cPu 

-2  ,  .  .-3 -3 


da^dy        dwdy^        dw^dz        dxdz^ 


d?u  d?u  d?u 

dy^d%        dyda^        dwdydx 
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When  decomposed  into  its  factors  this  becomes 

( d  d\  f  d      . d\  f  d  d\ 

\da?         dyj  \daf      dzj  \dy        dz) 
the  integral  of  which  is 

^  "/(y  +  2a?, «)  +  0  (y,  J^  -  /p)  +  >/r  (or,  iif  +  Sy). 

(l6)     Take  the  general  equation  with  two  independent 
variables 

d^'z        .       d*z  ^        d^z  „  ^   d'^z      „ 

da;"        ^dw^'^dy  daf^'^df  *  dy"" 

where  the  index  of  differentiation  is  the  same  in  every  term, 
and  the  coefficients  are  constants,  and  T  is  a  function  of  x 
and  y.     When  decomposed  into  factors  it  takes  the  form 

(  d  d\  (  d  d\  f  d  d\ 

[d^'^'^'ry)  [d^^'^dij [d^ """^ d^) "^ "^  ^' 

where  Oj,  Og a„  are  the  roots  of  the  equation 

te"  4-  Jit**"^  +  JzU*'^  +  &c.  +  -i„  *  0. 

Now  in  decomposing  the   inverse  operation  into  partial 

/d\-(»-i) 
fractions   each  of  the  coefficients   involves   ( -:- )  as  a 

\dyj 

factor  in  the  numerator,  since  the  denominators  consist  of  the 

products  of  (n  - 1)  factors  of  the  form 

Hence  giving  to  iV„  Nt,  &c.  the  same  meanings  as  in 
Ex.  (6)  of  Chap.  xv.  of  the  DiflT.  Calc. 

f  d\  -<»-»^ 
If  for  shortness   we  represent    (;7— )  ^^  ^y   ^19  and 

if  we  transform  the  operating  factors  by  the  formula 


d  d-''       -'  --' 


\dx  dyJ 


23—2 


we  have  .  -,-.,  ft.'.       ,<!  .^\  ^   ,.  ,-.   t-   -.{ij*'  ii-^nf/f  m 


d  -      *  -  -  «l  -  -.<^ 


.(■f  " 


y\ 


if  A 

The  0>iiiplaneataf7  £anctioi|8  are  siq^^dgfld<|o  ^li^^Mieli 
tinder  the  rigns  of  mtegriUion :  if  we  wish  io,tjf/fieiy&k^fSim 
we  ha?e  meislj  to  suppose  F^  m  0  in  the;  n^Qve  ^expreflrioppb 
when  after  obvious  transformations  we  find 

«  -  /i  (jf  +  «i^)  +  /« (y  +  ob^fy  +  &c-  +/m  (y, + V«)« 

^    ^     ^       d*«r  d*y       ^  d*Jir      .> 

(17)    let  ^^sj^^^-^^w^f. 

In  this  case  ai  «  -  1,  a,  e  -  2,  iVj «  1,  J^j «  -  1.  * 

therefore   ir«^^-^^ +/,(y-«f)Hr/,(y-««^^ 

Sect.  2.    Equations  in  which  the  coefficients  are  functions 

of  the  independent  variables. 

As  in  the  case  of  the  similar  class  of  ordinary  differential 
equations  these  equations  may  sometimes  be  reduced  to  forms 
in  which  the  coefScients  are  constant.  Thus,  equations  of 
the  first  degree  of  the  form 

dx       „,,di8f      _         _ 
daj  dy 

where  ^  is  a  function  of  w  only,  Y  a  function  of  y  only,  and 
P  and  Q  functions  of  both  w  and  y,  may  be  reduced  to  the 
form 

d%       ,,  d^       ^        ^ 

dw  dy 

.         /     dy 

by  assuming  dy  =  — .     This  equation  may  be  written 

d%      ,,,  d        _ 
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in  which  shape  it  is  seen  to  be  a  differential  equation  of  the 
first  order  with  respect  to  x  with  coefScients  which  are  func- 
tions of  that  variable;  it  may  therefore  be  integrated  by  the 
method  of  Chap.  iv.  Sect.  2. 

We  may  sometimes  however  reduce  the  equation  at  once 
to  constant  coefficients  by  changing  both  the  independent 
variables  at  once. 

Greatheed,  Philosophical  Magazine^  Sept.  1837. 

_      ,  ^     _  d%        dx 

Ex.  (1)     Let     ^T-  +  y3- =  ^^• 

dtC        dy 

By  assuming     - —  es  du^     -?  »b  du,     this  becomes 

CD  y 


\du      dv        J 


Integrating  with  respect  to  w,  we  have 

/d        \  d 


or  ss  >=  €^*<p(v -^u). 

But         u  s  logo?,  V  =  logy;         therefore 


V  -  t* 


logg),     and     0(«-«)-<^log(f)=/g), 


SO  that  X 


-/(!)• 


If  we  had  integrated  with  respect  to  «,  we  should  have 
found 

The  interpretation  of  these  results  is  that  i^f  is  a  homo- 
geneous function  of  n  dimensions  in  a?  and  y.  This  ia,  obvious, 
as  the  differential  equation  is  the  condition  of  homogeneity^  of 
a  function  of  two  variables. 

d%        d%      a^ 

(2)     Let     '^  :r"  "  2/  T"  '^  ""  • 
^  ^  dw        dy      y 

Changing  the  variables,  as  in  the  last  example,  we  have 

\du      dv) 


S$9  TAwmji  D^FlMmki  MwJMs^ 


Theiotcgralofthisfc'  •  ^  i  u^nu r/tni 


^-      *^ 


8 

ftV    Lei     t^^^mJL. 
Integrating  with  reqpieet  to  #,  ^  '|i§ve 

But    «^   '*-«'»,   and  V '*«•*'' -«'-«'; 


<i        #  ti 


■*■.:    ijijj 


therefore  x  -  /^{^^  (y)}  -  e*^*' 0 (y  +  ^)- 

It  is  to  be  observed  that,  in  tiiis  method  of  ^t^^ritioii, 
when  we  have  a  functiqn  of  the  Ibm^ 


Mry'^p) 


'■    .«i  .      .■.;    :         -I     I 


<l>(y). 


where  P  is  a  function  of  w  and  y,  we  must  not  allow  the 
first  term  of  the  exponent  of  e  to  act  on  the  second,  by 
putting  it  under  the  form 

It  is  therefore  necessary  to  prefix  to  the  factor  e-^^'^  the 
inverse  operation  of 

6        ^,     or     €  , 

so  that  the  expression  takes  the  form 

d  d 

where  the  newly  introduced  factor  acts  only  on  that  which 
immediately  precedes  it. 

(4)     Let     — -+w--=^-. 
^  dx         dy        y 
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Integrating  with  respect  to  a?,  we  have 


Z 

n 


therefore  «  =  jT  ^  (y  -  w»a?). 

,  ^     _  I  dx      1  dx      X 

(5)  Let  __  +  -        „ 

w  dm      y  dy     y* 

Put  wdoD  s  du,  ydy  »  jt? ;   then  the  equation  becomes 

dx      dx       X 
du      dv      2v^ 

This  is  a  particular  case  of  the  last  example,  and  its 
integral  is 

;8f  as  tjJ  0  (u  —  t^)  ; 

and  therefore  »  =  y  ^  (y*  -  ^)« 

r^.     -r  dx         dx 

(6)  Let  y_+^_-,. 

Dividing  both  sides  by  wy  and  putting  u^z  a\  t)  =  y", 
we  have 

dx     dx  X 

du      dv      %  (tt«j)i ' 
Therefore,  integrating  with  respect  to  w, 


"*    ^  U[v  " 2 iuv\^»   ^ /.,\  "    dv   <Ji 


du 


smce     €       (wv)3  =  (uv  -f  t^^)5.     Hence 
X  ^  {^(u +  v)  +  (uv)i]i(f>(v -^u);  ' 

or,  putting  for  u  and  «  their  values,  and  omitting  2~J  as  it 
may  be  included  in  the  arbitrary  function,  we  have 

^  =  (^  t  y)  0  (y*  -  a?*). 

dx         dx 
(7)     Let        sec  a?  -7—  +  a  -—  ^^  x  coty; 

dw         dy 

The  integral  is 

1 

X  an  (sin  yY  ^  (^  -  a  sin  a?). 


t^^nmit^  tiowiMmimm  t^tifmiammBi, 


dz     I  dx     a?     \^^'  '  Vi  * 

(8)      Let  o^.iJi^ifjy^^illJa*  ^^^-    '       .  '   •  <:/!UI(fT 

'd»        rfy     y  >' 

da  i '  ^      d^         *  '  ^^        ^^  '  ] 

<iu     do         «*' %,  s 
Integlralidg  with  rei^edt  to(  %«f  >i  ^  4  0.{u  t  it«j 


*-^*^t<'f^'M 


!0 


Therefore  »m . ->^  +  ^ |iii-^  j ,  r ; r  ^ 

2y     2      ^.\  ^y  A 


(9)      Let   ^-T-  +  (l  +  r)*  "7^  «  ^y*  1    ,;.  r  J    % 

dm  d'y  *•*  **^'  'n  ')\u 

Assuminir  — -it^*    :>■'      >.i»»<^  ^e  have 

whence     «  = h  0  (i?  -  u). 

Or,  substituting  for  u  and  v  their  values  in  m  and  jf, 

,    .     -.  dw         d«^        dz*  my 

(10)     Let  ^-r-+y-7~  +  ^-T"  =  «^  +  — • 

dm         dy         d%  z 


Theni.  =  -^  +  ^>p,  l). 


Equations  of  the  second  and  higher  orders  may  sometimes 
be  reduced  by  transformations  similar  to  those  employed  in 
Chap.  IV.  Sect,  2, 
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_,      .       diV      ^       dy      ,       ,  .    _ 
rutting  —  ^duj  —  =  av,  this  becomes 

^  y 

\\du      dv)        \du      dv)  j 
The  integral  of  this  is 


Z    =5 


6      •  6 


(m  +  n)  (m  +  n  -  1)         ^  ^      ^  ^       ^ 


or  »  = — +  (B 

(m  +  w)  (m  +  w  —  1) 


^(^/{9- 


(12)  Let^  — -y»— -*y. 

By  means  of  the  same  transformation  as  in  the  last  ex- 
ample we  find 

«  =  a?y  log  a?  +  osF  f  ?  j  +/ (a?y). 

d?%  dz 

(13)  Let  (a?  +  y)  — — -  -  a—  =  0. 

aa?dy        das 

If  we  put  ;t-  "  t?  this  becomes 

(^  +  y)  3 —  01J  =  a, 
ay 

the  integral  of  which  is  v  =  (^  +  y)"0  (iv), 

so  that  »  »  ^d^  {as  +  y)®^  (^)  +  >|/  (y). 

(14)  Integrate  the  equation 

d"i?f  ,  ,       d"i8f         w(w-l)      d"5f  ,  d"5!f 

do?"  ^daf^-'dy         1.2     daf^'Hy''  ^^  dy"^ 

Assume  da?  =  a?dw,  dy  =  ydv  ;  then  by  Ex.  (6)  of  Chap. 
III.  Sect.  1,  of  the  Diff.  Calc.  we  have  generally 

,  d'+'5f         d    (  d       \        f  d      ,         1 

'^'^d^^'=d-^U"']---fc"^'"'^r 


I;  (^-0- {!;-•(*- 4 


V       '    °"- » 


3M  94B?uii  mjfNoaasnmu  wwKsmm^ 


Now  if  we  put  for  sbortnaiB 


:      ^.^  -=,*        ItU 


the  given  eqpation  takes  the, ibim 


'to 


But  by  a  kBowu  theorem  <^  Vaademioiid^  if 
\w][  ^m{a^  1)  ,.,  (0  -  r >  I), 

Therefore,  as  the  symbols  of  differentiatioii  are  sutjed 
to  the  same  lawi  of  combiQatioti  as  tb0  i^U'i^cal  systboh^ 
the  differential  equation  may  be  i^tten       '   '^  ^  ^' 

fd        d\fd        d        \        id        ^      f         ^1-0- 
\du      dv)  \du      dv       /  "*  \du      dv  J 

the  integral  of  which  is 

or    «  =/o  g)  +  ./.  g)  +  .Y.  g)  +  &c.  +  ^- >/._.  g)  ; 

/o9  /i>  &^'  heing  arbitrary  functions. 

d^%  d%  d% 

(15)     Let  wy  - — —  +  aa?  -—  +  6y  -7-  ab%  =  F, 

(F  being  a  function  of  x  and  y). 

Putting  as  before  —  =  du^   —  =  dv^  this  becomes 

X  y 


or 


[i*')[rv  *')"'■• 
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the  integral  of  which  (see  Ex.  (11)  of  the  preceding  sec- 
tion) is 

X  «  g-(««+6«)  fdv  e"  fdu  €*"  r  +  €-*"  0  (u)  +  €-*•  yjf  (v)  ; 

.      ^X  T  0<^*^  «    ^^^  ^^  ^» 

(16)     Let    ^_-y«_+*_-y_«0. 
By  the  same  transformation  as  before  we  find 


ss 


0  (9  + 1  (*y)- 


(17)  Let  +  -  —  ^  or . 

^  dco^      OS  ax         dff^ 

By  the  same  process  as  in  Ex.  (9)  of  Chap.  iv.  Sect.  2< 
this  may  be  put  under  the  form 

da^  dy* 

Whence  we  find 

»  =  -  {0  (y  +  «^)  +  >|/  (y  -  aw)}. 

(18)  Let   T^8-a"h-i+ -  :5 i»  . 


This  may  be  put  under  the  form 


d^z        ^  d   (  d 


dy^  dan  \dw 

and  thence  by  the  same  process  as  in  Ex.  (10)  of  Chap.  it. 
Sect.  2,  we  find 

—  =  a^— ,   where. =.^y      .. 

Integrating  we  have 

«  =  ^  (^  +  ay)  +  >//  Ct?  -  ay) ; 


'  '    ■•    .^.-J*-'  Jill 


> '  i*  -*  . 


Tkift  «qt^f^^  a«eiini  #  \t)w-  H^ji^^-.^y^kmiiL-     See 
Ally's  jVttcto,  ](».  271. 

This  egaaticm  is  of  tlie  safoe  fotm  -att  thi^  in'^x;  (Q 

ot  Giik^.  v.,  itad  its  ii^e#fl"wi]!"be  fouiia  i^^  tii^tgiTa' 

tli<lte  by'lwttiiig  Wi^  %  <i»'  it]id"6hi^^^'^<!  a^Oaiyixn.' 
stants  into  a^trti]iy'faiikHa<^'of'^/'  '^c^iie  wd  find  '  "/' ' ' 


9r 


^^^(f^+i}+/(y^|)'}• 


(80)    The  integral  of  the  lechiation 


I 


S^7i5^"*- '' 


may  in  the  same  way  be  deduced  from  that  of  "Ex.  (8)  of 
the  same  Chapter:  the  result  is 

Z  -  a?  {J^  (y  +  Saa?i)  +/'  (y  -  Saa?i)} 

(21)      Let a^  —  =  — . 

The  integral  of  this  equation  may  be  deduced  from  that 

in  Ex.  (10)  of  Chap.  V.  by  putting  -o*-—  for  qK    This 

djT 

gives  us 

5f  =  —  {/'(y  -  aw)  -/(y  +  a^)}  +  FXy-ax)  ^f(y  +  aa?) 

(IW 

(P%  cP%         2% 

^  dw^        dx  dy      w^  * 
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The  integral  of  this  equation  is  deduced  from  that  in 

d 
Ex.  (13)  of  Chap,  v.,  by  putting  a  —  for  q.     This  gives 

ay 

%  «  aF'(y)  -  -  -P  (y)  +  af(y  -  aa)  -^-f(y--  aw). 

OS  CD 

(23)  The  equation 

may  be  integrated  by  the  same  method  as  that  in  Ex.  (14)  of 

Chap.  VI.,  by  changing  k^  into  -  a*  -—  and  putting  arbitrary 

functions  of  y  instead  of  the  arbitrary  constants. 
Thus  if  ?ra  «  2,  we  have 

X^  F{y  +  aiv)  +f(y  -  aw), 

so  that  the  integral  of 

d^x      2o  dx       „d^% 

Hence  if  p  «  2,  the  integral  of 

cPj^      4!  dz       „  d?z 

— r a*  —  =  0 

dor      w  dw         dt^ 

is    i!ra3{/'(y-|.oa?)+/(y-aa?)}-Soa?{jF'(y4-oa?)-/'(y-oa?)} 

+  flV  {F"(y  +  aw)  +/" (y  -  aw)}. 

,    ,     ^  cPiJf  1      /d^f      d%\  2 

(24)  Let      3—7-+  J- +  3"     -7 ^^='^- 

Assume  y+w^u^   y^-w^v^  when  the  equation  becomes 

d^%  ^d?%      Q  dz       2 
dv*      du^      u  du      u^ 

The  integral  of  this  by  Ex.  (l8)  is 
z  =-  \(p'(u  +  tj)  +  >/.'  (t^  -  v)}  -  -  {0  (w  +  v)  +  x|,(t^  - „)}. 


-  ,   .      ■■  '  V   ^•■?,*^j| 


...  inif' jI 


into  linear  equatidlli  by  assindblg 

The  tramformfid  equation  i«;  JuttfiiiJ;  '     '  ^   '"'   '*' '' 

8 


^  !=« 


•  • 


i 


and  the  integral  is 

^  dar       ^dz      (1  +  i»0* 

(26)  Let    a^  —  +f—^- -. 

^    ^  dx        dy  z 

By  assuming Zixi*  ^^'  or  «/  «  (i  +  iir2)i,  this  becomes 

^d%        ^d%* 
dx  dy        ^ 

and  the  integral  is 

X     ^  \y      xl 

d%         d%  ^  _       _  , 

(27)  Let     a?  —  +  y  —  =  ^xy  {a?  -  J2r)5. 
^    ^  del?         ay 


The  integral  is 


% 


=  asin<a?y  +0  ("l  f ' 
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We  might  with  advantage  have  applied  the  same  trans- 
formation to  the  equations  in  examples  (1),  (3),  and  (4),  as 
it  is  generally  convenient  to  reduce  the  factor  of  z  to  two 
terms. 

Sect.  3,     Equations  involving  the  differential  coefficients 

of  %  in  powers  and  products. 

If  the  equation  be  of  the  first  ofder  make  ---  =  «,  —  so 

da  dy 

and  from  the  given  equation  find  q  in  terms  of  jp,  a?,  y,  »,  and 

substitute  this  value  in  the  equation 

dp      dq         dp         dq 

which  will  then  become  an  equation  of  the  first  order  between 
four  variables.  The  value  of  p  found  by  integrating  this, 
with  the  corresponding  value  of  q  will  render 

dx  =  pdw  +  qdy,  (2) 

a  complete  difierential)  and  this  being  integrated  will  give 
the  value  of  x.  The  integral  of  the  first  equation  will 
involve  an  arbitrary  constant  (o);  and  the  integral  of  the 
second  will  introduce  another  (6),  which  is  to  be  considered 
as  an  arbitrary  function  of  (a);  and  we  shall  thus  obtain 
an  integral  of  the  form 

/(<!?,  y,  %,a)  ^(p(a), 

from  which  a  is  to  be  eliminated  when  a  specific  meaning 
is  assigned  to  0. 

Lagrange,  Mimoires  de  Berlin^  1772,  p.  353. 

(1)     Let     p2  +  5*  =  1,     or  gr  =  (1  -  p^)i, 

dq  p        dp        dq  p        dp 

dtV  (1 -/)-)*  del?'      dz  (l-'p^)idz' 

Substituting  these  values  in  equation  (l)  it  becomes 

d%  dw  '  dy 

This    equation   is  integrable   if    we    can    integrate   the 
system  of  equations 

dp  sa  0,     pdz  -  da?  =  0,     (1  -  p*)i  dz^dy  ^  0. 


*       El       ^  .-     "  . 


S$8  PAvixiii  mmmBmsmtMSi  »piAtt«m» 

The  first  gives  p^ma^  whence  9  ■•;(!. -ro^)),  and 

so  that  »  «  a«  +  (1  -•  a^i  Sf  +  ^(n). 

If  we  diffiereDtiftle  this  with  respect  to  a  we  bb( 
eqttatkm. 

between  which  and  the  preceding  we  may  elimini^ 
0  is  q^edfied.  ^       " 

(2)     Let  pg.*  1. 

The  equaticMi  in  p  |o  be  integrated  is 


whence  dp  mO  and  pma.  *^l!he  final  Inl^gral^  is 


p  !■  ^^fl  k  H^y 


rj 


(S)     Let  *«*jp?f 

In  this  case  we  find 

p^y-^df      q 


y  +  a 


therefore     dj»  «  (y  +  a)  da  + dy^ 

y  +  ^ 

dx  xdy 

whence —  =  dcs ; 

y  +  a      {y,^-  of  , 

and  therefore    =  a?  +  (i(a). 

y  +  a  ^^ 

(4)    Let  p^{qy-^  ^)'. 

In  this  case  we  get 

qy^  B  a,     and  p  =  f  -  +  5f  |  , 

whence     d^  =  M^  +  -      dos  -^  —dy; 

\       yl  f 
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or     d  Iss  -{• 


hi) 'hi)'''' 


whence     («f  +  -j  {«27  +  0  (a)} 
(5)     Let  q  =  p«», 


+  1  =  0. 


a  o' 


Here   p  ■=  -  ,    g  =  — ,  and  the  integral  is 

—  «  aa?  +  a^y  +  0(a). 

(6)  Let  9  es  ^p  -f  p*. 
The  integral  is 

(7)  Let.V«r(g)"(^V  =  o-. 


4yJ 

This  may  be  put  under  the  form 

V  dcr/     r  dy) 

By  assuming 

W   ^  fw    mdw,      y  —  fy^^dy,       z'  ss  fztn  +  nd«; 

the  equation  becomes 

Jy' 

The  integral  of  this  found  by  the  same  method  as  in 
Ex.  (2)  is 


w)  w)  "^• 


and  therefore 


r/^+w  +  Y  m  —  a  n  -  fia 

When  m  »  a,  ^'  =  log ^,     when  w-  =  jS,  y'  =  logy, 

when  w-^w  +  Y'^'^j  ^'  =  ^^S ^* 
24 


(a)  This  trantfoinialiixi  &&  vAn^  m4-n»0  while  7 
is  not  equal  to  0.  In  tins  case  the  foUowJng  method  may 
be  used.     The  equatioti  Inay  evidently  be  put  under  the  fona 


\da>)    \dy) 


then  considering  a  as  a  Aifiolion  ^«  and  jf^ 


■-.) 


'» 


i''>  s<  4"«fA<    i^'dff-.^^ 


and  therefore  d*  •  --- rf^'p-,— i  d« .  ,) 

whence  =  :^  g^)^ ,  '^|j(«  «^||4r   '  ^     '  > 


♦• -t 


By  substituting  these  v^isestne  (aquation  l^eeomes  (m 


( 


-)   ^  =  (-)*o»; 
the  integral  of  which  is 

a?  =3  -  cy^  «  +  ^  (^). 

The  transformed  equation  is 


(: 


and  the  integral  is 


The  transformations  in  the  three  preceding  examples  are 
given  by  a  writer  who  signs  himself  "  G.  C.*'  in  the  'Cam- 
bridge Mathematical  Journal,  Vol.  i.  p»  162. 
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Sect.  4.     Equations  integrdble  by  various  methods. 

Lagrange*8  Method. 

Let  a  partial  Differential  Equation  between  three  variables 
be  of  the  form 

dss         d« 

dof         dy         ' 

where  P,  Q,  R  are  ftinctions  of  w^  y  and  % ;  then  if  we  can 
integrate  two  of  the  following  equations, 

Pdy  -  Qdx  =  0 

Pdx^Rdw^O 

Qdx  -  Rdff  =  0, 

so  as  to  obtain  two  integrals, 

0  C^j  y? «)  =  fii   i^  (^9  y^  ^)  =  «j 

the  integral  of  the  given  equation  will  be 

Lagrange,  Mimoires  de  Berlin^  1774,  p.  197;  1779,  p.  152. 

For  the  success  of  this  method  it  is  necessary  either  that 
one  of  the  three  auxiliary  equations  should  contain  only  the 
two  variables  the  differentials  of  which  it  involves,  or  thai 
by  their  combination  such  an  equation  should  be  obtained. 
By  integrating  it  we  obtain  an  equation  by  means  of  which 
one  of  the  variables  may  be  eliminated  from  either  of  the 
other  auxiliary  equations. 

ds^        dss 
In  this  case  the  auxiliary  equations  are 

•  •  • 

wdy  -  zdw  =*  0, 
wd%  +  ydw  =  0, 
jsdz  +  ydy  «=  0. 
The  last  of  these  alone  is  immediately  integrable  and  gives 

24 — 2 


S    ft 


SabbtilQtiiig  in  the  aeeoedi^  we  Iwie;      .. 


4i»  V>'^  dof  ''• 


uo/r 


•       1* 


ore       •p^/^ii^ia^f 
&  ,th^ .  i]it^4  fd  the  ^]!GfK)8e4  f ^uaIjqi} 


♦     *>  r-V    .  •> 


(,)  u.    ^|5.  .^;|--;.*4r- " 


^^^  .'S, 


then    loflf  iif'aa  -  ^^'+ 

(8)    Let    (y  -  6»)  3-  -  (»^,a«)  r—  - ** -  ay. 

The  auxiliary  ^quationf  aje,  ,       .  -      . 

■•-•i    •■   Y»^   :'v    ■"    v''    .-.■   r^--^  .f...:^  ;.y.:  \.  J 
(y  -  b«)  dy  +  (4^  -  <i)!f)  d^  «  0  •... (1) 

(a?  - a;?f)  dz  +  (6a?  -ay)  dy  =  0 (3). 

Multiply  (2)  by  a,  and  (3)  by  6;   subtract  and  divide 
by  bw  —  ayi   we  find 

dx  +  adtV  +  6dy  =  0,     6r  ^  +  a^r  +  6y  =  a. 

Again  multiply  {2)  by  ^,  and  (3)  jby  y;    subtract  and 
divide  by  bw  —  ay:  there  results 

^d«a?  +  ydy  +  ^d^  =  0,  whence  j!xP  +  y'  +  ^  ==  /3. 
Therefore 

is  the  integral  of  the  proposed  equation.     This  is  the  general 
equation  to  surfaces  of  revolution. 

/.XT.  d%        ^d% 

(4)     Let  '^^5:;  +  r^«^^y, 


^  = .«^_  log  ::  +/    ^     . 

y-  OS     ^  on     "   \  cry   / 
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,  .       _  „dsi!  dx 

(5)     Let  y  -J-  +  of^y -y-  -  nxz ; 

dos  dy 

then     ^  ^y^  f(jxr  ^  ^). 


(6)  Let      (^  +  »)  ^  +  (y  -  *^)  ^  =  ^• 

The  auxiliary  equations  are, 

(cr  +  y)  dy  -  (y  -  ^)  da?  «  0 (l) 

(jv  +  y)  d% -^  %d(v       =0 (2) 

(y  —  a))dz  —  %dy       «  0 (3).' 

Equation  (1)  may  be  put  undqr  the  form 
wdy  —  ydti?  +  wdw  +  ydy  =  Oi 

whence     tan  "  ^ log  {a^  +  y^)2  =  a. 

Multiplying  (2)  by  ^,  (3)  by  y  and  adding,  we  have 

d%      wdos  +  ydy 
ij;  ^  +  y*     ' 

whence    -y-i — i  =  /3 ;   and  therefore 

sa  ^  (a^  +  y^)^/{tan"^  -  -  log  (ai^  +  y^)H 

y 

is  the  required  integral. 

(7)  Let    (a?  -  2y)  ^  +  (2a?  -  Sy)  — - 1±  z. 

ax  ay 

The  integral  is 

(aj-y)z^e^fia;-yy. 

This  method   may   be    extended   to   functions   of  more 
variables.     Thus  if 

dw  dy  dz 

and  if  from  three  equations  such  as 


n 


?  ■*'?• 


&lb  rxttniji  mntau&t£. 


jj^_    .„■■■;.    I 


(        — ■ 


we  can  obtain  diii^  -ut^^nuiC    '    •  V.  -  -  +  ^  -^  *  -r 

the  int^;na  rf  the  pn^fKNtsf  ,efW/|^fAi     .iv/.  „.      „ 
-Umf{V^  W)^vfje  tpi^^r,  1IIO\^0. 
(8)'    liet **       -v^     •     v<\)>\>        'xl' 

The  auxiliary  equations  nvet 

(t«  +  y  4- If)  ciy  -'(u^%k'x)dw^  0, 

(w  +  y  +  «)  a«  -  (tt  -f  fl'  +  JO  »^  «  ^> 
Adding  these  three  equations  we  have 

Putting  w  +  ^H-y  +  »  =  Vj  this  gives 

d<r  dt) 

w  +  2^  +  sf      3v' 

Subtracting  the  second  equation  from  the  first,  we  have 

(u  +  y  -i-  %)  (dy  -  dx)  =  ()!r  -  y)  do? ; 

dw  dy  —  dz  . 


or 


«+y  +  «  y-^^f 

dv  dy  —  rf^ 


Therefore  — , 

Sv  y  —  ^ 

and     t>  (y  -  ;8r)'  =  a. 

From   the  symmetry  of  the   expressions   it   is    obvious 
that  we  must  have  also 

v{a}  ^  ssy  =  6,  t?  (w  -  zy  =  c. 

Therefore 

f{v(u''%yy  v(x-zy,  viy-^zyi^^o. 
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,  X     -r  ^w      ^         \  du     ,■        ^  du 

(9)  Let      ^_  +  («  +  «0^4(«  +  y)-  =  y  +  «. 

The  integral  of  this  is 

w  +  cr  +  y  +  ^  =  3^/ {a?  (w  -  y),  /»  (y  -  ^)}. 

Mange's  Method, 

Let  the  partial  differential  equation  be  of  the  form 

d^x  d^ss  (Psis 

da^         dxdy         dy^         ' 

,         _     -.     _  /.        .  «  ^^     d% 

where  -P,  Q,  it  are  functions  of  a?,  y,  ^,  -i— ,  -r-. 

a«a?     ay 

Then  if  we  form  the  system  of  equations 

dy  —  mdx  =  0  | 

mdp  +  Qdgr  -  Rmdx  =  0  J 

dy  —  mdw  =01 
w'dp  +  0,dq  -  Rm^dw  =  0  | '•••"^  -^ 

where©  =  3—  and  g  =  --,  and  iw,  m   are  the  roots  of  the 
dx  dy 

equation 

m^  -  Pm  +  Q  =  0 ; 

and  if  from  these  two  systems  we  can  find  two  integrals 
U=»a^  F=6,  then 

is  the  first  integral  of  the  proposed  e(]fuation ;  and  the  integral 
of  this  is  the  complete  integral  of  the  proposed  equation.  It 
is  generally  more  convenient  (when  possible)  to  find  another 
first  integral,  of  the  form 

and  between  these  to  eliminate  p,  or  q  so  as  to  obtain  an 
equation  involving  only  one  differential  coefficient,  and  which 
is  therefore  easily  integrable. 

Monge,  Mimoires  de  VAcadimie  des  Sciences,  1784,  p.  118. 

(10)  Let     ^-7-;-2pg- — r-+P-7-T=0' 
^    ^  ^  da^        ^^  dxdy     ^  dy' 


r     '■■    ■ 


37^  .MBn Ai».  oivvmim4x»  MDAixonii 

The  auxiliary  equations  in  this  case  axe^ 

P 
5*i»*  +  2pqni  +  f^^  0,     whence  !»«--> 


•    i 


-pap  +  —  ag«0. 

Fran  .  the .  second^  since  dx^pdw^  qdgi  We  liaveN 

'  djir«  Oy    or  iv  no. 

'  .4.  -  '      ■ 

From  the  third  we  have 


'! 


Whence  ?-^(*)We. 


V 


since  x  m  constant,- and  then^ore^()y)  «  extant.      From 
the  equation  p  — c^  —  O,  we  leiudly  obtdin 

which  is  the  required  integral. 

d[*i8r      d?^        4©' 
(11)     Let  -         +_^  =  0. 

da?*      ay^      ^  +  y 

The  auxiliary  equations  are, 

4o 
dy  -  do?  =  0,     dp  —  dq  +  — ^— -da?a=0: (l) 

w  +  y 

*  4p 

dy  +  diV  =  0,     dp  +  dq =—  diV  =  0 (2) 

OB  -{-y 

From  the  first  of  (1)  we  find 

4i)  dw 

y  ^  w  =^Cj     and  therefore    dp  --  dq  ■{- =  0. 

2y  —a 

If  we  subtract  from  this  last  the  equation 

2p      ,,         ,  ^       2pdy         2dz  2qdy 

^     (dy  -  dw)  =  -^—^  - +      ^   ^ 


2y-a  2y  —  a      2y  •- a      2y  -  a 

(as  pdcv  ^  dz  —  qdy)  we  have 

(2y  -  a)  (dp  -  d^f)  +  2  (p  -  g)  dy  +  2di5r  =  0 ; 
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the  integral  of  which  is 

(2y  -  a)  (p  -  g)  +  2;2f  =  6  =/(y  -  .v), 
and  therefore 

p-g  + =— . 

^  +  ^         0?  +  y 

From  the  first  of  (2)  we  find 

y  +  0?  =  tti, 
and  substituting  this  in  the  equation  just  found,  it  becomes 

ds?      d%      2z         f(y "  ob) 
dy      dos       Oj  »! 

This  is   a   linear  equation   and  is  therefore  easily  inte- 
grated.    The  result  is 

%-  --ef-^y  jdye  ai*LJ£ -  +  e'+y\l/(af  +  y), 

where  <27  +  y  is  to  be  substituted  for  a^  after  integration. 
(12)     Let  the  equation  be 

If  we  put  p  +  qr  SB  a,  this  takes  the  form 

The  equation  for  determining  m  is 

(1  +  gra)  m^--  (q  -  p)  am  -  (l  +  pa)  =  0 ; 

I.*  I.     •                            ,                     1  +pa 
which  gives  w  =  1,       m  =s = — . 

^  l+qa 

We  have  therefore  to  integrate  the  two  systems, 
dy—  dtV=»0;       dp(l  +qa)  -  dg  (l  +  pa)  «0  ...  (l), 
dy(l  +qa)  +  daf(l  -f-pa)  «  0;        dp  +  dq^O  ...  (2). 
The  second  equation  of  (2),  gives  p  +  q^b  or  a=6. 
The  first  equation,  of  (2)  when  put  under  the  form 
dof  +  dy  +  a(pd{ff+  qdy)  =  0, 


"'^■Wv 


i"  1      -*.«- , 


a^  .  «.«    . 


gives  *  +  y.+f(pit ^).»f»f  4^  JT1  :^?-  r i    • 

therefore  ,    #  *•  <M-(^  ^^^)^  r  ^(^*^*^  ' 

The  first  equatipit  ^f ^(l>  mmoifj[h^JfHh  «i4  fwtllif 
p^q^mfi^  we  have 

i»-i(a+^,^-i(a-^; 

dj»  -  i  (da  +  dK  djSl  -  i  (rfa  -  *^ 
and  therefore  the  a^f^m^^m^^PIK 9^  (Sfifi^M^B^  m^ 

Thifii  first  integral  will  '^ilSLf  lis  to  determiiie  tl^  aeooiid 
int^aL     Piittiag  p  +  q.mlaii'Pt'Hqiw  fi»\ m%- Wfi.    gy .  , 

or,  putting  for  p  its  value  ^  («r  -^)X2  +  a*)l»  ^   ,     ;  j 
d[»  «  ^  o  (do?  +  dy)  +  ^  (da?  -  dy)  y^r  {a;  -  y)  (2  +  a*)l. 

This  is  integrable  if  we  suppose  a  to  be  constant,  and 
gives 

sf  +  0  (a)  =  ^  a  (a?  +  y)  +  x/^i  (a;  -  y)  (2  +  a^)i; 
which,  combined  with 

represents  the  integral  of  the  proposed  equation. 

Poisson*  has  shewn  how  to  obtain  a  particular  integral 
of  equations  of  the  form 

P«  (r^-^)»Q..... , (1) 

where  P  is  a  function  of  p,  g,  r,  «,  ^,  homogeneous  with  respect 
to  the  last  three  quantities,  and  Q  is  a  function  of  a?,  y,  z,  and 
the  differentials  of  ^,  which   does  not  become  infinite  when 

•  Correspondance  sur  VEcole  Polytechnique^  Vol.  ii.  p.  410. 
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If  we  assume  q  » fip)^  we  have 

^  =  rf'ip),     t  =  af'(p)=r{fip)Yi 

and  therefore     r<-«^a=0, .••  (2) 

Hence  the  equation  (l)  is  reduced  to 

P  =  0; 

and  on  substituting  in  it  the  values  of  9,  «,  and  t,  the  quantity 
r  will  divide  out,  as  P  is  homogeneous  in  r>  «,  and  ty  and 
the  equation  is  reduced  to  the  form 

F {p,  f(p)  f  ip)]  =  0, 

which  is  an  ordinary  differential  equation,  and  being  integrated 
determines  the  form  of  fip)  involving  an  arbitrary  constant. 
The  partial  differential  equation 

9  =  Ap) 

can  always  be  integrated,  and  furnishes  a  value  of  x  involving 
an  arbitrary  function  and  an  arbitrary  constant.  This  process 
comes  to  the  same  as  finding  what  developable  surfaces  satisfy 
the  equation  (l). 

(IS)     Let  r'-fi^rt-  s\ 

Assuming    q  =  f(p)  we  find 

whence  /'  (p)  =  ±  1 ; 

and  therefore  q  =  f(p)  =  ^  p  +  Cj 

C  being  an  arbitrary  constant.     On  integrating  this  we  find 

X  ss  Cof  ±  0  (y  st  0?) 
as  a  particular  integral  of  the  given  equation. 

(14)     Let      t  +  2ps  +  (p^  '-a^)r^  0. (1) 

In  this  case  Q  =  0,  and  on  putting  q^f(p)  we  have,  after 
dividing  by  r, 

{/(?)}'+ 2p/ (p) +?'- a' =0; (2) 

from  which  /'  (p)  +  p  =  ±  a, 

and  therefore  q  +  ^p^  ^ap  ^  C (3) 


1  the  arbitrary 
;nce  assuming 
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Now  as  every  equation  involving  only  p  and  q  may  \>c 
coaisideretl  as  representing  a  developable  surface,  it  may  be 
satisfied  by  the  equation  to  a  plane  in  which  the  arbitrary 
constants  ai-e  afterwards  supposed  to  vary.     Hence  assuming 

we  find  p  =  a,  g  =  P,  and  therefore 

BO  that  a  particular  integral  of  (s)  is 

«  =  aaj+  (C  ^aa  -^a:)t/  -i 
To  deduce  the  general   integral  we  must  take  for  y  an 
arbitrary  function  of  a,  and  then  join  with  the  equation  to 
the  plane  its  differential  with  respect  to  a,  so  that  the  system 
ot  equations 

is  the  general  integral  of  (3),  and  a  particular  integral  of  (]). 
A  different  form  of  ^  should  be  taken  for  each  sign  of  «, 
so  that  this  system  is  equivalent  to  two. 

The  equation 

(15)  (i+,f)r-  2pq8  +  (1  +  p»)  i  =  0, 

belongs  to  those  surfaces  in  which  the  principal  radii  of 
curvature  are  equal  but  of  opposite  signs.  On  assuming 
?  "/(P)>  '^^  ^3.\e 

I  +  J/(P)}*  -  2p/Cp)  /'  (P)  +  (I  +  P")  {/'(?)]'  =  0. 

The  integral  of  this  is 

5  =  oj>  +  (-  1  -  o')i; 
from  which  we  have 

K  =  ^  (,r  +  ay)  +  y  (-  1  -  0°)^ 
as  the  particular  integral  of  the  given  equation. 

It  is  easy  to  see  that  this  must  represent  a  plane,  as 
that  is  the  only  developable  surface  which  has  its  principal 
ladii  of  curvature  equal  and  of  opposite  signs. 
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From  the  difficulties  attending  the  integration  of  ordinary 
differential  equations  of  a  high  order  it  ¥fill  readily  be  under- 
stood that  the  integration  of  partial  differential  equations  of 
the  second  and  higher  orders  is  a  problem  in  the  solution 
of  which  still  less  progress  has  been  made.  The  subject 
has  much  occupied  the  attention  of  mathematicians,  and  pro- 
cesses have  been  given  for  integrating  various  classes  of 
these  equations,  but  they  are  unfortunately  exceedingly  long 
and  complex,  and  the  solutions  are  frequently  given  in  a 
form  which  renders  them  practically  useless.  I  shall  therefore 
not  give  any  examples  of  them  here,  but  shall  content  myself 
with  referring  the  reader  to  the  original  memoirs :  such  as 
those  of  Laplace,  Mimoires  de  PAcadimie^  1773;  Legendre, 
lb.  1787;  Ampere,  Journal  Polytechnique^  Cahiers  xvii.  et 
xviii. ;  and  Cardinali,  Sul  Calcolo  Integrale  delV  equazioni 
di  differen%e  partialL 

Some  examples  of  the  application  of  Definite  integrals 
to  express  the  integrals  of  partial  Differential  equations  will 
be  found  at  the  end  of  Chap.  xii. 


CHAPTER  VII. 


SIMtJLTANEOOS    mFFEREfTTlAL    EQUATIONS. 


Sect.  1.  Linear  Differential  Equations  viHh  conatant 
Coeffkients. 

The  solution  of  any  number  of  simultaneous  equations  of 
this  class  may  always  be  reduced  to  the  principles  of  the 
elimination  of  the  same  numbi;!-  of  linear  algebraical  equations. 
For  the  symbol  of  difFerentiatioa  may  be  treated  exactly  like 
any  constant  involved  in  the  equation,  and  therefore  the  rules 
for  eliminating,  when  the  variables  are  involved  along  with 
constants,  may  be  applied  to  equations  in  which  they  are  in- 
volved, along  with  symbols  of  differentiation. 

Ex.  (l)  Let  there  be  two  simultaneous  equations  in- 
volving two  variables,  ~ 


ay 


To  eliminate  y,  operate  on  the  first  equation  with  — -  and 
multiply  the  second  by  o ;   we  have  then 

*Pn7  rlti  ^y 

o  _£.  +  ahx  =  0. 
at 

from  the  iirst,  y  disappears, 


dt 


Subtracting  the  second  of  thi 
and  we  have 

-—  —abx  =  0. 
dr 

The  integral  of  this  is,  making  ab  = 

X  =  Ce""  +  Cje-". 

From  the  first  equation  we  find 


-'-c  -    ^'. 
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It  might  at  first  appear  that  as  we  might  obtain  an  equa- 
tion involving  y  alone,  similar  to  the  resulting  one  in  ^,  there 
must  be  four  arbitrary  constants,  and  not  two.  But  the  second 
pair  can  always  be  determined  in  terms  of  the  other  two,  and 
are  therefore  not  arbitrary.  This  remark  applies  to  such 
equations  generally :  and  it  is  best  to  avoid  the  introduction 
of  the  superfluous  constants  by  deducing  (as  we  have  done  in 
this  example)  the  other  variables  from  the  first  without  inte-* 
gration.  The  real  number  of  arbitrary  constants  is  always 
equal  to  the  sum  of  the  highest  indices  of  differentiation  in  the 
different  equations. 

dw 
(2)     Let  —  -¥  aw  -^  by  ^  0, 

Cbv 

—  +  a^af  +  biy  =  0, 

be  two  simultaneous  equatioiis.     Operate  on  the  first  with 
—  +  61 1 ,  and  multiply  the  second  by  b ;  then,  on  subtract- 
ing, y  disappears  and  we  have 


w  «  0. 


This  may  be  put  under  the  form 

where  h  and  k  are  the  roots  of  the  equation 

s^  —  (a  +  bj)  «  +  abi  —  a^ft  =  0. 

Integrating  in  the  usual  way,  we  find 


(S)     Let 


4?  =a 

Ce-^^+Cie- 

y« 

b     ^^ 

k- 
+     b 

-Cie- 

dx 
dt 

+  4a?  +  3y  r= 

t. 

% 

dp 

dt 

+  2a?  +  5y  «a 

6'. 

90^ 

(4)    Let         ^4.«A4.jr^LV;  v\. 

.:ilf.<.i    /  >.Ir*  ^uiMji    lull,  tt   (^i1  liitit|>i«>   .ill  :4ttiyji{i)lu 
We  find  I,       ,  V'\l  I  »«  .  I 


lU 


(  I    ■  ■  \\. 

(5)     Let  there  be  three  simultaneous  equations, 

—  +  6y  +  c»  =  0, 

~  +aa+cx^  0, 
at 

—  +  a'^+6'V=0. 

Operate  on  the  first  with  f  —  |  -^b'^c,  on  the  second  with 

//  // 

b"c-h-r9    and   on    the    third    with   bc^c-r.      Then    on 

adding,  the  terms  involving  y  and  z  disappear  of  themselves, 
and  there  remains 

I  /^y  ^  (a'b  +  a''c  +  fe"c')  ^  +  a'6"c  +  a"6c  j  a;  =  0. 
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The  integral  of  this  is  easily  seen  to  be 

a,  fij  y  being  the  roots  of 

x"  -  (a'6  +  a"c  +  6"c')  »  +  a'b"c  +  a'bc  =  0. 
The  values  of  y  and  z  are  easily  derived  from  that  of  of. 

(0)     Let  -Tj^'-ay^bw^c, 


d^y      f 


')'-< 


Eliminating  y  by  operating  on  the  first  with  ( ~ . 
multiplying  the  second  by  a  and  adding;  there  results 

This  may  be  put  under  the  form 

where  h%  k^  are  the  roots  of  the  equation 

x^  +  (of  +b)  %  +  a'b  -  ab\ 
Hence  we  find 

X  =  ~T- -.  +  Ci  cos  {hoi  -{-a)  -¥  C^  cos  (Jew  +  p)  ; 

a  6  —  oo 

and  y«-7T r> CiCos(A^  +  a) Cj cos (&.v '1-/5). 

r  X     _        iPfl?         dw         dy 

€Py         dy      dw      ^  .     . 

Eliminating  y  we  obtain  the  equation 

|[  — j    +5(  — )    +  elof  «2C08  2< -4  8in2^-2C0S^^ 
25 


■H 

^ 

^H 

S86  " 
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' 

"  m 

-ll(^)" 

esj* 

=  2  COS  2 

(  -4siQ2/ 

-Scos^; 

the  integral 

of  which  is 

x  =  cos  2t  - 

2  sin  2i  ~  cos 

f  +  C, 

COB (si  t  4 

-a)+C2COs(sli  +  /3), 

and  from  tliis  the  value 

ofsi 

ia  easily 

found. 

Take  the  system  of  equstionB. 
(8)    Oo«+a,-||  +  o,-^+at— ^^&B--*»"°»'> 
djr        d*y        ^»     .  . 


'd/""'d<'      "'di' ^ 

*Fliflie  may  be  wi^tteni' iioder'iWfi^''    ''  ''-''' 
(Oe  -f  ^<(*  +  t»i^ '•*■  &«•)*  -f  fOitf  +'ib<^  <¥  ft«.)9  «' w i^ilJIf  ; 

tt  (^|d»  +  a,d*  +  8k.)S-  («>d  +  "i* '+  fec.j  »-  iiiliosfi/, 
for  conTenience  the  dtSerentlala  of  4  are  obitted. 
;^aiininatjng  y  we  hsre  ■■_.;■      i' 

'   '      |(ii6  +  <Hd'  +  o,ii*  +  8rtO*V(M  +  «»<f+*'^!i*},*-     ,, 
m  (oo  +  fliM  —  Oj«*  —  a»»^  +  04«*  +  Osfi*  -  8rc)  «n  n(. 
It  is  obvious  from  the  form  of  this  that  the  complementary 
function  must  be  of  the  form 

'S.(Acos\t  +  BsiQ\t), 
where  all  the  values  are  to  be  assigned  to  A.  whidi   satisfy 
the  equation 

(Og  -  (ig  X*  +  o«X*  +  &c.)*  -  \*  (o,  -  a^X*  +  &c.)*  e=  o. 
Hence  we  have 

at  =  2  (-f(  cos  \(  +  5  sin  \t)  + 
m  (oti  +  (ii»  -  «!!«*  -  OjM'  +  a^n*  +  «(«"  -  &c.) 


(". 


a,n.'  +  &c.)*-  «'(oi  -  a^ti"  +  &c.)' 
tnsinn^ 


sin  ni ; 


iir=X(^cos\(+BsinXi)+ 
Whence  also 
»-SCJsinXi-J5co3X0+- 


mcosn/ 
to-o,n-asn'+a3«'+a4»i*-&c.* 
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887 


The  same  method  is  applicable  to  linear  partial  differential 
equations  in  which  the  coefScients  are  constants.  The  two 
symbols  of  differentiation  are  to  be  treated  as  two  independent 
constants,  since  they  do  not  affect  each  other,  and  are  both 
subject  to  the  laws  which  regulate  the  combinations  of  ordinary 
algebraical  symbols. 

^  ^     ^  dx         du         dx      , 

(9)     Let       -7-  +  c--  +  a— -+fei^=0, 

aoB         dtV         dy 

fdxdudu^ 
c  -7-  +  -; — \-  a  -r-  +  bu  ^  0. 
dw      doB         dy 

These  may  be  put  under  the  forms 

[  d  d        \  d 

\dai         dy       /  dx 

d  d        \  ,  d 


[  d  d        \ 

(•—•  +  «—-  +  6]  w+c 
\dw        dy       I 


,     j»  =  0. 


To    eliminate    w,    operate    on    the    first    equation    with 

-r-  +  a  — •  +6,  and  on  the  second  with  c  -7-   and  subtract : 
dw        dy  dco 

we  have  then 

(  d  d           \ 

,  /  dy  ^    dy       ^   d  ^    dy       ^  I 

\dwl  1  -cc      dx  1  -cc     J 

If  we  call  l-(cc)i  =  —   and   1  + (cc  )J  «  - ,  this  may 

^     ^       m  n 

be  divided  into  the  two  factors 

{3-4-  rn{a  y  +  6)Mt~  +  w  (a  — •  +  6)>  »  «0; 
\dw  dy         j  \dw  dy         ] 

the  integral  of  which  is 

X  «r  c""^'' 0  (y  -  amos)  +  g-"^^ >|,  (y  -  anx)  ; 

and  from  this  u  can  be  found. 

(10)     Let   — -^  +  a  —  =  0,      — —  +  c  -—  =  0. 
dwdy        dy  dady        doo^ 

25 — 2 


ElimfMrifir  hi  \iK'  fittd> 

whence  alw  «  ifuy  be  determined.  ^,^  ^^^  .  ^„ 

.  C]^)    (3^  eiitMitiodi^fer[ct^99i]pin^^ 
anctfW  iii^Uutic  medSnn  M^«ine  dlnnlHMnik^We 
liiv.n.-j  ..II    -f  '.gi^    iiwtiij(  Yg^.i«^..ttia^^  nit    fi->ri7/ 

-(«.■<     I'.Ii -r/)   l(;lii>miu|     ur)   nt    Ti'i^iihR     J  Mllfff    (.^    ^iilWib 

iiii(  fi  *..  ti..(i..(ti*iB  ;j.m;irt>i./rfyiMiA».i..dtfft,-jilT    (SI) 

«w  Ah/t  TVaetti  p.  879*  NW*:"'"^'-.'^*  "'^  >..!n.ii.|w  -ri 
.  '(  IV^.ra^fit  J^'  tliis  CMC  eliiQli4kte>«  i^  tirhy.i.  proccb 
similar  to  that  used  in  Ex.  (5)  of  this  sectiou ;  but  the  fol- 
lowing method  is  more  convenient. 

_  .  /rf«      dv      du)\ 

Let  *■""     T"+:n+"r"l-    ■ 

\dw     ay      dz; 

I  d\~^d*u      f  d\-^<Pv  _  MV'  '^"* 
^    [dij      IF  °^  [dyl      dF  "  (dl)      "d?"  "  *"' 

Operate  on  each  of   these  by    [£j\      (-]  ,      (-)* 
respectively,  and  add:    then 

K^\'      [^Y      (^Y\        jL^^       d    d^v       d   tPw 
dtx)  '^\Ty]  "^  wr"d^  de'^^^'^Tz  de 

d?  Idu      d« 
■  "  dp  te  "" 
1    dV 


d«      dtflN 
dy      d«/ 
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Hence    ^.  - -*  [{^J  ^  {^)' ^  [l])  r  =  0. 
The  integral  of  this  is 

From  this  r  is  determined,  and  hence  we  can  find 
Uf  Vy  Wj  as 

When  the  equations  are  not  linear  there  is  no  general 
method  for  inte^ating  them;,  and  therefore  the  means  qf 
doing  so  must  be  adapted  to  the  particular  case  under  con- 
sideration. Two  of  the  mcfre  -  important  examples  of  such 
equations,  which  occur  in  dynamics,  are  subjoined. 

(12)  The  equations  for  detertnining  the  motion  of  a  par- 
ticle attracted  to  a  fixed  centre  of  force  varying  inversely  as 
the  square  of  the  distance  are 

cPo?      ax  ,  .  d^y      juLfj  .  . 

j^  +  ^-o    (1).  J^f-0    (^)V 

where  r^  =  a;*  +  y^ 

Multiply  the  first  equation  by  y  and  the  second  by  w, 
and  subtract ;  then 

dPy         d?a! 

Whence,  integrating 

dy        doB 

c  being  an  arbitrary  constant. 

Multiply  «ach  term  of  the  first  equation  l)y  the  different 
sides  of  this  equation ;  then 

diV        y 
Integrating,  —  c  —  ^  y.—^-  a.  (^) 


fir  i-ajf-hham  e%  (6) 

M*dtip!y  (1)  Iqr  «2J,  («)  by  «^  dli^!«Aa'*itq;tirtp; 

By  tguarln^  (a)  we  flad    .  /- 


'!    :';'ii 


Tlusrefore  ♦*  (57)* -  «  (j  +  *) ''"A  -  W 

whence  t  +  a^  f-r—. p-jr tj-j .  (9) 

If  we  assume  or  «  r  cos  d,  y  »  r  sin  d,  equation  (s)  becomes 

whence  0  +  ^  =  /^'  =  /-^-^_^^^__  .  (10) 

From  (10)  we  know  6  in  terms  of  r,  and  from  (9)  r  in 
terms  of  ^  +  a,  so  that  0  can  be  expressed  in  terms  of  ^  +  a, 
and  therefore  also  w  and  y  in  terms  of  the  same  quantity. 
There  appear  to  be  five  arbitrary  constants,  o,  6,  c,  a,  J8, 
but  the  equation  (6)  gives  a  relation  between  them  which 
reduces  the  number  of  independent  constants  to  four. 

(13)     Let  the  equations  be 

doff      .       ,^ 
«  ^  +  (c  -  6)  y^  «  0, 
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dy 
6  -r:  +  (a  -  c)  a^ijf  =  0, 
at 

dx  • 

c  -rr  +  (6  -  a)  a?y  =  0. 
at 

These  are  the  equations  for  determining  the  angular  velo- 
cities of  a  rigid  body  revolving  round  its  centre  of  gravity 
and  acted  on  by  no  forces. 

Multiply  the  equations  by  a?,  y,  x^  respectively,  and  let 
wyz  =  -J- .     Then  the  first  equation  gives 

dw      ,       ,^  d(b 

Whence  by  integration 

a        ^ 
W  being  an  arbitrary  constant. 

Similarly            f  =  i^^T^  ^  +  h^^ 
and     z^  =  — ^ (J)  +  V* 


Hence  we  find 

d(j> 
'dt 


=  xy% 


On  inverting  and  integrating  we  should  obtain  t  in  terms 
of  0,  and  therefore  0  in  terms  of  t,  and  from  the  value 
of  0,  a?,  y,  %  in  terms  of  t. 

(14)  M.  Binet*  has  shewn  how  to  integrate  the  system 
of  simultaneous  equations: 

•  Journal  de  Mathematiques^  Vol.  ii.  p.  467. 


the  nnniMr  of  Tscubles  u,  v,  .r  ...  being  n,  and  R  being  a 
function  ofr"(t^  +  »*  +  ir'+  — )*>  so  that 


du      dr  r* 


:5TM(j(q«»*MW.lIVI3r,.  therefore  be  written 


df 


dR  u 
'  dr  ~r'' 


*1 
df' 


d_X  o 

dr  r' 


He' 


dS  IB 
~tih  r' 


I 


&c.      (2) 


Eliminating  -r—  between  each  pair  suoeesavdjr  we  find 


dr 
equations  of  tbe  form 


From  theBCj  being 
integrals 


(8) 


in  number,  we  obtain  tbe 


dt 


dt 


=  c,; 


dt 


dt 


mm  of  the  squares  of  these  gives 
du         du\'       /    du         dai\* 


W 


&C.  -  ^,      (5) 


where  A*  is  the  sum  of  squares  of  the  constants, 
and    subtracting  „•  (^)' +  „■  (^)%  .«  Q' 
may  be  put  under  the  form 
jdu'' 


By  adding 
f  &c.,   this 


(«'  +  «*  +  <»■  +  &c.)  i 


\dt} 


,    du        dv 


'  +  &c.)' .  .^.      (6) 
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On  multiplying  the  proposed  equations  by  2  —  ,    2  — , 
2  -r-,  &6i  and  integratitig,  we. have 


dt 


2jS  being  the  arbitrary  constant  arising  in  the  integration* 

Substituting  this  (expression   in  (6)   aiid  putting  r  for 
t^2  4.  v*  4.  a;2  +  8fc.,  that  equation  becomes  ,, 

,    dw         dt)         d/p      „    .,         ,.„      ^^        .^ 
(w  —  +«3T+^3T  +  &c.)*  =  2  r»  (iZ  +  S)  -  ^^ 

^     dt         dt         dt  ^ 

du        dv        dw        dr 
dt         dt         dt        dt  \ 

fdr\ ^  A^ 

therefore      \^-j   «2(i2  +  5)-.-;  (8) 

d^  r 

By  differentiating  (8)  we  find 

di? 

Eliminating  •—  from  the  first  of  equations  (2)  by  means 

of  (10),  and  multiplying  by  r,  we  have 

d^u        d^r      J?  u 


-«*t:7+-;j  -«o, 


d^        df       t'  r 
which  may  be  put  under  the  form 

f3 


d  f  ,  d  fu\]      J^  u 


or  by  multiplying  by  5,  and  assuming 


4 
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Jdi  Adr 


d^ 


j2rH-ff  +  5)  -  J"J 


+  : 


=  0. 


^B    Integrating  this  we  find 

Tn  =  r  (g-j  cos  0  +  Aj  sin  di) 

Similarly,        "  =  »"  (^a  cos  ^  +  Ag  sin  0) 

J,T  =  }•  (§■,  COS  0  +  ^3  sin  0) 


[  Sut  from  (9)  we  have 


i  +  a 


-/] 


rdr 


■om  (U) 


^+/3.y- 


2r'  (R  +  B)  - 


[2r'(iZ  +  B)-^' 


!!• 


(11) 


(IS) 


(14) 


(IS) 


By  meftiis  of  tbese  we  obtain  0  as  a  function  of  r,  and 
r  as  a  function  of  i  +  a,  and  therefore  0  aa  a  function  of 
/  +  a.  Then  the  equations  (IS)  will  give  «,  c,  jt,  &c.  in 
terms  of  ;  -|-  a,  /3,  i",,  hi,  gt.  A,,  &c.  ^  and  By  the  number  of 
arbitrary  constants  being  thus  Sn  +  4.  But  there  are  re- 
lations subsisting  between  the  constants  which  reduce  the 
number  of  independent  constants  to  2n.  In  the  first  place, 
the  constant  (i  will  only  alter  gi,  A,,  g^,  Ag,  &c.,  and  it  may 
therefore  be  neglected,  so  that  the  number  of  arbitrary  con- 
stants is  reduced  to  Sn  -f  S.     Again,  since 

r*  =>  m'  +  »'  +  a:'  +  &c., 

we  have  by  squaring  and  adding  equations  (13) 

1  -co8'02(g-*)+sin'02(A*)  +  2Bin0cos02(g-A). 

In  order  that  this  equation  may  subsist  for  all  values  of 
d)  we  must  have  the  conditions 

2(g=)=l,     2(A')  =  1,     2feA)  =  0. 
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These  three  conditions  reduce  the  number  of  arbitrary 
constants  to  2n» 

It  is  to  be  observed  that  the  integrals  for  determining 
t  and  ^  are  not  independent:  for  if  we  assume  a  function 

we  have  ^"^"""dS'     ^"^^"""Zi* 


i 


fll** 


..  C?lAPTER,Vin. , ',      V.    , 


/!  ' 


n « 


By  a  sbguUr  iolotfcm^if  p' dillierqitiUt'  ^uatkm,  iB'iniiBiioi 
a  certaiii  relatkm  betwe^  tbe'^Srari^Ues^  whkh  satisfies  tbe 


differential  equation,  but  does  not  sstisfy  the  genffral  iutqpnL 
Soltttmis  of  tUs  kkid  haTe  long  ialtfiketed'i& -atleiiitioii^4^ 
madiematieians^  and  the  memoirs  in  whidi  ibey^m  &MmmA 
are  yery  numerous.  Their  existence  was  first,  pom<»d  .infc 
hf  Taylor^  in  his  Methodius  Incremmtarumf  p.  1^»  and 
aftorwards  they  were  notic^  tqn  tPN^iitt  W  i^^  tlj/timfirm 
de  FJeadimie  dea  Sciences  for  1754.  But  Euler^  in  the 
Mhnmres  de  TAcadhnm  ^BerUn'^tot  1756»  was  tbe  tanA 
who  considered  the  subject  in  its  bearing  <m  the  genml 
Theory  of  Integration ;  and  in  his  Int^ral  Calculu%  YcL  i. 
Sect.  2,  Chap,  iv.,  he  gave  a  test  for  discovering  whether 
a  given  solution  be  or  be  not  included  in  the  general  integral. 
Lagrange,  in  the  MSmoires  de  FAcadSmie  de  Berlin,  and 
afterwards  in  his  Thiorie  dea  Fonctions,  and  his  Calcul  des 
FonctionSf  discussed  the  theory  of  these  solutions,  and  shewed 
the  connection  between  them  and  the  general  integral,  and 
their  relative  geometric  interpretations.  Other  points  of  the 
theory  have  been  elucidated  by  Laplace  (MSmoires  de  PAca^ 
demie  des  Sciences^  1772),  Legendre  (76.  1790),  and  Foisson, 
Journal  de  VEcole  Polytechnique,  Cahier  xiii. 

Having  given  a  differential  equation,  to  find  its  singular 
solutions  if  it  have  any. 

Let  U^O 

be  a  diflferential  equation  of  the  first  order  between  w  and  y 

cleared  of  radicals  and  fractions,  then  if  we  represent  -r^  by  p, 

the  relations  between  x  and  y  found  by  eliminating  p  between 
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U=0,     and    — —  =  0, 

dp 

are  singular  solutions  of  If^O,  provided  they  satisfy  that 

dU 
equation,  and  do  not  at  the  same  time  make  — —  =  0.     We 

ay 

might  also  deduce   the   singular  solutions   from   eliminating 

—-  between 
ay 

,    dU 
U^Oy     and    -7— =  0, 

dPi 

doe 
where  Pi  «  ^7-  5  provided  that  they  do  not  at  the  same  time 

1      dU       \ 
make  ——  =  0.* 

doe 


dy\^        dy 
00  \rr-\    "V  -r-  +ni^O. 


Ex.  (1)     Let  the  equation  be 

\da}l  doB 

dU 
Here  -3—  =  9,0Bp  -  y  =  0  i 

dp 

and  eliminating  p  between  this  and  the  preceding  equation, 
we  find 

y^  —  AimoB  =  0, 

as  the  singular  solution. 

(2)  Let       j,+  (y-^)^  +  (a-.)(g)^=0, 

be  the  given  equation.     Then 

{oB  +  yY  —  4ay  =  0 
is  the  singular  solution. 

(3)  Let     j^-..yl^  +  (i  +  ^)0^1 

be  the  given  equation :    the  singular  solution  is 

y2  =  1  +  a?'. 

*  Laplace^  Mimcires  de  VAcadimie^  1772. 


enrooLAR  bolctions  t 


DIFFEBKITTUt   EailAVtOHH. 


This  is  the  equation  with  respect  to  which  Taylor  first 
made  the  remark  that  it  admitted  of  a  solution  not  involved 
Id  tlie  general  integral — "singularis  qutedam  solutio,^  as  he 
tenu  It.     See  his  Methodua  Tncrementorum,  p.  27- 

The  angnlir  Kihitkia  of  tbu  IB  .'■'   ■ 

w  ^    liSi'^'T.*'-'''  :.■""■, 

The  eqntfioo  imilcbg  ftom  At  i!6li>M»  'al'.^ 
between  tbii  equation  end  ^    ; 

bat  H  thifl  does  not  ntisfy  die  given  eqnatloa  ft  !»  aqt  j 

singular  siJution. 

(,     Le.     {:.(g)-}(,..2)'='-(^r- 


dp 


3  0  gives  us 


(1 +!-■)• 
Eliminating  p  by  means  of  this  equation  we  find  as  the 
singular  solution 

Here   —  =  0  gives  us  p=-i  and  the  result  of  the 
dp  ^  ^     y 

elimination  of  p  is 

am  ^-by  —  e^'mOi 
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but   as  this   does  not   satisfy  the  given   equation   it  is  no 
solution  at  all. 

(8)     Let  the  equation  be 

The  singular  solution  is 

When  a  solution  of  an  equation  is  given,  and  it  is  re- 
quired to  find  whether  it  be  a  singular  solution  or  a  particular 

integral,  we  must  deduce  from  it  the  value  of  p  =3  -i-,  and 

.     dU  . 
see  whether  when  substituted  in  --—  it  make  it  vanish,  and 

dp 

dU 
do  not  at  the  same  time  make  -~-  vanish.    If  this  be  the 

dy 

case  it  is   a  singular  solution,  otherwise  it  is  a  particular 

integral. 

(9)     Are  j/*  =  2a?  +  1,  and  y*  +  <2?^  «=  0,  singular  solutions 
or  particular  integrals  of  the  equation 

'dy\'^  dy 


(dyY  dy 


dU 
Here  -7—  «  2  (yp  +  w). 

dp 

Now  from  the  first  of  the  given  solutions  we  find 

1 

y 

which  does  not  make  - —  vanish :  it  is  therefore  a  particular 

integral. 

From  the  second  of  the  given  solutions  we  find 


4Mt  SINGULAR    BOLDTIONS    OF    1 


wbkA  does   make  =  0;    and  as   it   does   not    make  — ■ 

dp  dy 

yvAikt  it  is  a  singular  solution. 

(lO)     In  the  same  way  it  will  be  seen  that              ^^h 
-  fa  a  pMticohr  iategnl  of  

ijr  the  ^flbmitlil  e^usdoi  be  tXm  ado-  ^^imi  ^is 
die  flnt,  let  yt,  {^■•■y.  tvpteaeat  the  nieceeave  ddlKraitM 
teeOdenu  of  f  with  nifact  to  «.    Tbcii. 

tr-o 
tii&ig-dieequidoneleuvdf^'ftictitaii  and  nKfinib  at'liefiitf^ 
the  conditioiu  that  y._,  ^  JT  ibouUl  be  a  riognlar  aokitioB ' 
rflf  tlw  (»-«)*.  order  are 

-j-.O,  — — -0...— -^ — "°» 

and  therefore  if  we  find  a  relation  between  x,  y,  and  y,-,  =  X, 
which  satisfies  these  equations  and  also  the  given  equation, 
it  is  a  singular  solution  of  the  (»  -  tn)*^  order. 

Legendre,  M6m.  de  VAcad.,  1790,  p.  S18. 


(II)     Let  ai 


fPt/V 


dyd'y 


ePy 


be  the  given  equation.    Putting  -^  m  Wj,  _-i  av^  we  may 
da?  o^ 

write  it 


Here 


dU 


dyi 


2  C^Vii  -  j/i)  =  0 


gives  y,  =  —  ;  and,  hy  means   of  this,   eliminating  y^   from 
the  original  equation  we  find 

yi»  -  ^  =  0 
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as  a  singular  solution  of  the  first  order.     As  this  does  not 

satisfy  - —  ss  0,  and  as  there  is  only  one  factor  in  ~ —  «  0, 
\dy,  ^  dy,       ' 

there  is  no  singular  solution  of  the  £nal  integral. 
(12)     Let 

^         dw      ^  daf"      Kdoo         da?V        \dooV 

dU 

The  condition  — —  =  0  gives  us 

4  (1  +  w) 
from  which  we  find  the  singular  solution  of  the  first  order 

'  (13)     Let  the  equation  be 

It  will  be  found  that 

a?y  -^  1  =s  0 

satisfies  -— -  =  0,  -—  =  0  and  f7*=0,  and  as  it  is  independent 
dpi  dyi 

of  y,   and    ^2   it  is  the   singular  solution   belonging  to   the 

final  integral. 

(14)  If  the  equation  be  of  the  third  order 

(-S)"-*(S)'hg)-«. 

a  singular  solution  of  the  second  order  is 

tS  +  ^  =  ^• 
da^ 

(15)  Let  the  equation  be 

«'(-S)'-(S)"HS)"-»- 

26 
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Then  y,  +  ^  -=  0  is  Dot  a  singular  solution,  because  though 

,      dU         ■      .  'i^  -  ■_  1  c  J 

it  make  —  «  O  it  also  causes  -—  to  vanieh ;  and  we  nnd 
dy,  dy^ 

that  the  real  value  of  — ^  is  infinity   instead  of  zero,  as  it 

dy, 
would  be  in  the  case  of  a  singular  solution. 

Having  given  the  general  integral  of  a  differential  equa- 
tion of  the  first  order,  to  find  the  singular  solutions  of  the 
equation  when  there  are  such. 

Let  M  =  0  be  the  integral  cleared  of  radicals.  As  it  is 
supposed  to  be  an  integral  of  an  equation  of  tlie  first  order, 
it  must  contain  an  arbitrary  constant,  which  we  shall  call  c. 
Then  if  the  equation 

dU 

give  a  value  t>f  c  in  terms  of  x  and  y,  the  elimination  of  c 

dU 
between  U  =  0  and   —  =  0  will  give  an  equation  in  x  and  y, 

dc 

which  ie  the  singular  solution.     It  is  to  be  observed  that  if 

dU 

—  ■>  0  give  a  constant  value  for  c,  or  a  vitlue  in  teFins  of  » 

and  y,  which  becomes  constant  ia  consequence  of  the  relatioa 
17-0,  the  result  of  the  elimination  is  not  a  nngular  solutioa 
but  a  particular  Integral. 

(l6)     Let  the  equation  be 

**  -  2cj/  -  c*  - 


Then 


do 


whence  c  »  -  y,  so  that  ;»■  +  y'  -  a*  =  0 
is  the  required  singular  solution. 


(17)     Let    y  —  am 


(c  -ay  +  —  (c-  ay-  0. 
6<  (o  -  o)»  -  «•  (c  -  o)  -  0. 
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This  is  satified  either  by  c  =  a  or  c  ^a^  T' 

•^  b 

The  former  gives  a  particular  integral.     The  latter  gives 

W{y  -  aw)  -  47*  a  0, 
which  is  the  singular  solution. 

(18)  Let  (a?«  +  y*  -  a^)  (y2  ^  2cy)  +  (w"  ^cf)(*^  0. 
Then        ^  =  2  {c(a?^  -  o')  -  »(a^  + y*  -  o')}  =  0; 

from  which  0  =  ^^^'^^'^'^ , 

which  being  substituted  in  the  equation  gives 

^2  ^  y2  -  a^  =  0 

as  the  singular  solution :  but  since  this  makes  c  ^  o,  it  appears 
that  it  is  only  a  particular  integral  found  by  making  the 
arbitrary  constant  equal  to  zero. 

Let  J7  =  0  be  the  integral  of  an  equation  of  the  second 
order,  so  that  it  contains  two  arbitrary  constants  Ci,  Cg;  then, 
if  we  represent  the  diflTerentiation  with  respect  to  oo  and  y  by  d, 
and  that  with  respect  to  Ci  and  Cg  by  d',  we  can  obtain  the 

singular  solution  by  eliminating  Ci,  Cg,  and  — -  between  the 

equations 

J7  =  0,     dC7  =  0,     d'JJ^O,     dd't7=0. 

(19)  Let  the  given  integral  be 

y  =  ^  c^a^  +  c^x  +  c^  +  c/, 
so  that  U  =  ^Ci^r*  +  c^x  +  Ci*  +  Cg"  -  y  =  0. 

Then     d  J7  =  (c^o?  +  Cg)  d^  -  dy  =  0, 

d'  [7  «  (J  .r*  +  2ci)  dci  +  (^  +  gCg)  dcjj  =  0, 
dd'  U  =»  (a?dci  +  dcg)  dx  =  0. 
From  the  last  we  find 

dcg 


d     mm    Xt 

dci 


26—2 
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SubBtituting  this  in  the  preceding  equatioD  we  have  « 
4  (c,  -  dx)  -  aj"  =.  0. 

Between  this  equation,  and  the  first  two  we  can  eliminate 
c,  and  Cj,  and  we  find  as  the  singular  solution  of  the  first 
luteal 


'«^\^i^,,)J^ 


[ditj 


-y{l+af)^0. 


(30)     Let  the  integral  be  ^H 

y  =  -JcpX^  +  Cs^  +  PiCi- 
By  a  sitnilar  process  to  tiiat  in  the  last  example,  we  find 
8S   the   singular   solution  belonging   to  the  first  integral   of 
the  differential  equation 


_+  ^     +Sa^-^  -■lwy  =  0. 

There  is  no  singular  solution  belonging  to  the  final  in- 
tegral, but  the  singular  solution  just  found  has  itself  a  singular 
solution,  which  ia 

a^  +  2y  =  0. 

Singular  Solutions  of  Partial  Differential  EquaHons. 

If  {7—0  be  a  partial  differential  equation   of  the  first 

,      .  ,  ,   .-  dz  dx  , 

order  in  w,  y,  and  z,  and  if  we  put  -r-  ■  Pi   -r-  =  9>   the 
'  ^  '^      dm     ■^    dy     ^ 

singular  solution,  if  there  be  one,  will  be  found  by  eliminating 

p  and  q  between  the  three  equations 

dU  dU 

fT-O,     —--0,     -—-0. 
dp  dq 

(21)     Let  the  equation  be 

(«  -  pa?  -  qyy  -  a'  (l  +  p'  +  9'). 

Then       -j—  n  —  {z  -  pw  —  qy)  w  -  a^p  -  0, 

dU  ,  ^  , 

— —  m  —  (jt  -  px  —  qy)  y  -  a'q  ■  0. 
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By  means  of  these  eliminating  p  and  q^  we  find 

a?*  +  y*  +  «* «  a* 
as  the  singular  solution. 

(22)     Let  the  equation  be 

{pof  -  qyy  q  +  ^maP  {x  -  pw)  «  o. 
dU 


dp 
dU 


q  {px  -  qy)  -  Zma?  =  0, 
{pa  '-qy){px  ^  Sqy)  tr^O. 


dq 

These  two  equations  agree  with  the  original  one,  if  we 
assume 

px-Sqy^O\ 

and  the  singular  solution  found  by  eliminating  p  and  q  is 

«*  —  iitna^y  =  0. 
Legendre,  Mimoirea  de  V  Acadimief  1790,  p.  2S8. 

(23)     Let         {%-pw  --  qyY  =  Ap^'q^. 

—  8  -  mw  («  -  p^  -  qyY^^  -  aAp^^^^  =  o, 
dp 

—-  a  -my  (;?f-p^-}y)~"^  -^hAp^cfi'^  =  0. 

Dividing  the  first  of  these  by  the  second  we  find 

aq      so 

Dividing  the  original  equation  by  the  first  we  have 

X  —  pof  ^qy         p 

^~  ^"  ~"  • 
mof  a 

Eliminating  q  between  these  we  find 

ass 
p  = ,  where  c  «  m  -  (a  +  6). 

C  tV 

Similarly  g  = . 
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Ily  means  of  these  values,  eliminating  p  and  q,  we  find 
the  singular  solutioa  to  be 

.■jV-C-)"'^.?]^. 

If  the  partial  differential  equation  be  of  the  second  order 

ami    wc  put  ^^m 

the  conditions  which  must  be  satisSed  in  order  that  an  equa- 
tion should  be  the  singular  solution  of  the  first  order  of  the 
equation  tT  =  0  are  ,^ 

flU  dU  ^H 


-  =  0, 


dt 


If  the  function  is  to  be  a  singular  solution  belonging  to 
the  final  integral,  it  must  in  addition  satisfy  the  equations 

dv  _      du  ^m 

dp  dq  ^^1 

(24)    Let  the  given  equation  be 


Comparing  this  with  the  given  equation,  we  find 

^      1  +  * 
from  which  r  *• (  p 1  =  0, 
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I  +  Of 

is  the  singular  solution  required.     The  integral  of  this  is 

Poisson,  Jour,  de  VEcole  PolyU  Cah.  xiii.  p.  113. 
(25)     Let  the  equation  be 

It  will  be  found  that 

X  m  w  -^  y 

satisfies  the  original  equation  as  well  as 

dU  dV  dU  dU 

dr        '      dt        'dp        '      dq 

it  is  therefore  a  singular  solution  corresponding  to  the  final 
integral. 


■MtaMiHiAMrkaH^iriMta 


CHAPTER  IX. 


QDADRATUKE    OF    ABEAS    AND    SURFACES,    BECTIFICATION    OF    (JUBYW 
A.\D    CUBATITRE    Oe    SOLIDS. 


Sect,  1.     Quadrahire  of  Plane  Areas. 

When  an  area  is  referred  to  rectangular  co-ordinates  sb 
and  y,  the  double  integral  ffd.vdt/  taken  between  the  proper 
limits  gives  the  \aluc  of  the  area.  One  of  the  integrations 
may  always  be  performed,  so  that  we  have  either 

fj/d.v  +  C  or  fxdy  +  C, 
and  these  integrals  are  to  be  taken  between  the  limits  of  y 
or  o},  which  form  the  boundaries  of  the  area.  If  we  take 
the  first  of  these  expressions,  the  limitiog  values  of  p  must 
either  be  constants  or  functions  of  ^  given  by  the  equation 
to  the  bounding  curve:  therefore  on  substituting  these  values 
we  obtain  a  function  of  a;  alone,  which  is  to  be  integrated, 
and  taken  between  the  limits  of  that  variable  which  are  re- 
quired ty  the  problem.  If  after  the  first  integration  we 
suppose  C  =  0,  the  integral  J  =-  fydx  expresses  the  area  in- 
cluded between  the  axis  of  /v,  the  curve,  and  two  ordinates 
corresponding  to  the  limits  of  ic. 

In  taking  the  integral  fydaf  between  the  final  limits  of 
w,  it  is  necessary  that  the  interval  should  not  contain  a  value 
of  IV  which  causes  y  to  vanish  or  become  infinite,  as  in  that 
case  we  might  be  led  to  an  erroneous  conclusion.  Thus  if 
we  suppose  a  curve  to  be  symmetrically  situate  in  the  first 
and  third  quadrants,  and  to  intersect  the  axis  at  the  origin; 
and  if  we  were  to  integrate  from  x^a  lo  x^  —a  ve  should 
obtain  zero  as  our  result,  instead  of  finding  the  area  to  be 
double  of  that  from  a;  =  0  to  jp  =  a,  or  that  from  ar  =  0  to 
IB  e  —  a.  Therefore  when  any  interval  from  o  to  6  contains 
a  value  c  of  a?  which  makes  y  vanish  or  become  infinite,  we 
must  break  it  up  into  two  intervals,  one  from  6  to  c  and 
the  other  from  c  to  a,  and  add  the  integrals  corresponding 
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to  these.  In  like  manner  if  the  interval  contain  several 
values  of  a  which  make  y  vanish  or  become  infinite,  we  must 
split  it  up  into  as  many  smaller  intervals,  each  having  one 
of  these  values  of  <r  as  a  limit,  and  add  them  all  together. 
If  the  co-ordinates  be  not  rectangular,  and  a  be  the 
angle  between  them,  we  must  multiply  the  integral  by  sin  a 
to  obtain  the  value  of  the  area. 

Ex.  (l)     If  we  take  the  general  equation  to  a  parabola 
of  any  order 

we  have        J^  Jydw:=^ a"*+*a?"'+"  +  C 

(2)  The  general  equation  to  hyperbolas  referred  to  their 
asymptotes  is 

a^y*  ss  a*""*"", 

n  -m 
This  formula  fails  when  m^n^  in  which  case 

J-  C  +  a^logw. 

(3)  When  the  common  hyperbola  is  referred  to  its  axes, 
the  sectorial  area  JCP  (fig.  53)  is  easily  found. 

For        JCP  =  NCP  -  ANP  =  ^xy  -  fy  dx. 

Now  y  —  -  {p^  -  <f^)K 

'  h 
and  .  fydof^  —  {w(a/^-  a^)i]  -  a^log  {w  +  {aP  -  a^)J}  +  C. 

Determining  the  constant  by  the  condition  that  the  area 
vanishes  when  ar  =  a,  we  have 

fydx  =  ^aiy  -  \ab  -2-i i LI , 

ah 


so  that  ACP  =  —  log  f-  +  tV 

2      ^\a      bj 


,     v" 


410  «tiMA#ltei  »  JUHMft 

(4)  til  dte  4iiHdi^  tM  eqtetifltt  10  nAlli  li 

If  Oli  Ini  tikeu  frofii  *i-d  to  ««<),  ira  ii^  tii6  iMi 

•  ■■'•■•"•■. 

ot  the  quadnmt  to  be  ^  and  ih&n&me  liiAt  of  the  irhok 

•  .  *      :       ^    ^ 

eirde  to  be  ira*.  ,      .  .  .  .,  ..    • , 

If  the  equation  to  thi  «ifdd  ba 

•  '  ■  * 

(5)  The  equation  to  the  dlipM  being 

J  m  ^(daUf  -  tf^i  ->  -  .dtc  area  wbcM  eorine  ia  -. •§-  C. 

6       . 

For  the  whole  ellipse  A^  -ira^^irab. 

a 

(6)  The  equation  to  the  witch  of  Agneu  is 

J  szQa<(2aa-  ai^)i  +  a  vers"*  ->  +  C. 

Taking  this  from  w^2a  to  iVsO,  and  doubling  it  on 
account  of  the  symmetry  on  both  sides  of  the  axis  of  ^, 
we  find  the  whole  area  between  the  curve  and  its  asymptote 
to  be  47ra^ 

(7)  The  equation  to  the  cissoid  is 

Here 

^a=-.2^(2aa?-  w^p  -f  3 .  circ.  area  whdse  versine  is  -  -f  C, 

a 
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and  the  whole  area  included  between  the  asymptote  and  the 
two  branches  of  the  curve  is  Sira^. 

(8)  The  equation  to  the  cycloid  is 

dx  X 

This  being  only  a  differential  equation,  it  is  necessary 
to  use  an  artifice  for  the  purpose  of  effecting  the  integration. 
If  we  integrate  Jydw  by  parts  we  have 

fy  dx  rz  ay  ^  fx  dy, 

Hi  xy  ^  fdx  {%ax  -  aF)^^ 

Taking  this  integral  from  a*  =  0  to  .v  »  2  a,  and  doubling 
it,  we  find  the  whole  area  of  the  cycloid  to  be  Swa*,  or  three 
times  the  area  of  the  generating  circle. 

(9)  The  differential  equation  to  the  tractrix  being 

dy  y 

da  {or  -  y-)J 

A^fydwm^fdy{a'-f^)h  * 

and  the  whole  area  included  between  the  curve  and  the  positive 

axes  IS . 

4 

(10)  The  equation  to  the  catenary  being 

y^c  (6«  +  e"' ), 

its  area  is  ^c^  (e*'  -  €  ^^ )  =  c  (y^  -  c^)i. 

(11)  The  equation  to  the  evolute  of  the  ellipse  is 

The  whole  area  inclosed  by  the  curve  is  . 

•^  8 

This  is  best  investigated  by  Divichlet's  method  of  evaluat- 
ing definite  integrals.     See  Chap.  xi. 
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(12)  The  equations  to  the  companioa  to  the  cycloid  ai^^^ 

p  =  a9,     or  >9  a  (1  -  cos 6),  ^^| 

fpdaj  =  xy  —  fo!  dy  =  a*  (sin  6  -  9  cob  6)  +  C.        ^^J 
The  whole  area  is  Siro',  or  twice  the  area  of  the  generating 
circle. 

When  an  area  is  referred  to  polar  co-ordinates  r  and  61, 
its  value  is  given  by  the  double  integral  ffrdrdO  taken  be- 
tween proper  limits.  Integrating  with  respect  to  r  we  have 
A  =  ^ji^  d$  +  C ;  and  if  we  suppose  C  =  0,  the  integral 
A  =  ^fj^  dB,  in  which  there  is  substituted  for  r  its  value  in 
terms  of  Q  given  by  the  equation  to  the  curve,  is  the  value 
of  the  sectorial  area  swept  out  by  the  radius  vector.  In 
taking  the  integral  between  the  limiting  values  of  B,  the 
same  precaution  must  be  observed  as  in  the  case  of  recti- 
linear co-ordinates,  that  the  interval  shall  not  contain  a  value 
of  B  which  causes  j-  to  vanish  or  become  infinite.  If  we  sup- 
pose 0  to  increase  indefinitely,  the  same  geometrical  space  will 
be  repeatedly  swept  over  by  the  radius  vector  at  each  revolu- 
tion, so  that,  when  the  curve  is  not  re-entering,  the  analytical 
area  (if  wc  may  use  the  phrase)  differs  from  the  geometrical 
area :  to  obtain  the  latter  we  must  subtract  from  the  ana- 
lytical area  that  portion  which  has  been  previously  ewept 
over.  Thus  if  we  wish  to  find  the  geometrical  area  included 
between  the  values  0  and  4n-  of  B,  and  if  we  put 

A  -  i/o"  ^fiS^    A  -  i/o''  r^dB, 
the  required  area  is  A^  ~  Af 

(13)  The  equation  to  the  Lemniscate  is 

J-'  =  a*  cos  2  0, 
A  =  ^  fr'dB  =  \a^fdB  coa  20  =  C  +  ^a^  sin  20. 
If  we  take  this  from  0  =  0  to  0  =  ^7r,  we  have 

This  is  the  fourth  part  of  the  whole  area  of  the  curve, 
which  is  therefore  equal  to  a*. 

In  this  case,  if  we  had  at  once  integrated  from  0  =  0  to 
B  ~  TT,  or  0  =  2n-  we  should  have  found  the  area  to  be  zero. 
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This  anomaly  would  arise  from  our  integrating  through  an 
interval  in  which  r  becomes  zero. 

(14)  Let  the  equation  to  the  curve  be 

r  =  a  cos  0  +  6,  where  a>b. 

The  form  of  this  curve  is  given  in  fig.  42. 

If  we  wish  to  find  the  area  included  within  ODCAHG^ 
it  is  sufficient  to  integrate  from  d  =  0  to  that  value  of  Q  which 
causes  r  to  vanish,  and  then   to   double    the   result.      Let 

a  =  cos"*  f j,  then  the  area  ODCAHG  is  equal  to 

i{(a^  +  26«)a  +  S6(a«-6^)J}; 
and  the  area  OEBF  is  equal  to 

\{{a^  +  26«)  (tt  -  a)  -  Sh  (a«  -  6^)i}. 
If  6  =  a,   the  curve  becomes  the   common  cardioid,  and 

its  area  is  . 

2 

(15)  The  equation  to  the  conchoid  of  Nicomedes  when 
referred  to  polar  co-ordinates  is 

r  =  a  sec  0  +  6, 
and  its  area  is 

\  {a^  tand  +  2a61ogtan  ^-  +  -  J  +  b^Q]  +  C. 

(16)  The  curve  whose  equation  is 

r  =  asin3d 
has  six  loops  (see  fig.  49),  and  it  is  sufficient  to  find  the  area 

inclosed  by  one  of  them.     This  is  easily  seeA  to  be  —  and 

therefore  the  sura  of  the  areas  of  the  six  loops  is  -^Tra*,  or 
one  half  of  the  area  of  the  circle  which  bounds  them. 

(17)  The  equation  to  the  spiral  of  Archimedes  is 

r  =  ad. 

Hence  the  area  =  — -—  +  C. 
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After  n  revolutions  the  analytical  area  Bwept  out  is 
o*  — ;  but  to  obtain  the  geometrical  area  we  must  sub- 
tract from  it  the  area  corresponding  to  (n  -  l)  revolutions, 


which  gives  us  {S'n?  -  3n  +  l) 


(2t)-< 


as  the  required  geo- 


metrical area.  In  the  same  way  we  should  obtain  as  the 
geometrical   area   corresponding   to   (n  4-  i)  revolutions,   tlie 

Gspression  (Sn"  +  3n  +  l)  (27r)'  —  ,  and  the  difference  between 

these  or  the  space  between  the  arcs  after  {«  +  l)  and  after 
n  revolutions  is  n  (Sir)' «',  which  is  n  times  the  space  between 
the  arcs  after  the  first  and  second  revolutions.  ^^^m 

(IS)     In  the  hyperbolic  spiral  ^^H 

The  area  swept  out  by  the  radius  vector  from  0  to  r 
is  iflj-,  which  is  equal  to  the  triangle  formed  by  the  radiuB, 
the  tangent  and  the  sub-tangent. 

If  the    equation    to    the    spiral    be 
between  p  and    r,   we  have 


given   by    u.  relation 


(19)     In  the  involute  of  the  circle 


Therefore  A=  —  Urr(^ 


So-' 


(30)     In  the  epicycloid 


whei 


c'  (r*  -  a') 
c"  —  a' 
=  a  -f  S&,  a  and  6  being  the  radii  of  the  fixed  and 


generating  circles  respectively.     Hence 


A-\-J,ir{ 


pill- 


r<Jr(r"-o')l 


-  c  (r*  -  o')^  (c'  -  r')i      c  (c*  -  o^) 


jc" -(.•-(>» -«■■)}! 


\c*  -  or  J 


QUADRATURE   OF    AREAS*  415 

Hence  the  area  swept  out  by  r  during  one  revolution  of 
the  generating  circle  is 

4ta  a 

Subtracting  from  this  the  area  of  the  sector  of  the  fixed 
circle  which  is  irab^  we  have  for  the  area  included  between 
the  epicycloid  and  the  fixed  circle 

J  «= — r-Csa  +  2{>). 
a 

When  a  curve  forms  a  loop,  the  area  may  sometimes  be 
conveniently  found  by  taking  -  ,  or  the  tangent  of  the  angle 
which  the  radius  makes  with  the  axis  of  a?,  as  the  independent 

variable.     If  we  put  -  =  tan  6  =  tj  we  have  dO  ^  dt  cos^  0  and 

w 

A  =  ^fr^de  =  i/d0^sec«0  =  :^fdtwK 

(21)     The  curve  y*  -  3awy  +  ^'  =  0, 

has  a  loop  which  touches  the  axes  of  w  and  y  at  the  origin ; 
see  fig.  51.     Now  putting  y  =  wt,  we  find 

Sat 


and  A  =  —  J  at  7 :r-„  « z  +  C ; 

and  taking  this  from  t^sO  to  ^  ss  00  we  have 

A  =  —  for  the  whole  area  of  the  loop. 

(22)     The  lemniscate  whose  equation  is 

(w^  +  yy  «  a«a^^  ^  h'y*, 
has  two  loops;  find  its  area. 


A^^fdta^^^fdt 


(1  +  O 


«\a> 


and  for  each  loop  the  limits  of  t  are  -  and  —  -  . 
b  b 

area  is  ab  +  (a'  —  b')  tan"'  -  . 
6 

Sect.  2.     RectificalJon  of  Curves. 

When  a  curve  is  referred  to  rectangular  co-ordinates,  the 
length  of  any  portion  of  it  is  found  by  integrating 

between  the  proper  limits. 

(l)     The  equation   to  the  common  parabola  being 

the  length  of  an  arc  measured  from  the  vertex  is 

I    «(^=  +  m^)l+-log^ A LL 


I 


fdx 


(2)  The  equation  to  the  semicubical  parabola  is      ^^M 

oy'  =  a^. 

The  length  of  the  arc  measured  from  the  origin  is 

(4ffl  +  9*)*  -  (ia)i 

27fli 

This  was  the  first  curve  which  was  rectified.     The  author 

was  William  Neil,  who  was  led  to  the  discovery  by  a  remark 

of  Wallis  in  his  Arithmetica  Infinitorum,     See  Wallini  Opera, 

Tom.  I.  p.  551. 

(3)  To  find  when  the  curves  expressed  by  the  equation 

ffl'-y" «  a:"*' 
are  rectifiable.     We  bare 


This  is  integrahle  when   —    or 1-  ^  is  an  integer: 

the  first  of  these  gives 
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m  +  n      3      5      7      9 
n         2      4,      b      S 

the  second  gives 

m  +  n      2      4i      6      ^ 

=  -  =  -  =a  -  =  &c. 

w  1      S      5 

(4)  The  equation  to  the  cycloid  being 

dy      (2aa?  — a7^)i  » 

dw  00 

we  have  «  «  2  (2oj?)i  +  C 

Hence  the  whole  length  of  the  cycloid  is  8  a  or  four  times 
the  diameter  of  the  generating  circle.  This  rectification  was 
discovered  by  Wren. 

(5)  The  equation  to  one  of  the  hypocycloids  is 

the  whole  length  of  the  curve  is  6  a. 

(6)  The  equation  to  the  catenary  is 

y  =  ^  (6^  +  P). 
2 

Then  ^'' 


dy      {f  -  c")* ' 

*         * 
and    «  =  (y«  -  c*)i  =  -  (c*  -  e~'), 

the  arc  being  measured  from  the  point  where  y  -  c. 

Hence  as  the  area  is  equal  to  c  (y*  —  c*)i,  it  is  equal  to 
€8\  that  is,  the  area  contained  between  the  axes,  the  curve 
and  any  ordinate  is  equal  to  the  length  of  the  corresponding 
arc  multiplied  by  a  constant. 

(7)     The  equation  to  the  tractory  is 

dy  y 

dw  "^  (a«  -  y^)i  "    ' 

Then  ..alog^ 

a 

supposing  the  arc  to  be  measured  from  the  point  where  y  s  a. 
27 
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When  a  curve  is  the  evolute  of  another  cuftc,  the  length 
of  its  arc  is  test  found  by  taking  the  difference  of  the  radii 
of  curvature  of  the  involute,  corresponding  to  the  extremities 
of  the  arc. 

(S)     To  find  the  length  of  the  evolute  of  the  ellipse. 

The  radius  of  curvature  of  the  ellipse  at  the  extremity  of  the 

major-asis  is  — ;    that  at  the  extremity  of  the  minor-axis  is 
-r :  therefore  the  length  of  the  fourth  part  of  the  evolute  is 


r  and  9,     ^H 


b       a         ab 

If  the  curve  be  referred  to  polar  co-ordinates 

and  if  it  be  referred  to  ^  and  r 

(r»  -  fy 

(9)  In  the  logarithmic  spiral 

r  -  ce"*. 

Therefore     «  -  jdO  |^  +  (^I'j*  -  (l  +  «')*  ^ . 

■uppoiing  it  to  be  measured  from  the  pole.  Hence  the  arc 
ii  equal  to  the  portion  of  the  tangent  at  its  extremity,  which 
ia  intercepted  between  the  point  of  contact  and  the  sub- 
tangent. 

(10)  The  equation  to  the  spiral  of  Archimedes  being 

rmaB, 

the  length  of  the  arc  from  the  origin  is 

r  (a*  +  r*)i      a  ,      r  +  ((^-\-  r*)^ 
_1 i,  ^  _  log i '_ 
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This  is  the  same  ds  the  arc  of  a  parabola  (whose  latus 
rectum  is  2  a)  intercepted  between  the  vertex  and  an  ordinate 
equal  to  r. 

(11)  In  the  involute  of  the  circle  the  equation  to  which  is 

r*  —  p2  =  a*, 

/rdr      r^       ^. 
=  —  +  C. 
a       2a 

If  the  arc  be  measured  from  the  point  where  r  =  a  we 

find  c  =5 ,  and  « s=  — ,      Now  p  is  always  equal  to  the 

length  of   the  arc  of  the  circle  which  is  unwound,  so  that 
if  this  be  called  ad, 

(12)  The  equation  to  the  epicycloid  is 

where  c^a  +  Qby  a  and  6  being  the  radii  of  the  fixed  and 
generating  circles  respectively.     Hence 

a        J((^^r')i  a        ^"^      "^^ ' 

The  whole  arc  corresponding  to  one  revolution   of  the 

.      6 
generating  circle  is  8  ~  (a  +  6). 

a 

The  corresponding  arc  in  the  hypocycloid  is  8  -  (a  -  6). 

a 

For  a  curve  of  double  curvature  we  have 

211 


8 


'-hm^m- 


(IS)     In  the  helix, 

^  a  a  cos  nof^     i^  b  a  sin  no? ; 

therefore     s  «  fdw  (1  +  «*a*)l  «  (1  +  n^a^)i  ^  +  C, 

If  the  arc  be  measured  from  the  origin  C «  0,  and 

«  e  (1  +  n^a*)ia. 

27--2 
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RIOTIFICAT 

ON   OF    CDHVEB, 

■ 

If  9  be  the  constant  ai 

gle  whicli  the  cu 

rve  makes 

with 

the   axis 

of    d;    na  =  land 

and    (1  +  n'a-)^ 

°  sec  9    so 

that 

s  =  ie  sec 

8. 

(1*) 

The  loxodrome  is 

defined  by  the 

two  equations 

(«'  +  !/•)'(."'" 

■'+,-'""'"'-)- 

2r, 

«'  +  y'  +  a*  =  r*. 

■ 

Changing  into  polar  co 

ordinates  hy  the 

forrnuIiP 

■ 

..= 

-r  coa0  f.iin^,     y  = 

r  sine  sin 0.     « 

=  r  cos  0, 

■ 

we  find 

ds 

(j_+«^)i. 

1 

and  inte 

grating  from  0  =  0 
«  =  w 

to  0  =  ff  we  ha 
(1  +  n')4 

"i 

1 

^P 

Sect.  3.     Cubaiure  of  Solidt 

1 

■ 

If  a  solid  be  referred  to  rectangular  co-ordinates  its  Tolutne 
(  V)  is  found  by  integrating  the  triple  integral  fffdx  dy  dx.  If 
we  integrate  first  with  respect  to  x,  and  suppose  the  integral  to 
begin  when  z^O, 

r^ffzdwds 
is  the  volume,  »  being  given  in  terms  of  jt  and  y  by  the  equa< 
tiou  to  the  surface,  and  the  integrals  being  taken  between  the 
proper  limits,  which  differ  according  to  the  nature  of  the 
surfaces  which  bound  the  surface  laterally.  The  most  simpU 
case  is  when  the  solid  is  bounded  laterally  by  four  planes, 
two  parallel  to  the  plane  of  atx,  and  two  to  that  of  yz.  The 
limits  of  at  and  y  being  then  constant  are  independent  of  each 
other,  and  the  integration  may  be  easily  effected.  But  if 
the  surface  be  terminated  laterally  by  the  curve  surface,  the 
extreme  values  of  the  variables  are  connected  together  by  s 
relation  derived  from  the  equation  to  the  surface  by  making 
»  =  0.     If  we  integrate  first  with  respect  to  y,   and  if  the 
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equation  to  the  surface  give  us,  on  making  5?  =  0,  a  relation 
f{^9  y)  =  0  between  w  and  y,  we  have  to  take  the  values  of 
y  in  terms  of  w  derived  from  this  equation  as  the  limits  of 
the  integral  with  respect  to  y.  There  remains  now  only  to 
integrate  a  function  of  <r,  and  to  take  it  between  the  limits 
of  the  value  of  w  derived  from  the  equation  to  the  surface 
by  making  %^0  and  y  «  0. 

If  we  wish  to  find  the  volume  of  the  solid  terminated 
laterally  by  a  cylinder  perpendicular  to  the  plane  of  wy^ 
having  for  its  base  any  curve  as  LV  NN'  (fig.  54),  we  take 
the  integral  with  respect  to  y  from  y  =»  MN  to  y  =  il/JV, 
which  are  given  in  terms  of  at  by  the  equation  to  the  cylinder; 
and  then  we  integrate  with  respect  to  at  between  the  limits 
of  that  variable  corresponding  to  the  extreme  points  of  the 
curve  which  is  the  base  of  the  cylinder,  such  as  HK  and  IfK' 
in  the  figure*  It  is  to  be  observed  that  in  getting  the  limit- 
ing values  of  y  in  terms  of  at  we  introduce  into  the  integral 
new  functions  which  may  often  render  the  formula  unin- 
tegrable. 

(1)  '  To  find  the  volume  of  the  octant  of  the  ellipsoid 

a^      y^      z^ 
a*      0       c 

We  have      F  «=  fffdat  dy  dx  =  ffz  dot  dy, 

the  limits  of  %  being  0  and  its  value  given  in  terms  of  at  and  y 
by  the  equation  to  the  surface,  that  is, 

/        at^      y\i 

Therefore     V  =  effdat  dy  f  1  -  -  -  ^J  . 
Integrating  with  respect  to  y,  we  have 

r.i;4(.-:4-g)'..(.-^).o-,(^,}. 

Now  f%  dy  represents  the  area  of  a  section  parallel  to  the 
plane  yx^  and  at  a  distance  equal  to  at:    the  integral  must 


therefore  be  taken  between  the  limits  given  by  that  Eection, 

or  from  t/  =  Qtoy  =  bil ^1.     This  gives 

■'b'\      V  be  f         of 


K=|^/..(.- 


+  C. 


The  limits  of  ,v  are  0  and  a,  so  that  we  have 

6    ' 
and  the  volume  of  the  whole  ellipsoid,  being  eight  times 

i 

quantity,  is  -  irabc.    When  o  =  6  =■  c,  the  ellipsoid  becomes  a 
sphere,  the  volume  of  which  consequently  ia  -  jro". 
(2)     The  equation  to  the  elliptic  paraboloid  being 


I 

i  tms 
les  a 

I 


we  have         V  =  ffxda!df/=  l-\   ffdwdj/(sba) —  f^)i. 

On  integrating  with  respect  to  y  from  y  =  otoy  =  (afiir)!, 

this  gives  V=  —  (ab)i  fw dai  •=  -of'  {ab)\ 

which  taken  from  ic  <=  0  to  ^  ■=  c,  and  multiplied  by  1,  gives 
■jtc*  {ab)i  as  the  volume  of  the  paraboloid  intercepted  between 
the  vertex  and  a  plane  parallel  to  the  plane  of  yx  at  a 
distance  c. 

(S)     The  equation  to  the  Cono-Cuneus  of  Wallis  is 
c'«'  =  y»(a«-^); 
the  whole  volume  is 

V  =  ■n-a'c. 

(4)  The  general  equation  to  conical  surfaces  is  (the 
origin  being  at  the  vertex  and  the  axis  of  a  being  the  axis 
of  the  cone) 
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Therefore  V  =  ffdoedy  ^T(j)  1-]  y  or   putting  y^aOB  and 

therefore  dy^noda^  we  have 

a? 
V=:  ffdada  a^(f>{a)»  fda  ^  0  (a). 

If  the  base  be  a  plane  curve  parallel  to  yXy  the  limits  of  a? 
are  0  and  a,  so  that 


a^ 


V  ^  J  fda<l>  (a). 

Now  the  equation  to  the  base  is  found  by  making  a?  =  a 
in  the  equation  to  the  surface,  which  then  becomes  %^a^  (- j, 
and,  as  in  this  case,  y  «  aa,  dy  a  ada^ 

Now  as  X  is  the  ordinate  of  the  base,  fzdy  is  its  area,  so 
that  the  volume  of  the  cone  is  one  third  of  its  base  multi- 
plied into  its  altitude. 

(5)  The  axes  of  two  equal  right  circular  cylinders  inter- 
sect at  right  angles ;  find  the  volume  of  the  solid  common  to 
both. 

Taking  the  intersection  of  the  axes  of  the  cylinders  as  the 
origin,  and  their  axes  as  the  axes  oty  and  x^  their  equations  ate 

V  =  ffdwdyz  =  ffdxdy  {a?  -  a^)h 
Integrating  with  respect  to  y  from  y  =  0  to  y  =  (a*  ^^)K 

and  integrating  with  respect  to  w  from  a? «  0  to  a?  a  a, 

3 

This  is  the  eighth  part  of  the  whole  intercepted  solid 
which  is  therefore  . 


424  0UBATUB8   OF   BOLIDS. 

(6)  The  axis  of  a  right  circular  cylinder  passes  through 
the  centre  of  a  sphere,  find  the  volume  of  the  solid  which  is 
common  to  both  surfaces. 

Taking  the  centre  of  the  sphere  aa  origin,  and  the  axis  of 
the  cylinder  as  the  axis  of  ss,  the  equations  to  the  surfaces  are 
vr'  +  y*  +  *"  -  n',     a>'  +  y^  =  b°. 
The  direct  integration  of  ffsid.vdy  in  terms  of  x  and  y, 
leads  to  operations  of  considerable  complexity  which  may  be 
avoided  by  transforming  ji  and  y  into  polar  co-ordinates  r  and  6 : 
in  which  case  by  Chap.  in.  Seel.  3.  of  the  Diff.  Calc,  we  have 
d^-dt/  =  rdrdd,  and 
V  =  Ifzrdrde  r=  ffdrd9r{a^  -  r')i ; 
the  limits  of  6  being  0  and  Sir ;  and  those  of  r  being  0  and  6. 
Hence  V  =  Zirj^drr{a-  -  r^)! 

=V' ;"■-(»-'«:  M 

and  the  whole   volume  of   the  included    solid  being   double 

this  quantity  is   -^  {a^  -  (t'  -  W)\\ . 

*w 
The  volume  of  the   sphere  is  — o*,  and  therefore  the 

volume  of  the  solid  intercepted  between  the  concave  surface 
of  the  sphere  and  the  convex  surface  of  the  cylinder,  is 

(7)  A  sphere  is  cut  by  a  cylinder,  the  radius  of  whose 
base  is  half  of  that  of  the  sphere,  and  whose  axis  bisects 
the  radius  of  the  sphere  at  right  angles ;  find  the  volume  of 
the  solid  common  to  both  surfaces. 

The  equations  to  the  surfaces  in  this  case  are 

dj*  +  y*  +  a*  MI  a%  and  vr"  +  y*  =  ax. 
Transforming  «  and  y  into  polar  co-ordinates  as  in  the 
last  example,  we  have 

F  ■=  ffdrdBrz  =  ffdrddr  (or  -  t*)l  j 
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the  limits  of  r  being  0  and   acos0,   and  those  of  Q  being 
0  and  -^TT.     Hence 

F-^X...eS.-(«n«'}.f(|-5). 

Therefore  the  whole  solid  cut  out  from  the  hemisphere 

is  —  a? ;  and  the  part  of  the  hemisphere  which  is  not 

8a'         1 
comprised  in  the  cylinder  is  —  or  -  of  the  cube  of  the 

%/  y 

diameter  of  the  sphere. 

(8)  A  paraboloid  of  revolution  is  pierced  by  a  right 
circular  cylinder,  the  axis  of  which  passes  through  the  focus 
and  cuts  the  axis  at  right  angles,  its  radius  being  one  fourth 
of  the  latus  rectum  of  the  generating  parabola;  find  the 
volume  of  the  solid  common  to  the  two  surfaces. 

The  equations  to  the  surfaces  are 

Hence  V  =  ffdwdy  (4aa?  -  y^)i 

=  ifo'da;  {.V  (4a«  -  a;^^  +  ^a.v  sin"^^  (^^LZfV I 


-«'(M)^ 


and  the  whole  solid  is 


a?  f—  +  27r]  . 


When  a  solid  is  generated  by  the  motion  of  a  plane  area 
which  moves  parallel  to  itself,  while  its  magnitude  increases 
or  decreases  according  to  a  given  law,  its  volume  is  found 
by  the  formula 

V  s=  cosafvdsn; 

V  being  the  area,  the  axis  of  x  being  the  direction  of  motion, 
and  making  a  constant  angle  a  with  the  normal  to  the  plane. 

(9)     Let  the  solid  be  the  groin  which  is  generated  by  a 
square  moving  parallel   to  itself,  its   sides  being  the  double 


ordinates  of  a  circle  of  which  m  is  the  abscissa.  If  y  be  the 
half  lenjjth  of  a  side,  v  =  if/",  and  y"  =  a"  —  xr,  and  as  in  this 
case  d  s  0,  we  have 

J.)  V  J        g 

(JO)  Find  the  content  of  the  solid  JBCOO  (iig.  55); 
the  base  ABCD  being  a  rectangle,  the  side  OAB  a  right- 
angled  triangle  perpendicular  to  the  plane  of  the  rectangle, 
and  the  upper  side  OBCD  being  formed  by  drawing  lines 
as  PQ  from  OB  to  CD,  always  parallel  to  the  piano  OAD. 
If  we  draw  PR  parallel  to  OA,  and  join  RQ,  the  triangle 
PQR  having  two  sides  parallel  to  the  sides  of  ODA,  is  in  a 
plane  parallel  to  that  of  ODA.  Hence  the  figure  may  be 
supposed  to  be  generated  by  tlic  motion  of  a  triangle  con- 
Btantly  parallel  to  AOD,  and  having  its  angular  points  in 
the  lines  AB,   OB,   CD.     If  AD  =  a,  AB  =  b,  JO  =  c,  the 

abc 
volume  of  the  solid  is  . 


(ll)  The  axes  of  two  equal  right  circular  cylinders 
intersect  at  an  angle  a,  to  find  the  volume  of  the  solid  com- 
mon to  both. 

Let  ABCD  (fig.  56)  be  the  section  of  the  solid  made  by 
the  plane  containing  the  axes,  and  let  the  radius  of  the 
cylinders  =  a,  so  that  AB  •=  a  cosec  a. 

If  we  cut  the  solid  by  a  plane  parallel  to  ABCD,  we 
shall  have  a  parallelogram  as  PQRSi  and  calling  the  area 
of  this  A,  and  its  distance  from  the  plane  of  the  axes  g, 
we  shall  have  for  the  part  of  the  solid  above  that  plane 

V  =  f^''dxJ. 

Now  A  =  4fP0Q;  but  making  PQ  •= ;,  and  calling  p 
the  perpendicular  on  PQ  from  the  point  in  the  plane  PQRS 
where  it  meets  a  line  through  0  perpendicular  to  the  plane 
of  the  axes,  we  have 

I  "P  (tan  ^  a  +  cot  ^  a)  =  2p  cosec  a, 

and   therefore  POQ  =  p'  cosec  a,   and   A  =  4p*  cosec  a.     But 
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the  section  through  O  and  the  perpendicular  p  being  a  semi< 
circle,  we  have  p^  ^ar  --  %*\     Hence 

F  =  4  cosec  a/g"  (a^  -  ^)  d^  =  -  a'  cosec  a, 

3 

|/:»    3 

and  therefore  the  whole  solid  is 


dsma 

(12)  Find  the  volume  of  the  solid  DEQB  (fig,  57) 
cut  off  from  a  right  circular  cylinder  by  a  plane  EQD  passing 
through  the  centre  of  the  base,  and  inclined  at  an  angle  a  to 
the  plane  of  the  base. 

If  we  cut  the  solid  by  a  plane  perpendicular  to  the  base 
of  the  cylinder,  and  parallel  to  the  trace  ED,  the  section  is 
a  parallelogram,  and  the  solid  may  be  considered  as  generated 
by  the  motion  of  this  parallelogram  parallel  to  itself. 

Let  CB  »  a,  CM  «  a?,  MN  =  y,  PN  «  x,  then 

as  z  =:  w  tan  a,  and  y  =  (a*  -  ai^)i, 

F  =  2  tan  a  fdw  w  {cP  -  a^)i 

«tana{C-|(a«-a?«)t}. 

When  a?  =s  0,  F  =»  0,  therefore  C  =  a^ ;  hence 

F=  f  tan  a  {o»  -  (a«  -  o^)*}; 

and  the  whole  solid  when  ^  «  a  is  ^a^tana. 

If  the  solid  be  one  of  revolution  round  the  axis  of  tV,  and 
if  y=f(iV)  be  the  equation  to  the  generating  curve,  the 
volume  of  the  solid  is  given  by  the  integral  F  =  irfy^dw, 

(13)  A  paraboloid  formed  by  the  revolution  of  a  parabola 
round  its  axis. 

In  this  case  A^  ^  4imw,  and 

F  =  4irmr  josdw  =  ^mirs^  +  C. 
If  the  solid  be  reckoned  from  the  vertex  C  ^%  and 

F  =  2w7r.r^  = -^Try^a?. 

(14)  The  volume  of  an  oblate  spheroid  formed  by  the 
revolution   of  an   ellipse  round  its  minor  axis  is   ,  a 


voBJonm  or  mx. 


Imji^  the  ioHgorKm  cf  tin  dlipie 
proUte  qAiCToid  la  -— — 

(15)  Fiod  the  TolQme  of  the  lalid  tamtA  bjr  the  nm- 
liititHi  of  the  dndd  toand  its  atymptote. 

Ilw  u^ptote  b^og  takAl  as  the  axis  of  .r,  the  equation 
fothed«f2dip  -    ■ 

..;  yy^(t«-sn 

•.Wl)t  tha-.nditu  of'tbe  gaMTatiog  circle. 


Now    .    r.w/d.^-wfdsy'^    , 


J 


■  C+ }  v(Say-3^  -  f(tw,dre.lirM  «lMMk  toiv;  > -. 
Wbeo  y-Sa,  r»0,  tlwreftoe  C~V^*  mkI 
r«  «*(^  +  ^ «■  («ay  - /)•  -  Sov4ciit.«rea  whoM  ww.  ■  '. 
Hence  the  whole  volume  is  2T^*a^ 

(16)  The  equation  to  the  conchoid  being 

ajy  «  (a  +  p)  (6'  -  (/*)*, 
the  volume  formed  by  its  revolution  round  the  axis  of  x  is 

F  -  ^  -  fl-«6*  sin-^  I  +  I  (6«  -  ff»)i  (y*  +  26*), 

and  the  whole  volume  is  vrft*  (irffl  +  — ) . 

(17)  The  equation  to  the  cycloid  is  (the  base  being  the 
axis  of  x), 

dy       IZa  ~y\^ 
dw       \     y     I  ' 
Therefore  the  vtjume  formed  by  its  revolution  round  the 
base  is 


TTi 
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This  being  integrated  from  y  =  0  to  y  =  Qa  and  doubled 
gives  5Tt^a^  as  the  volume  of  the  whole  solid. 

When  the  axis  of  the  cycloid  is  taken  as  the  axis  of  ^, 
the  equation  to  the  curve  is 

dy      /2a  —  a?\  J^ 
da       \     a      / 

but  this  is  not  a  convenient  form  for  finding  the  value  of 
irfy^div.  It  is  better  to  substitute  for  y  and  w  their  ex- 
pressions in  terms  of  0,  i.  e. 

y  =  a  (0  +  sin  0),  a?  =  a  (l  -  cos  9); 

whence      V  ts^Tra^  fdO  sin  0  (6  +  sin  Oy. 

The  value  of  this  taken  from  0-0  to  0  «  tt,  is 

(18)  The  equation  to  the  tractory  is 

and  the  volume  of  the  solid  generated  by  its  revolution  round 
the  axis  of  a?,  and  taken  from  a?  =  0  to  a?  =  oo  is  ^  tt  a^ 

(19)  The  equation  to  the  Witch  of  Agnesi  is 

wy  =  2a  (2ay  -  y^)h 

Tfit  revolve  round  its  asymptote  which  is  taken  as  the 
axis  of  iT,  we  have  for  the  volume  of  the  solid 

F=  TT  ji^dw^  ir'fai  -  Qirfwydy 

=  iry^off  -  4i7rafdy{2ay  -  y^)K 

The  whole  volume  is  4nr^a\ 

(20)  The  companion  of  the  cycloid  is  defined  by  the 
equations 

y  =3  aOj     07  =  a  (l  -  cos  0). 

The  volume  of  the  solid  generated  by  its  revolution  round 
the  axis  of  y,  or  the  base  of  the  curve  is 

V^TTJdy  (2a  -  oaf  =  'jra'' JdO  (l  +  cos0)*; 


4M 

«Udl  takM  from  #  *  O  to  9  •*  «r,  and  doubled,  gives  as  the 
vbole  Tolame  of  Ae  solid  generated 

If  th»  carve  lercAve  roinut  the  «da  cf  «, 

iridcb  tilua  fhxu  (^-0  to0*W(  ipvM  w  tbe  «il|«H(  of  ^ 
wlwle  Mlid  gtOKsted 

SicT.  4.    (ifiadratmrfi  ,t!f  Swfaim,.  : 
Th6  gebenl  expresdmi  for  the  MirflKe  df  jl  UUd  ih 

the  limite  ftf  «  and  y  being  fteteuyned  «■  in  ^  ctilMitBte 
of  wlidt. 

(1)     In  the  sphere  where  «■  +  s',+  a"  -  f*,  we  have 

dm         »'      dy  »' 

dmdy 


so  that    nS  =  r 


//(7^ 


Integrating  with  respect  to  y,  we  have 

which  when  taken  from  y  ■■  0  to  y  =  (r*  -  ar")^  gives 

^  =  Ixraf  +  C, 
and,  supposing  S  to  vanish  when  «  «  o, 
S  -\irrw. 
This  is  the  part  of  the  surface  included  within  the  positive 
axes,  and  if  we  multiply  it  hy  4  we  have  Sivrw  as  the  surface 
of  a  zone  of  the  sphere,    the   height   of   which   is   x:    it  is 
therefore  equal  to  the  corresponding  zone  of  the  circumscrib- 
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ing  cylinder.     The  whole  surface  of  the  sphere  is  47rr^  or 
four  times  the  area  of  a  great  circle. 

(^)  The  axes  of  two  equal  right  circular  cylinders  in- 
tersect at  right  angles,  find  the  area  of  the  surface  of  the 
one  which  is  intercepted  by  the  other.     The  equations  are 

„  dz  w         dx 

Here  _  =  - -,       T""=^' 

aof  ss         dy 

therefore     S  ^  a  f f^-^  =  a  f f-^^^,. 

Integrating  with  respect  to  y  from  y  =  0  to  y  =  (a^-a?''^)J, 

and  the  whole  surface,  being  eight  times  this,  is  8  a'. 

(3)  Circumstances  being  the  same  as  in  Ex.  (7)  of  the 
last  section,  to  find  the  area  of  the  intercepted  surface  of  the 
sphere.     The  equations  to  the  surfaces  being 

^  +  y*  +  »*  sa  a*,        0?'  +  y-  asr  aofj 

rrdwdy  rr       doifdy 

^"'JJ-7-"'JJia^-a^-^)i' 

Transforming  into  polar  co-ordinates  r  and  0,  we  have 

the  limits  of  r  being  0  and  a  cos  0,  those  of  9  being  0  and 
^  TT.     Therefore 

S  =  a^f.i^  (1  -  sin  0)  =  a^  (^tt  -  1). 

The  area  of  the  surface  of  the  octant  of  the  sphere  is 
^Tra';  and  therefore  the  area  of  the  surface  of  the  octant 
which  is  not  included  in  the  cylinder  is  equal  to  a^^  or  the 
square  of  the  radius  of  the  sphere.  If  the  sphere  be 
pierced  by  two  equal  and  similar  cylinders,  the  area  of  the 


DOD-intercepted  surface  is  8a°,   or   twice   the   square  of  the 
diameter  of  the  sphere. 

This  is  the  celebrated  Florentine  enigma  which  was  pro-    I 
poaed  by  Vincent  Viviani  as  a  challenge  to  the  mathematicians 
<rf  hib  day  in  the  following  form: 

"Inter  venerabilia  olim  Grsecite  monumenta  extat  adhuc, 
perprtuo  quidem  duraturum,  Templum  augustissimum  ichno- 
gr^iia  circular!  Alm.e  Geometric  dicatum,  quod  testudine 
intui  perfecte  hemisphaerica  operitur:  sed  in  hac  fenestrarum 
qustQor  £equales  areie  (circum  ac  supra  haain  hemtsphsers 
ipnut  dispositarum)  tali  conliguratione,  amplitudine,  tantaque 
induitria,  ac  ingenii  acuminc  sunt  exstructa?,  ut  his  detraetis 
•uperGtes  curva  Testndinis  superficies,  pretioso  opere  niusivo 
onuta,  tetragonismi  vere  geometrici  sit  capa?:. 

Jctn  Eruditortim,  1692. 

(4)  Under  the  same  civcumstances  to  find  the  area  of 
the  intercepted  surface  of  the  cylinder. 

The   element   of  the   circumference   of  the  base   of  the 

cylinder  beioe  -  ~ -~zri>  *e  have 

^  *    2    {am-afY 

o    ra      xdx  a*   r»dm        , 

"  2  X    (aw  -  iB*)l  "  2  ^0    ai*  "      * 

and  the  whole  area  of  the  intercepted  surface  of  the  cylinder 
is  4a*,  or  equal  to  the  square  of  the  diameter  of  the  sphere. 

If  a  solid  be  generated  by  the  motion  of  a  plane  parallel 
to  itself,  the  surface  may  be  found  by  a  method  similar  to 
that  used  for  finding  the  volume.  If  u  be  the  periphery 
of  the  generating  plane,  a  the  arc  of  the  curve  made  by  « 
plane  perpendicular  to  the  generating  plane 
S  =  fuda. 

(5)  Under  the  same  circumstances  as  in  Ex.  (11)  of  the 
last  section,  to  find  the  surface  of  the  intercepted  Golid. 

If  a  be  the  arc  of  the  circle  passing  through  O  and 
perpendicular  to  PQ,  the  area  of  the  element  PQpg  is  ids, 
and  the  area  of  the  surface  AOB  is  ftda. 
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Now  I  ^  2p  cosec  a  =  2  (a*  -  j5r')J  cosec  a, 

-      -            adz 
and     as  «= -,- ; 

therefore     S  ^  2a  cosec  afo^dx^s^a^  cosec  a ; 
and  the  whole  surface  is  l6a^coseca. 

(6)  Under  the  same  circumstances  as  in  Ex.  (12)  of 
the  last  section  to  find  the  arek  of  the  convex  surface  of  the 
part  of  the  cylinder  cut  off. 

8  being  the  element  of  the  circumference  of  the  base, 
and  S  the  element  of  the  surface. 

S  =  ^jzda  =  2a  tan  a  /t-^ tti 

=  2a  tan  a  {C-  (a^-o?")*}. 
When     .1?  a  0,     aS  =  0  and  C  ^  a^  therefore 
S  -2a  tan  a  {a  -  (a^  -  a^)^\  ; 

and  the  whole  convex  surface  is  2a^tana. 

When  a  curve  surface  is  formed  by  the  revolution  round 
the  axis  of  ^  of  a  curve  the  equation  to  which  is  y=f (01^)9 
the  area  of  the  surface  is  given  by  the  integral, 

(7)  For  the  paraboloid  of  revolution  we  have 

therefore     S  =  ^irvn^Jdo)  {x  +  m)J 

-s  —  m^  (x  +  w)5  -f-  C. 

3  ■ 

If  the  surface  be  measured  from  the  origin, 

S  ==  —  mi  {(/v  +  m)i  -  m^. 

(8)  For  the  prolate  spheroid  we  have 
28 


lat^ntbig,  we  liate 

If  U»  ihtle  iMkx  te  ngi)ln«i'«t|irW  u  t«  Ami  ban 

>• -a  to'«-1-'<l;'>w'thtt     ■■■■■'    ■  ■  '  111-:'.     ;...■  ■;."■ 

.•...:  ,  «.aii5{*,-l,^.,)fl_^l},i.   :m.'i,-<  .  "  ' 

Id  the  obUte  ipheroid  w<  bare  ^  tbe  .yhole  Buzftce 

(9)    Tile  equatioQ  to  the  cycloid  (tile  hue  htang  tlie  exlB 
of»)i. 

*>.  p— n*. 


.(^V 


therefore     .y  =.  STr/diC  (2a Jf)*  =  Sirfdy  (2aff)i  -r^ 


-^'p''>'-f'"(i^- 


Integrating  this  and  extending  the  integral  over  the  whole 
surface,  we  find 

S  '^  —  ■n-a". 
3 

When  the  axis  of  the  curve  is  taken  as  the  axis  of  x, 
and  therefore  of  revolution,  the  equation  to  the  curve  is 

dt/       /2a  ~  at\^ 
da;      \     x     J 

Here     S  =  2-irfda:y  [  —  j   ,  and  integrating  by  parts, 

5=  4,Try  (2aa!)i  -  iir(ia)ifdw  (2a  ~  ai)i. 
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Integrating  from  ^  =  0  to  «r  =  2  a,  we  have  for  the  whole 
surface 


S^STra'L---]. 


(10)     The  surface  of  the  solid  generated  by  the  revolution 
of  the  tractory 

^y         y 

d^  ■*■  (a'  -  f)^  "  ^' 

round  the  axis  of  w^  and  taken  from  <r  «=  0  to  cV  «  Od  is  equal 
to  27ra^ 


28—2 


I 


1  •        '  t  ;  V  < .  I  4  ^ » 


CHAPTER  X. 


coMMSTRioAL  FBOBLUfi  xmroLviNa  t!BM  wcRssmxm  m  *- 

•  f  1 


ft 


QoxsTioivs  d  this  kind  were  by  .'tl^  ewAj  writeii  on  tihe 
Differential  Calculus  called  Problems  in  the  Inverse  .Mediod 
of  Tangents^  because,  as  the  direct  processes  of  the  Diffefmtial 
Calculus  were  originally  invented  for  the  purpose  of  drawing 
tangents  to  curves,  so  die  inverse  Calculus  had  for  its  ol^ect 
the  investigation  of  the  equations  of  curves  from  the  pnqpeitiel 
of  their  tangents  and  lines  connected  with  them. 

(1)  Let  it  be  required  to  find  the  curve  in  whidh  Ilie 
subtangent  is  a  multiple  of  die  abseiasa. 

If  y-/(*) 

dtV 
be  the  equation  to  the  curve,  y  —  is  the  subtangent.     There- 

fore  we  have  the  condition 

do?  d«2?  dv 

y  rr-  ^  ^^9    or   —  =  w-^ , 
dy  w  y       . 

whence     log  w  ^m  log  y  +  C  =  log  Cy", 

and     «a?  =  Cy"*. 

When  m  is  positive  this  gives  a  parabola  of  the  m^  order; 
when  m  is  negative  it  gives  a  hyperbola  of  the  same  order. 

(2)  Find  the  curve  in  which  the  area  contained  between 
the  axis  of  a?,  the  ordinate  and  the  curve,  is  a  multiple  of  the 
rectangle  contained  by  the  ordinate  and  the  abscissa.  This 
stated  analytically  gives  the  equation 

jydw=:  —  a?!/,    or   ydoj  =  --  {jvdy  +  ydai). 
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The  integral  of  this  is 

When  n  =  3,  m  =  2,  this  gives  the  common  parabola,  as 
is  otherwise  obvious. 

(3)      Find   the  curve  in   which   the   perpendicular   from 
the  origin  on  the  tangent  is  equal  to  the  abscissa. 

The  differential  equation  is 

dp 


^-"da, 


'hm- 


dy 
or     y^  --  or  ^  9,wy  -— . 

This  is  a  homogeneous  equation,  and  on  being  integrated 
it  gives 

y^  +  a^  ss  c^, 

the  equation  to  a  circle,  the  origin  being  in  the  circumference 
and  the  axis  of  w  being  a  diameter. 

(4)  Find  the  curve  in  which  the  distance  from  the  origin 
is  equal  to  the  part  of  the  tangent  intercepted  between  the 
point  of  contact  and  the  perpendicular  from  the  origin. 

The  differential  equation  is 

ydof -^  ady  ^  ydy  +  wdw; 
and  the  Integral  is 

■  '-^-»-©- 

which  is  the  equation  to  a  logarithmic  spiral,  the  constant 
angle  of  which  is  equal  to  —  • 

(5)  Find  the  nature  of  the  curve  BP  (fig.  58.)  such  that, 
Jf  from  the  origin  A  a  line  ^Q  be  drawn  making  an  angle 
of  45®  with  the  axis  of  w^  and  meeting  the  ordinate  at  any 
point  P  in  Q,  the  ordinate  PM  shall  bear  to  the  sub-tan- 
gent MT  the  same  ratio  which  the  difference  between  PM 
and  MQ  bears  to  a  constant  line  (a). 


<tt 


The  mb-tutgent 
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^y^-*  and  0.^1 
dy 


y :  y 


dy 


W  '0''"*')t^*  = '"'yi  is  ^^^  equation. 

Tbili  wImii  put  under  the  form 

ady  -ydx  +  j;d,j7  =  0, 
u  ft  linear  eqiutum  of  the  first  order,  and  its  integral  is 

S  -  fl7  +  a  +  Ce" . 
Since  wliai  jr «  0,  the  curve  must  pass  through  the  origin, 
we  luve  C  '  —  a,  and  therefore 

y  =  x+  a-ae". 
This  curve  et  one  time  attracted  much  attention,  and  it 
appears  to  have  been  the  first  problem  involving  a  differential 
equation  which  was  solved.  It  was  proposed  to  Descartes* 
by  De  Beaunei  after  whom  the  curve  is  usually  called  "  Curva 
Beauniana.*'  The  solution  will  he  found  in  the  works  of  John 
Bernoulli,  Vol.  i.  p.  63,  and  p.  65. 

(6)  Find  the  curve  in  -which  the  product  of  perpen- 
diculars from  two  fixed  points  on  the  tangent  is  coastant. 

Let  A,   B   (fig.   59.)  be   the  fixed  points;    take   C   the 

middle  point  between  them  as  origin,   and  the  line  joining 

'  them  as  the  aiiis  of  ai.     Then  ai  and  y  heing  the  co-ordinateg 

of  the  point  of  contact  P,  the  perpendiculars  AY  and  BZ 

are,  if  CA  =  CB  =  c. 


-(x  -c) 


dy 


mi 


mt 


Hence  making  thejr '  product  constant  and   equal  to  V, 
we  have 


■  See  hit  LetttTt,  Tom.  i 
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Differentiating  this  we  get 

The  first  solution  gives  the  general  integral 

y  8=  ax  +  a  • 

Substituting  the  value  of  -^  derived  from  this  in  the 
given  equation,  we  have 

the  equation  to  two  straight  lines, 

dv 
The  second  solution  by  the  elimination  of  3—  gives  the 

dec 

singular  solution,  which  is 

~  + =  1 

the  equation  to  an  ellipse,  the  minor  axis  of  which  is  equal 
to  6. 

Euler,  MSmoires  de  Berlin^  1756, 

(7)    Find  the  curve  in  which  the  normal  bears  a  constant 
ratio  to  its  intercept  on  the  axis  of  of. 

The  length  of  the  normal  i8y|l+  (--^j  >  ; 

^  ,     ,  .  dy 

that  of  the  intercept  is  ^  +  y  -^ , 

and  if  n  be  the  constant  ratio,  we  have 

dv 
Squaring,  and  solving  with  respect  to  y-^,  we  have 

dof 

(n«  -  i)y^  +  n'a^  =  ±  Un'  -  l)y»  +  wV}i, 

da/  ^  '      ■ 

whence  { {n^ ""  1) y*  +  n^^}^  =  C  ±  «r, 


■  * 

« 


440  mmmsaacAM,'  wmmuam 

or  (n«-l)(jf*  +  «^«CA«l74rt:      .^ ;    :   .  .r       : 

which  18  the  eqiiadcm  to  a  series  of  circles.'   , 


M    ■  '   ■ 


When  n<  I9  the  equatiotti  to  the'  locus'  o€  the  ultiinate 
intersection  of  these  is  /^       r     ' 

(1 -»')iy  *!•««•  Oi   • 
giving  two  straight  lines  which  obviously  satisfy  the  coiidiidofl; 

(8)  Find  the  curve  in  which  the  isrea  is  equal  to.  At 
cube  of  the  ordinate  divided  by  tba  abscissa..  /: 

The  condition  is 

wfi^fce  we  have  ' '' 

This  bdng  homogeneous  may  be  integrated  in  the  usod 
way— -the  result  is 

(9)  Find  the  curve  in  which  the  normal  is  equal  to'  the 
distance  from  the  origin. 

It  is  a  circle  or  an  equilateral  hyperbola  according  as  the 
two  lines  are  on  the  same  or  opposite  sides  of  the  curve.. 

Trajectories. 

A  Trajectory  may  be  defined  to  be  a  line  which  cuts, 
according  to  a  given  law,  a  series  of  curves  expressed  by  one 
equation.  Problems  of  this  kind,  at  least  with  respect  to 
Trajectories  cutting  curves  at  a  constant  angle  were  first 
proposed  by  John  Bernoulli*,  but  they  were  also  considered 
by  several  other  writers,  as  James  BernouUij*,  and  Leibnitz, 
who  in  1715  proposed  it  as  a  challenge  to  English  Analysts, 
"ad  pulsum  Anglorum  Analystorum  nonnihil  tentandum;" 
a  challenge  which  was  answered  by  Newton  |  and  by  Taylor  ||. 

•  C<Mn,  Epis.  Leib.  et  Bern,  Vol.  i.  p.  17j  and  Opera^  Var.  Loc. 
•j-  Opera^  Var.  Loc. 
j  Phil.  Trans.  1716. 
II  Id.  1717. 
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The  most  elaborate  discussion  however  of  the  problem  is  by 
Euler  in  three  memoirs  in  the  Novi  Commen.  Petrop.  Vol. 
XIV.  p.  46,  Vol.  XVII.  p.  205;  and  Nova  Acta  Petrop.  Vol.  i. 
p.  3. 

Let  F  {a}\  y\  a)  =  0  be  the  equation  to  a  series  of  curves 
which  are  to  be  cut  by  a  trajectory  at  a  constant  angle :  then 
if  fipoy)  =  0  be  the  equation  to  the  proposed  trajectory,  and 
c  be  the  tangent  of  the  angle  between  the  two  curves,  we  have 
the  condition 

dy  ^  dy 
dw       dw 


dy   dy 
1  +     ^      y 


dw   doc 

The  differential  equation  to  the  trajectory  is  found  by 
eliminating  a  between  the  equation  to  the  curves,  and  this 
last  equation,  where,  it  is  to  be  observed,  w  and  y  are  to  be 

f  t  •  dy 

substituted  for  x  and  y  in  the  value  of  — ^.     If  the  trajectory 

is  to  be  rectangular,  since  in  that  case  c  =  oo,  the  condition 
becomes 

dy   dy 

dx   don 

The  elimination  of  a  may  be  more  or  less  easily  effected 
according  to  the  way  in  which  it  is  involved  in  the  given 
equation  to  the  series  of  curves :  if  that  can  be  put  under 
the  form 

0  (a?,  y)  «  a, 

the  elimination  is  readily  effected. 

(10)  To  find  the  curve  which  cuts  at  a  constant  angle 
a  series  of  straight  lines  drawn  from  one  point. 

That  point  being  taken  as  origin,  the  equation  to  the 
lines  is 

y 

y  ^  aoo      or  — ,  =  a, 

OG 

a  being  the  variable  parameter.     The  equation  of  condition 
becomes 


^■'■/^■y^ 


\ ". 


44S  noMmi04b' 


■  I 


I     1 >•    «■ f -    1 


But  a  -  ~  •  ^; 

IMTiding  both  dides  by  «^-f  j^^ 

^<>y  -  yds       ffdp  -f  <gil<y  .< 

Integrating, 

tan- »*?^  •  c  log  (4i^4-y)*  +  a. 

If  irt  BUdce  ^  «t  tan  09  ^  +  y^t^  l**^' tiiif  maf 

the  ibnu         , 

e 


■■'••"  • , 


•I  • 


I    « 


whi^  is  th^  equation  to  the  logarithmic  spiral. 

(11)  Let  the  given  curves  be  all  the  circles  which  pass 
through  one  point  at  which  they  all  touch  one  straight  line. 
Taking  this  line  as  the  axis  of  y,  the  equation  to  the  circles  is 


,'2  ,    ^/2 


!f 


ff 


a     '       '«  ^-+y- 

9,ax  —A*    or  a  = j— . 

2^ 


Then  --^,  = j-y^  ,  and  the  equation  of  condition  is 

{c  {oD^  -  y^)  +  9.aiy}  dy  +  (^  —  y^  —  ^cwy)  dx  =  0. 

This  being  a  homogeneous  equation  may  be  integrated 
by  the  appropriate  method,  and  the  result  is 

a?^  +  y^  =  6  (cy  -  x)y 

b  being  the  arbitrary  constant  introduced  in  the  integration. 
This  is  evidently  the  equation  to  a  circle. 

(12)     Find    the    orthogonal   trajectory   of  the    series  of 
parabolas  represented  by  the  equation 

y'^  s=  4iaw\ 
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The  equation  of  condition  for  orthogonal  trajectories  is 

dy  dy 
^  dcB  da/ 

In  this  case    ~^  =  JL  =  JL ;    therefore 

dx       9,0)       Zx 

Qwdx  -^-ydy  ^  0, 

whence,  by  integration, 

6^  being  an  arbitrary  constant.     This  is  evidently  the  equa- 
tion to  an  ellipse. 

The  equation  to  the  lemniscate  of  Bernoulli  is 

(ai^  +  yy  -  a^  {a/"  -  y). 
That  to  the  orthogonal  triajectory  is 

which  is   the  equation   to  a  similar  lemniscate,   the  axis  of 
which  is  inclined  at  an  angle  of  45^  to  that  of  the  former. 

If  one  of  the  variables  be  given  as  a  function  of  the 
other  and  the  parameter,  as  if 

y'  -  f(x\  tt), 

we  cannot  eliminate  a  so  readily.     But  let 

dy  =  Pdx'  +  Qda; 

then   for  one  curve  — ^  =*  P,   and  the  equation  to  the  or- 

do/ 

thogonal  trajectories  is 

dw  -h  Pdy  =  0; 
and  as   dy  =  Pdof  +  Qda,  this  becomes 

(1  +  P)  do?  +  PQda  =  0. 

As  P  and  Q  contain  only  a?  and  a,  this  is  an  equation 
between  two  variables  x  and  a,  and  to  integrate  it  appro- 
priate methods  must  be  employed. 


*-  A^'^''    ^*'   Ifce' •iir«iIiiB '■  series  of  eilipses  expressed 
by  the  equation 

*■■-?(>-..■■)•!.  ,,, 

a  bdog  the  varitble  pwnuneta-.    Here  .  .        ■:ii  ■■  -■■      .    y. 

and  tbe  equation  fin-  the  ortbi^|oaal  tnjectoiy  is 

To  bt^irftte  this  pat  (e*-«^-'tf,  whnkltr^eeMiiiii 

■  •         ■     .  o'u'dM    ■        ' ' 

atr.a9  +  a*udu  =  — - — -. 

c"  -  «' 

Integrating,  subatltutli^  Sw  u  its  value,  and  eliminating 
a,  tbe  final  equadoa  is. 

y»-i»-a»+c'log.r', 
irheee  fi*  fa  liie-aHMtFary  cmutant. 

When  the  curves  to  be  intersected  are  given  by  a  diffe- 
rential equation,  the  trajectory  can  be  investigated  only  under 
particular  circumstances.  For  a  detail  of  these  the  reader 
is  referred  to  the  memoirs  of  £uler  quoted  above. 

Involutes  of  curves  may  be  considered  as  Orthogonal 
Trajectories,  since  they  cut  at  right  angles  all  tbe  tangents 
of  the  evolute. 

Let  »-/(«) 

be  the  equation  to  the  evolute.     The  equation  to  a  tangent 
at  any  point  is 

du 


dv 
y  ~v  "  ~  {m  ~  «),     or   y  =  a?w  +  v  - 


dv 

if  we  put  w  =  -—  . 

'  du 

This,  then,  is  the  equation  to  a  series  of  lines  to  which 
we  wish  to  find  the  trajectory.     The  variable  parameter  may 
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be   considered   to  be  u,   of  which  v  and  w  are  functions. 
Differentiating  this  equation  we  have 

dy  =  wdw  +  (a?  —  «)  dw : 

the  general  equation  to  the  orthogonal  trajectories  will  then 
be 

(l  +  w^)  dx  +  {of  ^  u)  wdw  =5  0. 

Dividing  by  (l  +  w^)^  and  transposing,  this  gives 

wwdw        ,  oxi  7  uwdw 

■- -T  +  (1  +  wy  doD  = —  . 

(1  +  wp  (1  +  ury 

Integrating  we  find 

^  (1  +  vx')^  ==  t^  (t  +  w')4  -  fdu  (1  +  w^)i  +  C. 

If  the  integration  on  the  second  side  can  be  accomplished, 
cs  is  known  in  terms  of  u^  and  then  y  may  also  be  expressed 
in  terms  of  the  same  quantity  by  means  of  the  equation  to 
the  tangent.  By  eliminating  u  between  these  equations  we 
can  find  the  equation  to  the  involute. 

(15)  Let  the  curve  be  the  semicubical  parabola,  the 
equation  to  which  is 

Hence     /rft^ (1 +«?')*« /dwf  1  +  —  J=2a(l+— J   ; 

therefore    a?  f  1  +  — |    =w{l  +  —  )    -2a(l  +  -^|    +  C 

V        Sa)  \       SaJ  \       Sal 

The  particular  involute  is  determined  by  the  constant  C 
Let  a?  =  2a  when  2^  =  0,  then  C  =  0,  and  therefore 


/        u\       u 

=a2^-2al+  —    = 2a, 

\       Sa]       3 


OB 

4w^ 


and     y  =  — 


9« 

whence,  eliminating  u  and  t?  with  the  assistance  of  the  given 
equation,  we  find 

y^  a=  4a(a?  4-  2a), 
the  equation  to  a  parabola. 
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(16)  If  the  equation  to  the  evolute  be 

vi  —  ul  =  —  c? ; 
and  if  the  constant  be  determined  by  the  condition  tiiat,  when 
u  =  c,  iB=-|c,  the  equation  to  the  involute  is 

shewing  that  it  is  an  equilateral  hyperbola. 

If  the  trajectory  is  to  cut  the  curves  according  to  any 
other  law  than  that  of  a  constant  angle  a  similar  method  is 
to  be  employed. 

(17)  Let,  for  example,  it  be  required  to  find  the  curve 
PP' P"  (fig.  60.)  which  cuts  a  series  of  parabolas  having  the 
same  axis  and  the  same  vertex  so  that  the  areas  AMP,  AMf'., 
&c.  are  constant.     The  equation  to  the  parabola  being 

f  -  ta,, 
the  area  APM  =  fo'yd.T  =  ^ff(aa;)idfr  =  l^  suppose. 
Differentiate  considering  ai  and  a  as  variables ;   then 

or     2  {a,v)ida!+  —  j'{aai)^dts  =  0. 

But  by  the  condition  of  the  area  being  constant 

f*{aai)^ds!  =  b^, 

so  that  the  equation  may  be  put   under  the  form 

,  ,        b^  da 

i)Bidx+ 1-  =  0. 

Z    at 


Integrating,  we  have 


Eliminating  a  by  means  of  the  equation  to  the  parabola, 
2    .      ft'aiJ      C 
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or  y  =  — — — . . 

S  4 

To  determine  the  arbitrary  constant,  we  observe  that 
when  X  is  indefinitely  diminished,  y  must  be  indefinitely  in- 
creased in  order  that  the  area  may  remain  constant;  this 
makes  C  «  0.      Hence 

y=x— ,  or     ^xy^Sb\ 

At  CO 

r 

is  the  required  equation,  being  that  to  an  equilateral  hyper-^ 
bola. 

(18)  Find  the  curve  which  cuts  a  series  of  circles 
described  round  the  same  centre  in  such  a  way  that  the 
arcs  intercepted  between  the  intersections  and  the  axis  of  x 
shall  be  equal. 

If  ar»+y*«a' 

be  the  equation  to  the  circle,  and  b  be  the  constant  length 
of  the  arcs,  we  find,  as  in  the  previous  example, 

adx  —  xda      bda 
{<f  -  x^)^         a 

Dividing  by  a,  and  integrating 

b 


sin-f?U:?  =  C. 
\a)       a 

Eliminating  a,  we  find 


tan-'  -  -  -— — ,  =  C. 

y     (^  +  tY 

By  the  consideration  that  when  a;  b=  00  9  y  is  finite,   we 

y 

determine  C  to  be  equal  to  ^tt.     Hence  putting  -=-tan0, 
and  07*  +  y^  =  r^,  we  have  for  the  equation  to  the  trajectory, 

which  is  the  equation  to  the  hyperbolic  spiral. 
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Lagrange*  in  two  memoirs  has  considered  the  problem  of 
orthogoonl  trajectories  to  curve  surfaces. 
The  equation  of  condition  in   this  c 


where  p  =  ■— ,   and  i 


in  the  equation  to  the  surfaces. 


By  eliminating  the  constant  parameter  between  this  equa- 
tion and  the  equation  to  the  surfaces,  we  obtain  a  partial 
differential  equation,  the  integral  of  which  gives  the  ortho- 
gonal trajectory  j-. 

(19)  Let  the  problem  be,  to  find  the  surface  which  cuts 
at  right  angles  all  the  spheres  which  pass  through  a  given 
point,  and  have  their  centres  on  a  given  line. 

Taking  the  given  point  as  the  origin,  and  the  axis  of  x 

as  the  given  line,  the  equation  to  the  spher 

^M  a;''  +  y-  +  a'-  =  Zam'. 

„                                ?•  +  «•-»»■ 
Hence  p  =  — ,     o  =  — 


ind  the  equation  of  condition  becomes 


1  + 


J/"  +  sf*  —  aj"  dss 


y  dx 
.  ?  _  =  0. 

«  dy 


Zxs        dai 
To  integrate  this  we  have  the  two  equations, 

-  dar  -  d«  -  0,     — — — — -  dx  +  2a!dee  =  0. 

X  X 

The  first  gives  y  =  ax: 

the  second,  on  dividing  by  x,  gives 

2a!  aP 

—  dx-  —  dx+(l+  a')  dx  =  0. 


•  Berlin  Memoirs,  1779,  p.  162,  and  1786,  p.  176. 

t  There  is  a  Memoir  on  thin  subject  by  Euler  in  the  Petersburg  Memoin, 
a\.  VII.,  the  date  of  which  is  1703,  but  it  was  not  published  till  1820. 
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Whence     -  +  (l  +  a');jr= /3  =  0(a)  -^f")- 

Therefore  a^'^  +  y'' +  z^  :=^  x(f>(^] 

is  the  equation  to  the  trajectory.  As  this  contains  an  arbi- 
trary function,  it  appears  that  there  is  a  whole  class  of 
surfaces  which  possess  the  required  property  ;  if  we  wish 
to  limit  them  to  the  surfaces  of  the  second  order,  we  must 
assume 

in  which  case  the  equation  becomes 

^'  +  y*  +  »'  -by  +  cz, 
representing  spheres  having  their  centres  in  the  plane  of  yz. 

(20)     Find  the   surface  which   cuts   at  right   angles  all 
the  ellipsoids  represented  by  the  equation 


0)^      y^ 

—  +—  + 
a'      b' 

7? 

1. 

The  differential 

equation  is 

X  dz      y 
a'  dx  "^  b' 

dz 
dy 

z 

Whence 

we  find 

A\ 

9 

as  the  equation  to  the   trajectory. 

(21)     Find  tlie  curve  in  which  the  length  of  the  arc  bears 
a  constant  ratio  to  the  intercept  of  the  tangent  on  the  axis  of  x. 

If  the  ratio  be  that  of  m  to  w,  we  have 

'dy\^ 


/^•{-(g) 


i      m  ,   dx        . 
n      dy 


^,  I        fdyV]^      m    dycPof 

Whence  {^  +  (i)  }   — i'^,  ^  ' 


29 


'  VxdH  UBS  Irt  ftt  -  ',  J ..'.,.  I  ■ 

the  iot^ial  of  vhicfa  is       ' 

\i»i+  n     m  —  nj.   , 

_TbS»  it  the  nippiest  cue  of  the  "curves  of ^urauit,'"  and 
ttw'  |M»^dein  nUij  be  expreiaed  thitf  1.  A  pc^t  P^iiiowtii  _A»g 
«  straight  line,  and  is  pursued  by  a  ^at^  V^lite  tidttdtf 
ii  to  iLit  of  P  always  in  the  ratio  of  m  to  n,  &id  the  path 

of  Q,  supposing  the  line  joining  the  points  at  the  beginning 
of  the  motion  not  to  coincide  with  the  direction .  of  the  mo- 
tion of  P. 

Bouguer,  Mimmrea  de  VAeadimie,  1732. 

(23)  Find  the  curve  in  which  the  radius  of  curvature 
is  equal  to  the  normal. 


.  {-(^:)T 


The  radius  of  curvature  is  ■ 

d'y 

"d? 


The  normal  is  ?  {l  + 


:)T- 


Now  the  radius  of  curvature  and  the  normal  may  lie  on 
the  same  or  on  different  sides  of  the  curve :  this  will  be 
indicated  by  taking  the  radius  of  curvature  with  a  negative 
or  a  positive  sign.     Hence  by  the  condition, 
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dw^  1 

Multiplying  by  —^  and  integrating, 

log  |l  +  (^j  J  =  log c  =f  logy, 

whence         -^  =  -^^ ^^  or  =  — ^  . 

dof  y  c 

The  first  gives  on  integration 

-  (c^  -  y^)^  =  t-p  +  a, 
or     d?^  +  y^  -  2  aa?  =  c*  -  o*, 
the  equation  to  a  circle. 
The  latter  gives 

or  as  we  may  write  it  for  convenience 

,      y  +  (t/*  -  c^)i      ^  +  a 

From  this  it  is  easy  to  see  that 

y=-(e  "    +6"~), 
2 

which  is  the  equation  to  the  catenary. 

(23)     Find  the  curve  which  has  an   evolute   similar  to 
itself. 

29 — 2 


This  remarkaUe  problem  if  attempted  by  means  of  refer- 
ence to  rectiUoMr  co-m^fiates  would  be  quite  impracticable. 
Eulcr,*  Itowever,  has  bf  a  most  ingenious  method  reduced 
the  [woUcm  to  a  very  naiple  shape.  Instead  of  using  recti- 
finear  at  politr  OMwdibfttes  he  refers  the  curve  to  its  radius 
of  mrratiire,  And  the  angle  wliich  that  line  makes  with  a 
line  passing  through  the  first  point  of  the  curve  to  he  in- 
vestigated. There  i*  thus  nothing  left  arbitrary  except  the 
in£'  pnat  'in  the  curve. 

Let  p  be  the  radius  of  curvature^  ^  the  aojle.'irhkli'te 
makes  with  the  line  passing  through  the  first '  pcnfat  of  the 
c^rve.  Then  if  «  be  the  arc  ^,;t^e  cujctg  xaew^xti-bom 
the  same  pdnt. 

But  6-tan->p  If  s-^^; 

dm  i. 

and  «s     dt~(l*  ^^dwt  w'e  bav^ 
»m  fd^pei»«Pt       $mfdppna^f\ 

and  X  and  y  are  thus  known  in  terms  of  the  coM>rdinateB 
which  we  are  to  employ. 

Now  let  ^5*  (fig.  61)  be  the  curve,  J'S"  its  evolute  which 
is  to  be  similar  to  JS,  and  let  A"S"  be  the  evolute  of  A'S", 
and  therefore  similar  to  it  and  to  AS:  let  PP',  QQ"  be  the 
radii  of  curvature  at  the  successive  points  F,  Q,  Then  con- 
sidering the  small  arcs  PQ  and  P'Q'  as  coinciding  with  the 
arcs  of  the  circles  of  curvature,  we  see  that  the  elemental 
sectors  PQ'Q  and  P'Q"Q'  are  similar,  and  therefore 
PQ  :   P'Q'  =  PP"  :  P'P'. 

Putting    PQ  =  ds,     F'Q'^ds',     PP' =  p,     P'P"^p\ 
this  gives  p'ds  >=  pda'. 

But  by  the  property  of  the  evolute  da'  =  dp;   therefore 
p  ds  =  pdp. 

But  ds  =  pdd> ;     therefore    p'  •=  -L-, 

'  d<p 

■  Nova  Acta  Pelrop.  Vol.  I.  p.  7G. 
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In  order  that  the  evolute  may  be  similar  to  the  curve, 
we  must  have 

a  being  the  coefficient  of  similarity. 

Hence  for  determining  the  curve  we  have  the  equation 

dp 

This  being  a  linear  equation  is  easily  integrated,  and  the 
result  is 

p  =  C€«*. 

Substituting  this  value  of  p  in  the  expression  for  w  and  y, 

w  =  C  Jd<f>  €''*  COS0,     y  «  C  Jd(p  e**  sin  0. 
Whence 

zp  +  -4  = 2  (®  COS  0  +  sm  0)  = — i , 

y  +  B  ^ ;r  («  sin  0  -  cos  0)  = — r . 

^  1  +  a*  ^         ^  ^^      1  +  a^  (1  +  p')^ 

From  which  we  have 

(y  +  5)  (a  +  p)  =  (cT  +  ^)  {ap  -  1). 

Or  putting  w  and  y  for  a?  +  ^  and  y  +  By  which  does  not 

affect   i>  =  —   this  becomes 
dw 

a  {wdy  —  ydx)  =  ^do?  +  ydy^ 

which  is  the  differential  equation  to  the  logarithmic  spiral. 
That  curve  therefore  is  the  only  one  which  has  an  evolute 
similar  to  itself. 

Euler  in  the  memoir  referred  to  above  has  considered  the 
question  much  more  generally,  for  he  investigates  the  nature 
of  the  curve  which  has  its  n^^  evolute  similar  to  itself,  as 
well  as  the  curve  which  has  an  evolute  similar  to  itself  but 
placed  in  an  inverse  position.  This  last  is  reduced  to  the 
previous  case,  for  if  the  evolute  be  similar  to  the  original 
curve  but  in  an  inverted  position,    the   second  evolute  will 


amatsnaoAh  phon-eus. 


UfaV  1w  rfy'lf  to  the  original  curve  and  in  the  Bame  poBt- 
tioa,  wad  iU  ndii  of  curvature  will  diminish  while  those  of 
the  fint  erolDte  inowse,  as  will  be  seen  in  (dg.  62).  It  is 
«Hj  to  Me  that  this  condition  is  expressed  symbolicallj'  by 
dbcdBg  the  ooelBcMnt  of  Biniilarity  with  a  negative  sign. 
^nw  gWttrri  «C|0«tloa  for  &  curve  which  has  its  n"*  evolute 
directly  ■mflir  to  itaelf  is 


tint  irUdl  Iw  its  «"  evolute  inversely  similar  is 
1-  -(-  a"  n  =  0. 


1 


(S4)  '  IfCt  IU  isTCstigato  a.  particular  case  of  this  last 
pnAdon  wheutt"!  and  (t'  =  1,  which  implies  that  the  eTo- 
lilto  is  lywof  to  tlM  curve  but  in  an  inverted  position. 

'thk  IpuUkm  Atn  becomes 


-,+p  = 


The  integral  of  which  is 

p  =  C  cos  <f  +  Ci  sin  ^  «=  C  cos  (^  +  a). 

Since  the  angle  a  depends  only  on  the  line  from  which 
^  is  measured  we  may  make  it  equal  to  zero,  go   that 
jD  <=  C  cos  (j},  then 
C  " 

making  «  =  O  when  <p  =  0. 
Also      y  =  C  fd<p  sin  0  o 


>s2(p)  d^"  —  (3tfi  +  BID  S^), 


If  p ■=  0  when  ^  =  0,  J-  - 
C 


^  =s COS  2  ^  +  ji. 


(l-cos2^). 
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C  ,  4y      (Cy       A* 

47  =  —  vers"'  -—+'—*' 

4  C 


Eliminating  0  we  have 

the  equation  to  a  cycloid  referred  to  its  vertex. 

If  a^<l,  the  curve  is  an  epicycloid. 
If  a^>l,  the  curve  is  a  hypocycloid. 

(25)  In  speaking  of  the  cycloid  I  mentioned  a  property 
belonging  to  it  which  was  discovered  by  John  Bernoulli,  viz., 
that  if  BC  (Fig.  21)  be  any  curve,  the  tangents  at  the 
extremities  of  which  are  at  right  angles  to  each  other,  and 
if  this  be  developed,  beginning  from  C,  and  if  the  involute 
CD  be  again  developed,  beginning  from  2>,  and  so  on  in 
succession,  the  successive  involutes  approach  continually  nearer 
and  nearer  to  the  cycloid,  and  ultimately  do  not  differ  sensibly 
from  that  curve.  The  following  demonstration  of  this  re- 
markable proposition  is  taken  from  Legendre,  Exerdces  de 
Calcul  Integral^  Vol.  ii.  p.  541  • 

Draw  the  successive  tangents  MP^  PNy  NQ  ...  which 
will  be  alternately  perpendicular  and  parallel  to  the  first, 
from  the  nature  of  involutes.  Let  0  be  the  angle  which 
MP  makes  with  the  line  A  By  and  put 

arc  CM  «  a?,  arc  CB  =  a, 

arc  CP  =  ^,  arc  CD  =  6, 

arc  EN  =  a?',  arc  ED  =  a', 

arc  EQ  =  %\  arc  EF  =  6', 

and  so  on  in  succession.     Then  if  we  were  to  draw  tangents, 
making  angles  =  d0  with  the  other  tangents,  we  should  h^ve 

dz        dos        d% 

^^'^mp'^pn^qn"'" 

But  from  the  nature  of  involutes, 
MP^CM=^d}y      PN^DP^b'-ss,      QN^.  EN^  w\  kc. 

Hence     dd  =  —  = =  — r  =  it >  ••• 

0?         0-^  %         Of  0  --  % 
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.    TsoB  A«  fint  we  have  z  =  jxdQ,  which  ought  to  vanish 
iribcn  0  ■■  Of  utd  to  become  equal  to  b  nhen  6  =  — .       The 


irilk^  wbsn  0^0,  ought  to  vanish,  and  when 
cqad  to  ^.     Tfae  third  equation  gives 

•nd  ,^.^_)4rfe"«,         . 


^.i*-«« -?■""«■•  »'-"«•' 


l.S.S       1.S.S.4.A 


•*•>- 


jb-il^         t(-«0« 


4-  be. 


Now  the  last  terms  in  both  of  these  expressions  continually 
diminish,  and  if  n  be  made  sufficiently  large  they  may  be 
neglected.     This  may  be  seen  by  considering  that  since 

iF<a,     f'dQ'x  is  less  than   f'dd'a,  or  ; 

■^  J  '         1.2. ..n 

and  as  the  greatest  value  of  0  is  - ,  the  denominator,  when  » 

is  great,  far  surpasses  the  numerator,  and  the  term  diminishes 
continually  as  n  increases.      Neglecting  then  the   last  term 

and  making  0  =  -  -  a  in  the  second  scries,  we  have 

W>  =  _- .^ __  +  gjc, 

1.2  1.2.3.4 

From     this  it  appears  that  when  n  is  large  the  series 

6  +  fc'ff  +  6'y  +  &c.  +  6'°V  +  &c. 
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may  be  considered  as  a  recurring  series  formed  from  a  frac- 
tion of  which  the  numerator  is  a  polynomial  in  y  of  a  finite 
number  of  terms,  and  the  denominator  is 

1 + &c.  =  cos  (ays)- 

1.2       1,2.3.4  ^ 

Now  cos  (ayJ)  =  cos  (^)  =  (l  -  y)  (l  -  |)  ^1  -  |]  ...; 

and  if  /(y)  be  the  numerator,  we  may  assume 


cos  (ayJ)      1  -  y  y  y 

by  the  theory  of  rational  fractions.     Now  the  coefficient  of 

y*  in  — ^-- — T-  is  supposed  to  be  6^*^  when  n  is  large;   and 
cos  {ay^) 

on  the  other  side  the  coefficient  of  y*  is 

If  n  be  indefinitely  increased,  this  is  reduced  to  JV,, 
which  is  independent  of  n.  Therefore  6^"^  is  independent 
of  n  when  n  is  very  large:  hence 

6(»):=gl:»-i)«6(»-2)... 

and        ^(">  =  i^")  f-^^ ^ +  &c.l  =  6<">  (1  -  cos  0). 

\1.2       1.2.3.4  )  ^  ^ 

Similarly  ci?<"^  =  &(«)  sin  0. 

These  equations  belong  to  a  cycloid,  in  which  ^  6^"^  is 
the  radius  of  the  generating  circle.  Thence  follows  the  pro- 
position. 

(26)  Find  the  surface,  such  that  the  intercept  of  the 
tangent  plane  on  the  axis  of  %  is  proportional  to  the  distance 
from  the  origin. 

The  intercept  of  the  tangent  plane  on  the  axis  of  «  is 

z  --px  -qy; 
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•  i-paf-  qy  =  n  (ai*  +  y*  +  s'ji. 
Hie  iot^ial  tsi.  this  equation  is 

■*-■■{»  +  (*'  +  »■ +  «•)!! -0  0). 

."■--(ff)-    Kpa  thf  surface  in  which  the  co-ordinates  of  the 
point  «lia«  the  normal  meets  the  plane  of  .vy  are  propor- 
tUHIsl  to  the-  aomtponding  co-ordinates  of  the  surface. 
Iht  eqaatiom  |o  the  normal  being 

»'  -  #  + 1»  (r  -  a^)  =  0,     t/'  -  J,  +  ,  (V  -  «r), 
we  have  when  »'  -  o, 

y'=a!+p!S,      y'  =  y  +  qx, 
ther^nni     ,»  +  par  =  mo!,     y  +  qz  =  ny. 
Sabltituting  th«se  values  in 

dz  =  pda  +  qdy, 
sod  integrating,  we'find 

«"  =  (w  -  1)  a^  +  («  -  1)  ff*  +  C, 
which  is  the  equation  to  a  surface  of  the  second  order. 

(28)  To  find  the  equation  to^the  surface  at  every  point 
of  *hieh  the  radii  of  curvature  are  equal  and  of  the  same 
sign. 

The  conditions  that  this  should  be  the  case  are 
1  +  p'      pq      Jl-i-  9* 
r  a  t      ' 

p      dp      1  dq  q      dq      1  dp 

1  +  p''  da;      q  dx*       1  +(f  dy      p  dy' 

Integrating  these  as  ordinary  equations  and  replacing  the 
arbitrary  constants,  in  the  first  equation  by  an  arbitrary  func- 
tion (K)  of  y,  in  the  second  by  an  arbitrary  function  (X)  of 
X,  we  find 

1  +  p-  =  Yq^y     1  +  9'  =  Xp'. 
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From  these  we  find 

/  1  +  F  \1  /I  +X  \i 

But  p  and  g  ought  by  their  nature  to  satisfy  the  equation 

dp      dq 

-;—=-—,  which  in  the  present  case  is 

ay      dx 

(. .  A-)-.  ^-J  =  0  .  r)- f . 

Now  whatever  be  the  form  of  the  functions  X  and   F, 

this  equation  is  of  the  form  (p(^)  ='yj/(y)i  and  it  can  there-* 

fore  subsist  only  when  each  side  is  equal  to  a  constant.     Let 

2 
this  constant  be  represented  by  -;    then 

T 

dx       r  ^      dy      T 

whence  on  integration  we  obtain 

T  r 


(1  +  X)i  '       (1  +  F)i 

a  and  6  being  arbitrary  constants.  If  from  these  we  take 
the  values  of  X  and  F  and  substitute  them  in  those  of  p 
and  q  we  have 

(a  -  a?)  6  -  y 

Putting  these  values  into  the  formula 

d%  =  pdtV  +  qdy, 

and  integrating,  we  have 

(x  -  a)2  +  (y  -  fc)*  +  (sf  -  c)2  =  rS 

which  is  the  equation  to  a  sphere. 

Monge,  Analyse  Appliquie. 


CHAPTER  Xf. 

BVUVAnOH  OP  I 


Wasy  ve  are  aUe  to«ffect  the  integration  of  any  ftinet!^ 
the  detenniiutkHi  ot  its  valne  between  certain  limits  of  tlie 
iodepeadent  varUUe  ofl^  in  general  no  difficulty,  as  we 
haw'tnerely'  to  aubbrut  its  value  at  one  limit  from  its  value 
at  inotber..  Tbere  are  bowerer  eiany  functions,  the  Definite 
Integrala  of  whicb  we  are  abl«  to  find,  although  the  in- 
definite integral  cannot  be  exp^vwed  in  finite  tcnnt.  Tbft 
eraluBtion  of  thete  integrals  bas  become  one  of  dw  nnat 
impcHtant  brandies  of  tbe  Integral  Calculus,  in  ccrtise^taeoce 
of  the  numerous  applications  which  are  made  of  tbeka  bddi 
in  pure  madieioaties  and  in  phjrics:  it.  Is  to  foactiblb  «C 
this  kind  that  the  examples'  in  tbe  f6IIowiiig  pkjwT' v^l^ 

Tbe  methods  for  eralusting  those  definite  integtalv  wboaa 
general  Taloes  eamtot  be  found' are' verjr  varim^i'but  tlii^ 
can  generally  be  classed  under  the  following  heads. 

(1)  Expansion  of  the  function  into  series,  integration  of 
each  term  separately,  and  summation  of  the  result. 

(2)  Differentiation  and  integration  with  respect  to  some 
quantity  not  affected  by  the  original  sign  of  integration. 

(5)  Integration  by  parts  of  a  known  definite  integral,  bo 
as  to  obtain  a  relation  between  it  and  an  unknown  one. 

(4)  Multiplication  of  several  definite  integrals  togethei, 
so  as  to  obtain  a  multiple  integral,  and,  by  a  change  of  the 
variables  in  this,  converting  it  into  another  multiple  integral, 
coinciding  with  the  first  at  the  limits,  and  admitting  of 
integration.  By  this  means  a  relation  is  found  between  the 
definite  integrals  multiplied  together,  which  frequently  enables 
us  to  discover  their  values. 

(6)  Conversion  of  the  function  by  means  of  impcMsible 
quantities  into  a  form  admitting  of  integration. 
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These  different  methods  will  be  best  understood  by  their 
application  to  the  following  examples. 

We  shall  begin  with  the  function  known  as  the  Second 
Eulerian  Integral,  because,  though  its  exact  value  cannot  be 
found  generally,  its  properties  have  been  much  studied,  and 
to  it  a  number  of  other  integrals  are  reduced. 

1.     Second  Eulerian  Integral. 

The  definite  integral  ^*®d<2?e"*a?'*~S  when  w  is  a  whole 
number,  is  easily  seen  by  the  method  of  reduction  in  Ex.  (13), 
Chap.  II.  of  the  Integ.  Calc.  to  be 

w  (y^  -  1)  ...  3.2. 1. 

When,  however,  w  is  a  fraction,  its  value  can  be  found 
only  in  certain  cases,  but  it  possesses  many  remarkable  pro- 
perties which  render  it  of  the  greatest  importance  in  the 
Theory  of  Definite  Integrals.  It  was  first  studied  by  Euler, 
who  seems  at  an  early  period  to  have  seen  its  importance,  and 
has  devoted  several  memoirs  to  the  investigation  of  its  pro- 
perties; on  this  account  Legendre  has  named  it  after  him, 
at  once  for  the  purposes  of  characterizing  the  function  and 
honouring  that  great  mathematician.  To  distinguish  it  from 
another  integral  with  which  also  Euler  had  much  occupied 
himself,  and  of  which  we  shall  afterwards  treat,  it  is  usually 
called  the  "  Second  Eulerian  Integral,''  and  Legendre  has 
afiixed  to  it  the  characteristic  symbol  F,  applied  to  the  index, 
so  that  he  writes 

/o*da7€-'a?»-'  =  r(w), 

which  notation  we  shall  adopt.      Throughout  the  following 
investigations  n  is  supposed  to  be  greater  than  0. 

In  the  first  place  we  remark  that  by  a  change  of  the 
independent  variable  this  integral  may  be  put  under  other 
forms  which  are  sometimes  more  convenient  in  practice  than 
that  which  we  have  used. 

Thus  if  we  put  e~*  =  y,  the  corresponding  limits  are 
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mA  tlw  ki^nl  talm  the  form 
(o)  r(n)-X'rf.T  (log 

T^  ii  06  ibiipe  toder    which    the   integral    has   ' 
rtttally    tMUd    both   by    Euler   and    Lagrange,    but    it   is 
■caFcdy  w  C(ril1retlt(>lit  in'  the  preceding. 

AfpoDf  if  ire  put  t^  m  x,  the  limits   remaiQ  the   same  as 
before,  and  we  ban 


(») 


r(»)  =  i;.'(i««- 


TlUB  lut  form  is  the  most  convenient  for  determining 
tile  value  of  the  integnl  in  one  remarkable  case  when  it 
cao  be  fbund  in  finite  t£rms.    If  n  =  ^ 

jrrf»*-'.-*-r(i)i.*/ri*»«n ,.;,,,,  ., 

■tet  t-fTim,-'':  !''./'<'    ' 

iM  «•  till  MiiM  of  the  lutmu  amgm  a  Mt^tMar  rf 

and  therefore  multiplying  these  together, 

if  -  /o^d^e-*" .  /„"dff  e-i^  =  X"jt"dy  d«  e-(»'+*") ; 
BiDce  y  and  ik  are  independent.     Now  assume 
ss  •■=  rco&6,         «/  —  r  Bin  0,  then 
«*  +  5^  =  A  dy  dm  >^  r  dr  dQ. 

To  determine  the  limits  we  observe  that  y  and  ar  never 
become  negative,   and  therefore   0  must  vary  from  0   to  — , 
while  r  varies  from  0  to    co,  so  that   we  have 
fc^B.  f^" f^i'^  dr  dd re''''  =  ^tt;    whence 
(c)  &  =  ^7rS  and  T  (J)  =  ■n-i- 

We  shall  now  demonstrate  the  more  important  proper- 
ties of  the  function  T  (n)  referring  the  reader  who  wishes, 
for  a  more  detailed  exposition  of  them  to  Legendre,  ExeT' 
cices  de  Calcul  Integral,  Tom.  i.  and  ii. 
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If  we  integrate  by  parts  the  expression  jdx  e'"  af^  we 
have 

The  integrated  part  vanishes  at  both  limits,  so   that 

id)  .    r(n  +  l)=wr(n). 

This  may  be  looked  on  as  a  characteristic  property  of  the 
function  F,  and  is  of  the  greatest  importance,  as  by  means  of 
it  we  can  reduce  the  calculation  of  F  (n)  from  the  case  when 
w  >  1  to  that  when  it  is  <  1,  and  we  have  therefore  to  occupy 
ourselves  only  with  the  values  of  n  which  lie  between  0  and  1. 

If  71  be  a  proper  fraction, 

F(w)  =  /^~Ja?e-'^-^        r(l-w)  =  /o*dye-yy-»; 

and  therefore 

F  (w)  F  (1  -  w)  - /o*dj?6-' a?«-Vo'*%e-yr" 

To  reduce  this,  we  shall  use  the  transformation  of  Jacobi, 
given  in  Chap,  iii.  Sec.  2,  Ex.  (7)  of  the  Diff^-  Calc. 

Assume  a?  +  y  =  «^,  y  =  uv^  so  that  dxdy  =  ududv:  the 
limits  of  u  and  v  corresponding  to  those  of  w  and  y,  are  u^Oy 
t«  »  00  9    V  =  0,   V  =  1 ;    therefore 

F  {n)  F  (1  -  fi)  =  i^jo'du dv  €-««-»(!  -  v)'-^ 

or,  integrating  with  respect  to  u  between  its  limits, 

F  (n)  F  (1  -  w)  =  X'  d«^  — (1  -  ^f"'- 
To  find  the  value  of  this  integral,  assume  v  =  (sin  0)' ; 

then,  as  to  the  limits  ^  =  0,  ^=1,  correspond  0  =  0,  0=:^7r^ 
we  have  F  (n)  F  (l  -  w)  =  2  /oi^d0(tan  0)^-2». 

Now     tan0  =  (-)~^ rpyiTyj    and    it    is    therefore 

obvious    that  (tan  0)^"^"  may  be  expanded  into  a  series  of 
the  form 
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!^fl  +  J,cos29  +  ^iCos49+ Sec.       1 
"  ^"'        t-(-)4{^,  sin  20  +  J,  sin  40  +  &c.J ' 
I— «* 
Alto     (-)  •    -eo8(l-8n)-+C-)4sin(l -271)-. 

"  linmr+  (— )icos«Tr- 

'  Babidtutll!^  the  series  for  (tan  6)'-'%  multiplying  by 
IJnNir'f  (— )'voiliif-t  and   equating  real  parts,  we  have 

ilnil«-r(«)  r(l-*)  ■=  3/Jd0  (1  +  ji,  COS20  +  ^,cos40  +  Uc^ 

"  *'  ,  (  «'  ■      * 

unce  the  pariodic  temu  vaniih  at  bath  Uiaiti.     Hence    , .' , 

(.)  r(.)r(i-.)-5^.. 

It  it  eanly  Ken  tbtt  die  vtloe  of  T{^)  is  finnid  at  obm 
fhnn  this  equation,  by  patting  *>«  ^;  and  generaHy,  tf  we 

know  the  value  of  r  (n)  from  «  ■■  1   to  n  «  ^,   we  know  its 
value  from  0  to  ^. 

From  the  preceding  theorem  a  more  general  one  may  be 
derived.     Let  n  be  a  po»itive  integer,  then  will 

1st.  Let  n  be  even:  Then  there  are  -|«-i  pairs  of 
factors  of  the  form  T  (r)  F  (1  -  r),  and  a  middle  factor  which 
is  r{-J)  =  5rl.  Therefore  by  the  preceding  theorem  the 
product  IB  equal  to 
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Now  by  a  known  theorem,  when  n  is  even,  we  have 

sinw^      ^^,   .    fw        ^    .     /'TT        N  .     /tt        \ 

— ; =3 2"  ^ sin »    sin    -  +  »...  sin  I %]; 

smijf  \n       I        \n       I  \2        J 

which,  when  z^O,  gives 

^2-(«-i)«  I  sin -I      sm — I  ...<sin^^ ^>  : 

\      n)    \       n)       \  2n     i 

so  that  we  find 

2nd.  When  n  is  odd,  there  is  no  middle  factor,  and 
the  number  of  double  factors  is  ^  (w  -  1).  Also  in  this 
case  we  have 


Bin  nss 


2"~'sin  ( ^j  sin  f-  +  %\  .•. 


sin  j2r 

sm 


an    TT  -  isr    sm    tt  +  »   ; 

\  2n  J        \  2n  J 

and  by  making  x  szOf  we  have  as  before 

A  still  more  general  theorem  is  the  following: 


n-l 


(g)    r(w)r  U  +  -)  —  r  (^+  -^)  =  r(y^^p)(27r)~;iJ-«'; 

but  for  the  demonstration  the  reader  is  referred  to  Legendre'*s 
work. 

To  this  definite  integral  T(n)  others  may  be  easily  re- 
duced. 

Thus  if  we  have  the  integral 

/;da?^-Mlog-l      , 
by  assuming  a?"  =  ^,  it  becomes 

so 


Again,  since  by  Ex.  (l,c)  we  have 

on  differentiating  Sn  times  with  respect  to  a  and  then  making 
a  s  I,  we  obtain 

I " 


(9)     The  first  Eulerian 


according  to  the  notation  adopted  by  Euler,  and,  after  him, 
by  Legendre ;  the  value  of  the  integral  being  supposed  to 
change  in  couEequence  of  the  variation  of  p  and  q,  n  remaining 
constant.  This  form  of  the  integral  however  is  not  the  most 
convenient  in  practice,  and  we  shall  use  another,  fonned  from 
the  present  by  putting  a^  =  y,   when  it  becomes 


Putting 


=  m,   we   shall  designate  the   definite 


integral  by  a  symbol  of  functionality  applied  to  these  letters 
as  the  symbol  F  is  used  for  the  second  Eulerian  integral: 
the  letter  we  shall  use  is  the  digamma  F,  so  that  we 
write 


w 


/ii»»^-(l--.)—-F(i,m). 


The  most  important  properties  of  this  integral  are  those 
by  which  it  is  connected  with  the  second  Eulerian  integral 
founded  on  the  theorem 


w 


F  ft  i») 


/ 
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To  demonstrate  this  we  shall  proceed  as  in  Ex.  (l,  e), 
which  is  a  particular  case  of  this  theorem  ; 

and  on  transformation 

Now 
jS"dwe-"w^+"-^=rO  +  w)  and /Jdv  1)^-1(1 -«)'»-*  =  F(/,m); 

,_      ^  ^/,      X      r(/)r(m) 

therefore     F  (Z,  m)  =   ^\^     .^  / . 

r  (I  +  m) 

As  /  and  m  enter  symmetrically  into  the  second  side  of 
the  equation,  it  follows  that 

(c)  F  (Z,  w)  =  F  (m,  I). 

Also  since 

F(/,«.)=   j,(^^^)   ,     and  F(i  +  «»,«)=-j;^^-^^-^; 
by  multiplying  these  together  we  have 

and  as  the  second  side  is  a  symmetrical  function  of  Z,  m,  n, 
it  follows  that  these  letters  may  be  interchanged,  so  that 

(d)  F(Z,m).F(/+m,w)=F(Z,n).F(Z+W5m)=F(m,w).F(m+w,Z). 

^a  - 1  f  1  —  ^)i3  - 1 
The   integral  /i  e^ft?  — z r—ra —  ™ay    be   reduced    to 

the  first  Eulerian  integral  by  assuming 

^    ^.   y 

a?  +  a      1  +  a 
when  it  becomes 

thfe  limits  of  y  being  the  same  as  those  of  tV.     Hence 
(e)  nj^^'-'Cl-^)^-'  _  1  r(a)r(/3) 

Abel,  CEuvres,  Vol.  i.  p.  95. 

30—2 


■  .(•)  ^ni*  foptrty  (J)  of  the  first  Eulerian  integral  may 
Iw  fstanded  to  a  large  dMi  of  multiple  integrals  by  the  foilow- 
log  tluionm  due  to  IC*  Lt^uoe  Dirichlet*. 

(«)    Let'  Vmfim  fdy  fd!i  ...w'-' /-'!»"'  ... 
In  vllkll  the  IfanitiF'g  values  of  ,v,  y,  x ...  are  given  by  the 


m,h,e,„at$^*f...p,q,r^.,lHaag  poodve  quantities; 

"■       p      q      r       ■       ■    ■■ 
The  equatioii  (tftbelimiunii^  be  made  linear  bj  pnttb^ 
'wfat{^',  yibr  /|p  »fbr/^'/kc.  In  lAudi.  ewe  tbe 


^-5^-^/dflf /dy/d« ..  V- V 


with  the  condition 

vB  +y  +  «+  —  =1; 

where  *  =  -,     m=-,     n  =  -,  &c. 

p  q  r 

Hence  if  we  know  the  integral 

with  the  previous  condition  for  determining  the  limits,  we 
can  find   V. 

When  the  variables  are  two  in  numb^,  it  is  easy  to  see 
that  the  integral  is  identical  with  that  called  the  first  Eulerian. 
Let  us  suppose  therefore  that  there  are  three  variables.  Then 
U  ^  j\dwaf-' ^^*dyy'-'  J^'^dss!^-\ 

where  j/i  =  1  -  a?,    a,  =  1  -  a;  —  p. 

LiouTille'a  Joumo',  Vol  it.  p.  ISB. 
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Assume    %  =  vx^,  y  s  uy^^  the  limits  of  u  and  v  are  then 
0  and  1,  and   U  takes  the  form 

U^  P^dw w^'^  j\du vT-^y^^  j\dv  v»"-^ijr,». 

But  as  y,  =  1  -  ^,  and  «i  =  yi  -  uy^  =  (1  -  ^)  (l  -  w),  the 
integral  becomes 

U  =  Jldoo  af'^  (1  -  a7)"»+".  j\du  t^*""*  (l  -  w)».  /Jdt?  w"-^ 

The  integrations  with  respect  to  the  different  variables  may 
now  be  effected  separately,  and  we  have 

rij    .1      r(»)       ., ,    „  -.      ^.  r(m)r(n+i) 
„«,..  ^    rwrwrw 

r  (1  +  /  +  m  +  n) 

In  like  manner  we  might  find  the  value  of  U  when  there 
are  four  variables,  and  so  on  for  any  number;  and  hence,  also, 
the  value  of  F,  as  stated,  is  deduced. 

(6)  By  a  similar  process  M.  Liouville  has  proved  the  still 
more  general  theorem,  that  if 

where  the  limits  are  given  by  the  condition 


0'^  (I)'*  ©'-'*= 


then  will 

pqr,..  r{l  +  m  +  n  +  ...)      •'^       ''^  ^ 

Liouville's  Journal^  Vol.  iv.  p.  231. 

(c)     As  an  example  of  this  last  formula,  take 

1 


W^fdwfdyfdx 


(1  «  a?^  -.  f  «  <s^)i ' 


thBlUniti -fating  gino  hj  the  oaoditiun 
.  lo  this  otM  we  find 

"  w  'EM'  i' '''' 

,    New    rXto-A    T(i)-i<A«4: 


GcDMrU^  vali«v*»  (he  Muntier  of  muUes'lieiiilf'iiy 

•''■'    (i-.'-y-*'-...)t"sT{4(»+i)} 

the  limiting  values  being  given  by  the  condition 
It  will  be  easily  seen  that 

*  r(i)  ''    [i  +  dI  ' 


-l(i-)- 


(1)  M.  Catalan*  has  shewn  how  to  evaluate  a  deBnife 
multiple  integral  which  depends  on  those  which  have  just 
been   considered.     It  is 

_      --      dxid.Vt  ...  dj?-_,  ,,  ,       ,  , 

t^=  //... /(ffli-^i  +  ffl2a?s+  ...  +  o,a?0,     (1), 

in    which    w'=l  ~  ati' —w^'— ...  —  xl_i,    and    the    limiting 
"  Liouville'a  Joumai,  Vol.  tl  p.  81. 
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values  of  the  w  -  1  independent  variables  are  given  by  the 
condition 


2 


2         =^ 


Assume 


Wi  —piUi  +  qiU2  +  ...  +  r^Un 


(2), 


where  the  coeflBcients  of  Ui  are 

and  the  other  coefficients  are  subject  to  the  conditions, 


&c.; 


qi^  +  ?2*  +  ...  +    qn 


\ 


n*  +  r2^   +  ...  +    n*=  1 


(3)« 


l>in+l>2^2+    ...   +1>«»'„  =  0 


91^1  +  ^2^2+  ...  +^„^„«oy 

The  number  of  constants  in  (2)  is  tz  (w  —  l),  the  num- 
ber of  conditions  in  (3)  is  ^n(n  +  l),  so  that  there  are 
^  w  (n  —  S)  arbitrary  coefficients. 

Adding  the  squares  of  (2)  we  have  by  the  conditions  (3) 

From  the  same  equations  we  find 

aiOSi  +  ag/Tg  +  ...  +  a„^„  =  Wi  («i*  +  a/  +  ...  +  ««*)^  »  ^«^i, 
suppose. 

Also  on  changing  the  differentials  by  the  methpd  given 
in  Chap.  iii.  Sect.  2  of  the  Diff.  Calc.  we  have 


If  now   we   integrate   with   respect   to    all   the   variables 
except  u„  the  limits  being  given  by  the  condition 


we  have  by  (3,  c) 

^■'■•■(.-»,--».'...»V,)i    2-rH(»-i)}^'    "■' 

Hence,  substituting  this  value  and  integrating  with  respect 
to  w.  from  0  to  I,  we  have 


w  y- 


X'rfMi(l-Wi'] 


"«— r{i(»-i)i 

if  we  put  u^  -  COS0,  this  becomes 


m 


^tc-i) 


If  n  —  3,  this  girea 
dwidws 


pi  dd  (sin  ey~'f  {J  cose). 


,  ,       /■/■       aWiOXa         .,  . 

("^     /  /  r, — I — iTs/t"''^>  +  '^*='  +  **»*») 

=  -/o^de  8ine/(^  cos  a)  t 

or  if  ail  =  COB  u,  iv,  —  sin  u  cos  v,  x^  s  Bin  w  sin  v,  and  if  we 
take  the  limits  from  «  =  0  to  u~Vy  and  from  «  =  0  to 
ti=27r,  it  takes  the  form 

(d)     ^^  jt'*  d«  dw  sintt/(oi  cosw  -fo^  sin  u  eosu  +  ajsinK  sinti) 

=  2  IT  /o'  de  sin  0  f{A  cos  6). 

The  formula  under  this  shape  was  first  given  by  Poisson 
in  the  MSmoires  de  finatitut,  Tom.  iii.  p.  13,6. 
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(5)     In  the  equation 

if  we  put  1— iVs^iJf,  the  corresponding  limits  are 

<r  =  0,     i5f=oo;  w  ^  1,     %=0; 

and  the  transformed  equation  is 

,^  r«..,    «°-'         r(«)r(r-a) 

(")  ^  '^  (TT^'^ TOO — • 

The  only  restriction  on  the  generality  of  this  result  is 
that  a  must  be  less  than  r.     If  r  =  1,  we  have 


(6)  ^dz 


i  +  z      smaTT 


This  last  integral  may  be  considered  as  being  made  up 
of  two  parts,  one  from  %^0  to  ;»=!,  the  other  from  ^=1 
to  ar=oo.     This  second  part  may  be  reduced  to  the  same 

limits  as  the  first  by  assuming  5?  =  -,  when  it  becomes 

Hence,  adding  the  two  parts, 
(c)  fld^"^ 


1  +  X  sinaTT 

In  the  formula  (6)  put  z  =  y^  and  6  =  2«,  when  we  find 


id)  J<r<^yf:, 


00   ...    y  T 


a? 


y^      2sin(l67r) 


(6)  The  integral  f^^da^ — -^-  may  be  considered  as  made 
up  of  two  parts,  one  from  <a?  =  0  to  a?  =  1,  the  other  from  a?  =  1 
to  i^^=  CO.     If  we  put  -  for  a?,  the  latter  part  becomes 


w-'' 


-Ildw 


Nov  hy  ■  knovn  tbeortn,  <   ; 

Xaldsg  the  lognttlmiic  dUhngtihl  on  bolk  aUeii, 
^  1  ■     1  1  1     .     ^ ' 

aid  pUttbg  >-'•:>,'  »•  iM'dut     ;■    ■  ■■•'■• 

If  we  put  ar  for  ar,  and  -  for  a,  we  have 

raj       ^~'         'T       ,  OT 

(J)  ;d,__._cot-. 

(7)     The  value  of  the  integral 


jid. 


log  or 


wfaich  is  the  diffeFence  of  two   infidite  quantities,  is  easily 
found.     We  have 

•^"  n 

Integrating  with  respect  to  n  and  determining  the  con- 
stant so  that  the  integral  shall  vanish  when  n<=l,  there 
results 


(a) 


log,if 
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In  like  manner  we  find 


^^^       ■/'o^^^''      logT I0gm-l0g7^  =  l0g(^j. 


log  07 

If  we  multiply 

1 


1  +  «i? 


=  1  —  0?  +  tt?*  -  a;*  +  &c. 


by = — ,  and  integrate  from  a?  a  0  to  a? «  1,  we  find 

log^ 

/j?w-i-^-i  ^  m+1      ,      m  +  2 

Jo"^  7 TP- —  =  log log +  log &c. 

•'^       (l+^)log/r         ^7*         ®w  +  l  ^n  +  2 

_      w  (7i  +  1)  (w  +  2)  (n  +  3)  ... 

=5  loff ^ ; 

°  7^  (w  +  1)  (w  +  2)  (w  +  3)  ... 

and  if  7*=8 1  -  m, 

af^'^-W"^  m(2-7w)(2  +  w)(4-m)(4  +  »i)... 

I  tdtV ; S=    lOff     : ft 

■'^       (l+cr)loga?  ^    (1 -wi)(l+w)(3-w)(3+w)... 

Now  by  the  formulae  expressing  the  sine  and  cosine  of 
an  angle  in  products  of  factors,  we  have 


tan  ;jf  *=  — 


/        2»\    /        2«\    /        2i!f\    /        2iJf\ 
In  this  putting  %  = ,  and  observing  that  by  Wallis^s 


theorem 


?-Ki)©©(f) 


we  see  that 

,w  —  1        --—  m 


(o)  Rda;  7 n =  log  tan  f  w  - 1 . 

^^  ■'^       (l+^)log.r         ^         V     2/ 

Kummer  in  Crelle^s  Journal,  Vol.  xvii.  p.  224, 
(8)     By  integration  by  parts  it  is  found  that 


/da7e""'cosra?=  —  e 


_^^  a  cos  rw  —  r  sm  ra? 


a^  +  r^ 


AW 


■ad  /<(«■'"  do  ra  * - 


HcDM  taking  the  latcgrils  between  O  and  0=    we  have 
(a)  J^4M*-"vMrm~-~^,    (6)  X"rf..  e-"'  sin  rx  =  -^^ . 


«  expresBions  (n  —  l)  times  with 
to.^-waihgre  by  Bx.    (20)  and  (21)  of   Chap.   11. 
SeeL  1  of  the  Biff.  Calc. 

(•);-jt-d#>->Vr«««.- 1.2.3  „.(«-i)-^^^. 

(d)  '  •jC-*rf«^'»-^»bM  *i  1 .  a  .  3  ...  {«  -  1)     """^,  , 


jbi  dieiK  isqinMtoiu  ii'niitft'lNi.i».pa^ti«*-intiger;  ^biit 
if  it  be  «  podtive  fnetioii,rtbe-  only  djfoenee  u  diat  iHtedl 
of  the  continued  product  1 . 2 . 8 ...  (n  -  1)  we  muBt  Bul»Htate 
the  definite  integral  F  (n). 

If  we  integrate  (o)  with  respect  to  r,  we  have 

(e)  /     —  e       8in  ra> «»  tan  '  I  - 1 , 

no  constant  being  added,  as  the  integral  vanishes  when  r  =  0. 
In  this  formula  if  we  make  a  =  0,  we  have 

(/)  j^    T"°"-i- 

If  we  make  a  =  0  in  the  formulae  (a)  and  (6)  we  have 
(g)         ja'^dx  cos  rai  =  0,        (A)     fo'^die  sin  ra?  =  - .  ' 

From  the  integrsl  (/)  it  is  easy  to  see  tliat 

(A)  j     —  sin  af  cos  r.r  =  — , 
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when  r  lies  between  —  1  and  + 1,  but  that  it  vanishes  for  all 
other  values  of  r. 

The  results  (g)  and  (A)  are  very  remarkable  as  giving  the 
real  values  of  what  are  apparently  indeterminate  quantities,  the 
sines  and  cosines  of  an  infinite  angle.     For  as 

Jj"dd7  cosra?  =s  -  (sin  oo  -  sin  0)  =  0  by  (g), 

T 

it  follows  that  sin  oo  «  0, 

and  as    j^^dx  sinr^  = (cos  oo  —  cosO)  =  -  by  (A), 

T  T 

it  follows  that  cos  oo  =  0 ; 

so  that  both  the  sine  and  the  cosine  of  an  infinite  angle  are 
equal  to  zero. 

In  the  formulse  (c)  and  (d)  if  we  make  a  =  0,  we  find 
the  two  remarkable  integrals 

\f)     Jo    diVa^^^  cos  ra  =  ^^^ cos  «  - , 

r*  2 

/    X       rcaj        n-i    •  1.2...(/l-l)     .         TT 

(m)     Jq   dw  t2?*^  sm  rw  = ^ smn-. 

If  the  index  n  lie  between  0  and  1  the  corresponding 
formulae  may  be  deduced  without  the  consideration  of  limits 
involved  in  making  a^O,     Since 

/o*da  a-  e-^'  =  T  (l  -  w)  a:"  -  S 

on  multiplying  both  sides  of  this  equation  by  cos  ra  dx  and 
integrating  from  0  to   oo,  we  have 

^*dti?cosr»i?JJ*daa""e'""'=  r(l  -  n)  f^'^dw  a/^'^  cos r off. 

But 

Ji^dof  cos  rw/^'^da  a'"  €""*  =  fo'^da  a'""  f^^^doi  €""'  cosra? 

=  ^   da 


a^  +  7^ 


•r.l-n 


Hence     £*d«j?^""^  cosrti?  « L^da-- r. 

r(l~w)  o^  +  r^ 


DEFINITE  INTEOSIU. 


^^. 


By  the  formuld  (rf)  in  Ex.  (5),  we  have 
da    " 


Therefore 


2  sin -i^  (2  -n)w      2r''siu(^nv)  ' 

1  TT  r(«)  /        Tl 


-"r(l  -M)ain{^»ir)         »^ 

I  as      r{«)r(] -«)  =  -.--. 

P  sin  n  TT 

in  like  manner  we  should  find 

Thus  if  M  =  1,  we  have,  since  F  (1)  =  tt*,  and 
sin|^ir  =  cos;J-ir  =  2-i, 


<»'  r 


itnd.T     . 


'-(£f'n 


M 


To  these  integrals  may  be  reduced 

f^d.ra''''^e'""' sin  rai  when  n<J. 
For,  on  integration  by  parts,  the  integrated  term  vanishes 
at  both  limits,  and  we  have 

~"'e~"cos»"iP. 
»  —  ji 

When  0  =  0,  this  gives 
r°daia>"-*sinr.v  = C!°dwai'~^caargi  =  — ; ^cosn-. 


(p)  if« 


=  ^,     /     -|-  8in  r«  =  (2r7r)s. 


If  in  formuUe  (l)  and  (m)  we  assume  j?  ■■  *•,  they  become 

nTM 

= o 

r" 


_^  djKcos(r«*)= co8l»-! 


^°d«  sin  (»■»")  =  - 
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Hence  it  n  =  ^y 

(9)         f^dzcosrsis^^^  ( —  |    -  f^dxsinrss^. 

The  formulae  in  this  article  are  due  principally  to  Euler, 
Calc.  Integ.  Vol.  iv.  p.  337.  See  also  Mascheroni,  Adnota^ 
tiones^  p.  53.  Laplace,  Jofir.  de  VEcole  Polyt.  Cah.  xv.  p.  248, 
and  Plana,  MSmoires  de  Bruxelles,  Vol,  x. 

(9)     To  find  the  value  of  u^  f^da)f\      ^/. 

Diflfereiitiating  with  regard  to  a  we  find 

du 
da 


=  -2a  /     —  e   V^W. 


Put  -  =3  «r,  the  corresponding  limits  being 

a?  e  0,   «  =  CO  ;    ^«  00,   «  =s  0, 

_•  du 

Hence  -;—  =  —  2w  ; 

da 


this  is  a  linear  equation,  the  integral  of  which  is 

To  determine  the  arbitrary  constant,  make  a  =  0,  when 


TT 


9  1 

(a)  Hence     /o^darc'C"^^?)  -  —  e"*". 

This  integral  was  first  given  by  Laplace,  Mimoires  de 
rinstitut,  1810. 

From  this  may  be  deduced  the  following  integrals: 

(b)  fo"^ dof cos  I a^  +  — A  = — cos(-  +  2aj 

=  ^  ( —  I    (cos  2a  -  sin 2a). 


-i  (i)    (cosao  +  sinao). 

Cauijiy,  ittmutnt  dea  Samau  Strang^;  "Vtii-v 'p.  StL 
(10)    Find  the  nine  a  J^ddf^^cMSrm. 
Caning  the  defimte  int^nl  ii»>'flid  JiliHiiliMiiyt^tfi. 
retpeet  to  r,  we  hive 


On  integrating  the  second  side  with  respect  to  x  by  parts, 
the  equation  becomes 

du         2r 


since  the   integrated  part  vanishes  at  both   limits,   and  the 
uqintegrated   part  when  taken   between   the  linaits  is  equal 
to  u.     This  equation  on  integration  ^ves 
if 
«  =  Ce""'. 
To  determine  the  arbitrary  constant,  put  r=  0, 

then  C-r'dae-"'''-^ — ;  so  that 

(a)        u  =  j^" da  e'"''^  cos  Zric  =  —  e  ^• 

Laplace,  Memoires  de  VInstitut,  1810,  p.  290. 
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From  this  may  be  deduced  the  following  integrals. 

(b)  f^dof  cos  a^of'  cos  2ra?  ==  —  cos  ( 1  . 

(c)  i^dw  sin  (j?c?  cos  %T(JO  «  —  sin  ( ; )  . 

Fourier,  Trai^e  de  to  Chaleur,  p.  533. 

Jr^       cos  a  CD 
dx -. 

Differentiating  twice  with  respect  to  a,  we  have 

dPu  /•»       a^Qosax  -od  » 

-—-  =  -  /     dx =  -  Jo    dw  cos  ax  +  w. 

d  or  Jo  1  +  ar^  '' 

By  formula  (g*)  of  Ex,  (8)  Jj^da^cosa^  =  0;  therefore 

dJ'u 

-—  -  t*  =  0. 

da* 

The  integral  of  this  is 

To  determine  the  constants,  we  observe  that  u  cannot 
increase  continually  with  a,  and  therefore  the  term  involving 
€*  must  vanish,  or  C«0.  This  being  the  case  we  have,  when 
a  =  0, 

Therefore  (a)  r^dwco^^^^^^ 

^  ^  Jo        l+w"^  2 

On  differentiating  this  with  respect  to  a,  there  results 


u 


Q>)  f 

Jo 


«        a?  sm  ax      TT      a 

dw —  =  --  e"  . 

1  +0?"        2 


Integrating  with  respect  to  a  and  determining  the  constant 
so  as  to  make  the  integral  vanish  with  a,  we  find 

,  .  /•»da?  sin  a^      tt  .  -^ 

Jo      X     1  +  X        2 

Laplace,  Memoires  de  T Academies  1782. 
31 


It  I*  fo  b*  obMmd  thH  ll»  tentilal  («)  In  ^ 
■■  tlw  int^pral  ii  aqual  to  !«■«'*  when  •  U  pontivet^  nd  to 
!«■«■  when  a  !•  nagMiv*.  LIM*  ftiu  wcefA^iJL/ ME^Mfted 
Um  Taint  of  die  int^nl  lii  Ae  Mknriif  naoiiflr:      >- 

By  ft  ifanjlar  method  we  find 

,_      /*,    coea«     #^&f       •      j::*\<   ^^ 

I,q)l»,  JMMfca  *  rimMiiti  iia,  'f.'iil. 
For  tli»  nliu li  f  it,  "*"  M  /cm,  de  Tfoofe  Pol^. 

Cah.  XTL  p.  MS  (Fdim),  and  <bf|liat  of  £'  dm    ''°' " 
■ee  Jcur.  it  jrotUauMjwt,  Vot"r.  p.  HO  (Calalao). 

(H)    T.  .,.■  U»  ™.«  of  /'ri^^^.  .<,. 

If  we  expand  the  denominator  we  have  the  series 

;  (1  +  8ocos«  +  So*co8  8«  +  &C.  +  8o'co8r«  +  &C.) 

Multiply  by  dx  cx»  rai  and  integrate :  every  term  vanishes 
at  both  limits  except 

2a' fj" da!  (cob  rat)*  !^  a^ ^dx{\  +  cosSrai)  -  wo';  therefore 
/"T       dxcoirai  iro' 

Jo    1  —  So  cos  m  +  a*      1  —  o* ' 

Euler,  Cak.  Integ.  Vol.  it.  Sup.  5. 
For  the  general  expressions  for 

XT        die  cos  r  a  ,    ^    , 

:; ;—  and  i^dw  cos  r a  (1  —iacoaw  +  (rr, 
(1  -  Za  cos  X  +  ary  j«  v  i 

the  reader  may  consult  Legendre,  Emercices,  VoL  l.  p.  37S. 
*  Crelle'a  Jmrnal,  Vol.  i.  p.  309. 


DEFINITE    INTEGRAtiS.  483 

By  a  similar  expansion  it  is  easily  seen  that 
(*)      jo^dw  log  (l  -  2a  cos  a?  +  a*)  «=  0,     or    27r  log  a, 
according  as  a  is  less  or  greater  than  1. 
Poisson,  Journal  de  FEcole  Polytechniquet  Cah.  xvii.  p.  6l7. 

Also  in  like  manner  we  find 
(p)    fo^d^  cos  rw  log  (l  -  2a  cos  fl7  +  a^)  = a^  or  -  —  a"'', 

7*  T 

according  as  a  <  or  >  1. 

Integrating  (6)  by  parts,  we  find 

,  ^      rw       dafw^inx  'tt,      ,         .  tt  -       /       1\ 

(d)     /     ^ss -loff(l  +  a)  or  «-loff    1  +  -  , 

^  ^    Jo    l-2acos^  +  a^      a    ^^         '^  a     ^  V      a/ 

according  as  a  <or  >1. 

Integrating  (c)  by  parts,  we  find 

/•IT   do?  sin  a?  sin  ra?        ^    ,   ,  tt       ..,» 

(c)  /    i  SB  -a*^"^     or   =  -  a"^'+", 

^^  Jo    1- 2a  cos  07  + a*  ♦    2  2 

according  as  a  <  or  >  1. 

/•»  do?  1 

(13)    To  find  the  value  of  /    r . s ,  a<l. 

•/o    1+^   l-2acosr^p+a* 

Expand  the  second  factor  as  before,  and  integrate  each 
term  separately  by  (11,  a) ;  then  on  summing  the  result,  we 
have 

/•ooda?  1  7rll+  ac"'' 

^  ^     Jo    1  +  a;«  1  -  2a  cos ro?  +  a^      2  1  -  a*  1  -  ac""*"* 

In  like  manner  we  find 
(^)      f    r log (l- 2a  cos ra?  +  a^)  =  7rlog(l  -ae"*")* 

Jo     1  +  a? 

Also  it  is  easily  seen  that 
sin  rw 


sin  rw  -h  a  sin  2ra?  +  a'  sin  Srof  +  &c. 


1  -2acosra?  +  a* 

31—2 


.■•■tFslfT^ 


ask 


^ia 


Hence  tnuItiplTiiig  hj anct  intqjirtttliig  Ittom  Hik  ao 

by  (n, »),  we  find 


In  (b)  make  « •  1,  tben 


-■J"  •■ 


r.) 


»XTTi>'*(*T)-i'*i-T->.„, 

Changing  the  ago  of  a  and  then  ^ftipsskg^ml^j^lm^ 

■|  #         ■       ■ 

Subtracting  die  second  of  dieie.  fcm-ib^  fin^ 

'  .  .     '  •  ' 

In  (e)  make  -a  i^  1 ;  then  \ 

fe)      /     5  cot  —  = . 

^^     Jo    1  +  ci»  2       e'  -  1 

Changing  the  sign  of  a  and  then  making  a  »  1,  we  have 

(*)      /    i  tan  —  = . 

^  ^     Jo    I  +  a^         9,       €••  +  1 

The  formulae  (a),  .(&)?  (c)  are  due  to  Legendre  :     see  his 
Ewercices,  Vol.  ii.  p.  123. 

The  formulae  (d),  (e),  (/),  (g)^  (A)  were  first  given  by 
Georges  Bidone,  in  the  MSmoirea  de  Turin,  Vol.  xx. 

(14)     To  find  the  value  of 

fi'^  dw  log  (sin  a?)  =  J^'^  dw  log  (cos  ai)* 
By  Cotes^s  Theorem  we  have 

Sf^"  - 1  1  7Z  - 1 

{S?  -  2iJ?  cos  —  TT  +  1)  ...  («^  -  2i8f  cos TT  +  l). 


^^^  —  1  n  n 
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5f^"  -  1 

Let  i^r  =  1 ;  then  as  —- =  n  when  »  ^l^  we  have 

n  =  2  <     *'  sin*  —  .•.  sm* • 

n  2  n     2 

Take  the  logarithms  on  both  sides,   and    divide  by  w; 
then 

log»  -  2  (w  -  1) logs       A  _  ._  1  ^  .  i^_ „.„  w  -  1  ttN 2 


(log  sin +  ...  +  log  sin 


2n  \  n2  n     2jn 

Let  n  become  infinite  and  equal  to  — .     The  first  side 

du 

becomes  -log2=log^,   as   — —  =  0  when  n  =  -;   and  the 

second  side  is  transformed  into  the  definite  integral 

jj^  log  (sin  ^dir)  dQ ;  therefore 

!,nog{^m\eir)dd^\og\. 

Putting  w  =  ^Stt,  this  is  equivalent  to 

(«)  J}""  dw  log  (sin  w)  =  \ir  log  (^). 

This  demonstration  of  a  theorem  due  to  Euler*  is  given 
by  Mr  Leslie  Ellis  in  the  Cam,  Math,  Journal^  Vol.  ii.  p.  282. 

If  we  put  sin  0?  =  y  ^"  ip)^  ^^  becomes 

On  integrating  (a)  by  parts,  we  find 
(c)  Q'^doB X  cot  iV  =  -^TT  log  2. 

On  integrating  (<?)  by  parts,  we  find 

•/q      (,sin  tTj 

if  we  put  w  =  cot~^y. 

_.                      rdeva^loprw  ,  , 

(15)      Integrate        /  — f-j-  by  parts ;    then 

J      I  1  —  tl?   )3 

/^^  =  (l-.^)*-log{l  +  (l-^)i}  +  {l-(l-.r»)Hlog.r. 

•  -<ic/o  Petrop.  Vol.  i.  p.  2. 
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On  UUng  this  between  the  limits  0  and  1,  we  find  since 
jl  ■•i  (1  —  i/)l}  log  w  vanishes  at  both  limits, 
,  -  A  da:  w  log  m 

A)m  4n  Integrating  by  parts,  we  have 


^i!!!i?-f(izfl',„,,  ,i;,.(,  _^,, ,  j;l^-. 


>tld  tboilbn  tiking  it  between  the  limits  0  and  1, 

Euler,  Nov.  Cam,  Petrop.  Vol.  xix.  p.  30. 
(IB)  :  To  Jnd  the  value  of  J  -  f-~if  . 

Since       ■  ■ =  i-.v+w''-af'  +  ai'~  kc,  -^^m 

1  +  iv  ^^H 

■'        ^^         n-l       (M^ 
iriildi»  when  taken  betmra  tlie  Umlu  o  wkl  ij  Ib  rediued  to 

X'  d*  «■  log  »  =  - , 

•"»  **    .  (»  +  !)»' 

it  follows  that 

,  ,       /-'da? log af  ,        1        1        1            ^          -w* 

'^  '     ^0      1  +  a;  '^        S*      3'       4*            ■*            18 

In  a  «milar  way  we  may  find 


(») 

i:-. 

^log._ 

—  a; 

6  ' 

(<■) 

i: 

d«logj! 
l-a>» 

"  8  ' 

w  f:"^ 

Euler,  76. 

(17) 

The  integral 

xv 

dw  (sin  a;)*" 

by   difFerM- 

tiation  with 

respect  to 

o  leads 

to  the  equation 

da' 

a      da 

X 
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From  which  we  find 
X        dof  (sin  ofY*  (2»  -  l)(2w  -  3)...3.1      tt 


(l -2aco8a?  +  o*)»      2n(2w-2)(2w -4),..4.2  2' 

when  a  <  1.     If  a  >  1,  the  only  difference  is  that  the  preceding 
result  is  to  be  multiplied  by  a"  ^''. 

Poisson,  Journal  de  VEcole  Poly  technique^  Cah.  xvii.  p.  6l4. 

X    V     r«^    A    1    1         ^        A   c  dx  w  sin  t*?? 

(18)    To  find  the  value  of  /    ; -r. 

Jo    1  jf  (cos  0?)* 

On  expanding  the  denominator,  we  have  a  series  consisting 
of  the  even  powers  of  cos^.  Take  one  of  these  as  (cos  a?)^**: 
then 

rj  •  /  N8r  a?(C0S^)^'+^  1  -.  N2r+l^ 

\dxw  sm  X  (cos  wy^  =s ^^ v /  (cos  oo)   ^  dx^ 

^  ^        '  2r+l  2r  +  l''^^ 

by  integration  by  parts.     In  taking  the  limits  between  0  and  tt 
jS'^do? (cos «»y +^  vanishes  as  2r  +  1  is  odd;   therefore 

TT 

l^dx  OB  sin  w  (cos  wf"^  = 


2r+  l' 


aisinw  .        1      1      1      „    .      TT^ 

+  &c.)  =  - 

5      7  4 

Poisson,  /fe.  p.  623. 


1      r-  »        ^  sin  a?  .!-.-.„.. . 

and    jJ^dw — '---  =  7r(l  —  + +  &c.)  =  —  , 

•'^         1  +  (cos  wy         "^       S      "      "  ^       ' 


r    K     r^     n    ^    1         t         ^    r'^    dw     Sin  aw 

(19)     To  find  the  value  of   / .    ,    . 

Jo     1  +  w^  sm  biV 

There  are  here  three  cases  to  be  considered — according 
as  a  is  less  than  6,  equal  to  6  or  some  multiple  of  6,  and 
greater  than  by  not  being  a  multiple  of  it. 

a  -       .    sin  aw 

Let  a<bf  and  let  r  "n-  ^  9;  then  if  -: — --  be  decomposed 

0  sm  bw  ^ 

into  quadratic  factors,  we  find 

sin  aw  f    sinO  2  sin  20  3  sin  39  \ 

SiTft^  "  ^^  W  -  6'^'  "  47r^  -  b'af"  "^  97r«-6V  ""        j  ' 

We  have  therefore  to  integrate  a  series  of  functions  of 
the  form 

/•CO    do?  1 

Jo      1  -f- 


w^  n^TT^  -  ft'^.a?* 


Now  it  we  deaxnpoM   ; into  qusidratic 

.iaeton  wad  integnte.  fion  o  to  cc,  observing  that  we  have 

i  arr^"'^ *"■■""*•      ■  ;  •.':-''^  ,■•  •■v'*^ 

Haoa  K  w«t«n>  faMiai  tf aiMiih'giBlMAa4a|«»Ed 

iille4lilBorp«UCMIioMiif,flMiC«2l— ^rn4«t 

.(:.-,,  ,.        .,:..,-•-':,,,     ,,.^ 

.  it  i)ipeiM 'that     .  .-■'■,■•■;.-:•      ■ '.• 

- 1  bring  wlMtitated  flw  «■.  '  ,       ' 

lo  die  cue  badff  eonddcratloDt  'ificMbn^  w«  ban 

f»  d»     dna*     «■«■  —  «"■ 

A    1  +a^  sin  6j?  "  2  e*  -  e"* ' 

If  a  be  greater  than   6  and   not    a   multiple   of  it,   let 

a  =  2rft  +  c  where  r  is  an  integer,  and  c<a.     Then  as 

ain(2r6+c)at-8in  {2(r-l)6+cJa'-2sintafcos{(2r-l)&+c}*, 

we  have 

sin  ax      gin  ^2  (r  -  l)  6  +  c\  a  ,        .. 

-^— '        ■    /  '      +  2  COB  (a  -  6)  *. 

sin  ba;  sin  bee 

Similarly, 

sin  t2(r-  l)i  +  ci  ar      sin  \i(r  -2)6  +  c?  « 

'        ■    ,       — i—  = .    / —  +  2  cos  (a  -  36), 

sinoa?  sin  6ar 


sin  (26  +  c)  ■    sin  ex 


so  that 
stna«      sin  ex 
sin  6.ir      sin  6; 


+  2  Jcoa(ti— 6)a!+cos(ffl— 36)a!+,..  +  cos(6+c).i! 
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Now  by  what  has  preceded,  since  c<6, 

J^oD    dx      sin  ex  TT  e*'  -  e"*^ 

0    1  +  a?^  sin6i»  2  ^  -e"*' 

also,  by  (11,  a),  we  have 


0    1  + 


— -cos  Wl.r  =  —  €""•. 

or  2 


Applying   this    to   each   term   within    the  brackets   and 
summing  the  series,  we  find 

where  o  =  2r6  +  c. 

▼i»      1  1  •  1       A  »  "I   sm  ozr  , 

If  a  be  a  multiple  of  5,  c  =  0  and  -; — -—  is  reduced  to 

sin  6<r 

the  finite  series  within  the  brackets,  so  that 
09    dof     sinaa?  1  -  e"** 


^         ^0       1    + 


or  sin  ox  -^  — "** 


6  —  e 
In  the  same  way  it  will  be  found  that 

,  *x         r**   ^^^     cos  ax        TT   6**  4- €""  , 

(d)  I :— - —  = 7 7 ,    a<by 

^  ^     Jo    i^x»  sinbx       2  €*  -  6-* 

/.OD  ofdx    cos  ax      IT  e^  "  c"^  +  26"'* 

(e)  / .    ^   •  = 7 7 ,    a  =  2r6  +  c, 

^  ^    .  */o     1  +  ^'^  sin  bx       2  €*  -  e"* 

.  >.v       /"®  ^dx    cos  ax        7re~" 

In  a  similar  manner  also  are  found  the  following  integrals : 

,  .        r^dx       1       sin  ax      tt  e"  —  €"**  . 

^^     ^0     a?    1  +  A'*  cos  6.T?       2   e^  +  €-^ 

^dx       1       sin  a<r 


(A)   r^^ 

•/o        ^     1  +  A' 


^  cos  6  a? 
-  |l-(-)1  +  (-)- ^T^  -  ;r^„  «  =  2r6  +  c. 
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Also, 

r^    dx     cos«.r      TT  e"  +  e'" 

(A)       / =  -  -J- ;  ,   o  <  6, 

'      Jp     I  +  a^  cos  bm       2   e''  +  e"* 

(0      /    z  — ;— =(-)^n ,  +  ^, — i,«=a»-fc+c. 

^'      Ja     i+x-cosh,v      ^        2e'*+e-*      e''+e"' 
Differentiating   the   last   of  these  equations   with   respect 
to  a  and  observing  that  dc  =  da,  we  have 

,   ^       /■<»  atdx    sin 
(m)      /    - —  .  — 

J-:      1  +.ir   COS 


Adding  this  to  (A),   we  find 


,  ,       r=div  sin  oa; 

(«)       / ;— 

Jo      X    cos  bai 


In  this  equation  there  is  implied  the  condition  that  a  sliall 
not  be  an  odd  multiple  of  b.     If  «  =  {2*-  +  I)  6, 
^«d^  Bin«a^^  v_ 

^-^       Jn       ,j?     COS  hw'^    2"" 

when  a  -  6,  we  have 

fO>dai  V 

(o)      /     — tanfflai«— . 

The  preceding  remarkable  integrals  were  first  given  by 
Cauchy  {Memoirea  dea  Savana  Etrtmgers,  Vol.  i.J :  the 
demonstrations  are  taken  from  Legendre,  Exerdcea,  Vol.  ii. 
p.  174. 


To  find  the  v 


value  of  I      sm  rx ;  when 

^0  6"  -  «"'* 


Bj  expanding  the  denominator,  we  have 

-^ —^  =  e~"  +  €■"*'■''  +  e'""'''  +  &c. 

Hence  on  multiplying  by  (e"*  +  e""')  sinraj,  we  have  to 
integrate  two  series  of  terms  of  the  forma 

g-fcw+oir-oliginraf,  and  c-)'"'+'>''+<'l'^sinr»; 
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the  values  of  which  are  by  (8,  a  and  6), 

r«+ J(2^  +  l)^-ap'  *"     r«+  {(27Z  +  1)  tt  +  a}^  * 

Hence  we  have 

/^da?(€«^  +  e-«^)   .  f         1  1  \ 

/     — i:;: ;;T~sin  ra?«r^^ — ;^ r-,  +  .     . Ti  +  &c.> 

^0        €*'-€~^*  lr*+(7r-a)*     r'  +  (37r-a)^  J 


+  r 


lr*+  (7r  +  a)2  "*■  rH  (37r  +  a)«  "^^  J  ' 


Now  if  we  decompose  e''  +  2  cos  a  +  e"*"  into  its  quadratic 
factors,  we  have 

e'  +  ^cosa  +  6"*'  =  4  (sin-j    |l  +  [ )[x 

Taking  the  logarithmic  differential  of  this  with  respect 
to  r  we  have 

e"  -  6-*^  f  1     ,  1  1 

e'  +  2  cos  a  +  €-»■"  ^^  V  +  (tt  -  a)^  "^  r'  +  (Stt  -  a)*  "^  *^^J 

+  ^^l::i — 7 ^  +  :^ — iz ^2  +  &^c-f» 

Ir^  +  (tt  +  a)-*      r^  +  (37r  +  a)*  j 

therefore 


(a)  /     ^ i  sm  ro?  =  1 

Jo         e*^'  -  e-*^^  ^  e''  +  2  cos  a  +  e" 

In  like  manner  we  find 

(b)  f 


r 


«>  da?  (e^^  -  e~"0  sin  a 

cosrw  = 


gTTx  _  g-'TTx  gr  4.  2  cos  a  +  e"'* 

In  (a)  make  a  =  0,  then 
.  .  r»  dw  sin  riV      1  ^'^  "  ^ 

In  (6)  make  r  =  0,  then 

/•»  d^  (6°^  -  €""*)  ^,        a 


4Cft  uttUMii 

« 

IMfferentiatiiig  (e)  with  te&p6^  to  r^i ' 


(si)    Bj  •  proccM  dmilnr  to  tiiat  infM^  Vifc  ttKd   • 
'   "fw     I    — — ^ — ' -eoftrm'm^ — i — p-s *-. . 

^"'    jr,      ««  +  r"  y  +  r^  +  iicdsa 

Jf[n  .all  thcte  ioteipilt  a  ii  kw  than  w^ 

M^tipfy boA  Mmhy  «~"'<lr,  and  intqfnite  from  r«0 
to  f«eo:  theo  «• 


^*^     Jo    (m*  +  «»)(««»  +  *-•*)  "  i«  JeJ'  +  e-*!*^ 


<t 


*  -     * 


Putting  €'*■ «  ^,  the  second  side  becomes 

2;"" 
Hence  when  w  =  ^, 

/•oo  da? 


1      /•idsr«'""i 
Jw^     1  +  «.   ' 


(d) 
when  »»•=  1, 


i)    a  +  x)  ie'"  +  €-''')       °^^' 


I  1 

^^^  Jo       (I  +   ^)  (6^^  +   6-^^)   "    ^   ""   4 


(22)     Poisson*  has  demonstrated  the  following  formulas 
I{  u  ^  cos  Off  +  (-)-i  sin  tr,     v  =  cos  w  -  (-)J  sin  a?, 
so  that  t^"  +  i;**  =  2  cos  ntr,     w"  -  -u"  =  2  (-) ^  sin  no? ; 

•  Journal  de  VEcole  Polytechnique,  Cah.  xix.  p.  482. 
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then    / 5^ " -^\Fia  +  «)  +  F(a  +  u)\ 


.     1  -2»cosa?  +  o^  ^     ^  ^  ^  '^ 


^ir\F{a  ^p)  +  F{a)\  (l), 

ddo  sin  x 
9,p  cos  0?  +  p* 

=  ^{^(«  +  l')-^(«)i (2)- 

These  expressions  may  be  easily  proved  by  developing 
the  functions  and  the  denominator  in  terms  of  cosines  and 
of  sines  of  multiples  of  w^  integrating  each  term  separately, 
and  observing  that 

^^  dw  cos mx  cos  nx  ^Q^     fo^dw  sin  mx  sin  n^  «  0, 

j^ dx  (cos  nxy  =  - ,      Jq^ dx  (sin  nxy  ^  —  . 

In  applying  these  formulae  it  is  to  be  observed,  (l)  that 
p  must  be  less  than  1 ;  (2)  that  for  the  particular  value  assigned 
to  a  none  of  the  differential  coefficients  of  F{a)  become  in- 
finite ;  (3)  that  the  sum  and  difference  of  jP  (a  +  v)  and 
F{a-^u)  be  expanded  in  converging  series;  (4)  that  the  func- 
tion under  the  sign  of  integration  should  not  for  any  value 
of  X  between  0  and  tt  become  infinite,  while  the  corresponding 
series  remains  finite,  or  vice  versa. 

From  the  equation  (1)  may  be  readily  derived  the  fol- 
lowing: , 

r''  dxF{a'^v)+F{a  +  u)         Stt      „,  .  .^ 

/     ^ —7, — -  = T,  F(a  +  p) (3). 

Jq  1  -  2pcoScr +  jp-^  l-pa      V        i-j  \j 

In  equation  (3)  put  F(a)  =  c^",  c  being  a  constant. 

Then 
F(a  +  v)  =  €^"  e^^^^*  {cos  (c  sin  a?)  -  (-)i  sin  (c  sin  a?)}, 
F(a  +  u)  =  e^^  €^^°**^  {cos  (c  sin 0?)  +  (-)J  sin  (csino?)}. 

Therefore 


Jq         1  ~  2p 


dx  e<^*^o**  cos  (c  sin  x)  tt 


cos  0?  +  p*         1  —  p 


la  the  mBe  way  Amd  ^)  «•  1wt»  i   '  't  | 

If  we  cxpaDd  both  ndM  <rf  diMe  .«|UKhKM,  Ili4  cq^iab 

(rf)jt*f*/~' Jib  (•*!!>•)  da  iii-  =  ~-^ 
Pllltowilhillig  («)  i&d  (^  f  tftaM  wtth  MifwM  W  «  -" 

In  tquidoa  (<)  mtJtB  Fja)  '»  «■«'«  ^Bidh| '  jitaHh  nj  W 

.2"    COB-     ^cofla-  +  (-)isin—V, 


1  +  cos  01  ■■  3  cos"  ■ 


add  sin  dr  s  S  sin  -  cos  - 


Hence,   putting  x  for  ^x  and   therefore  ^t   for    ■jr    at 

the  limit, 

fi'' dw(coaw)''cosax  t         n+p\' 

'^^     ^0       1  -2pcos2af  +  p'  °  2  (1  -  J>0  \    2     / 

In  this  make  p  =  0 ;  then 

ir  1 
(A)     j^i'^dx  (coa x)" cos aar  =  — j. 

Developing  both  sides  of  (g)  and  equating  the  coefficients 
of  like  powers  of  p,  we  £nd 

,,,,,,        ..  va(a-l)...a-r+l  1 

(»)     t,'"'oa'(cosfl7)  cosojrcosgra'  =  —  ■  -;. 
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Diflferentiating  (g)  with   respect  to  o  and   then    making 
0  =  0,  we  have 

A''       dot  log  (cos  Ob)        ^  TT  (\  -f  p\   ^ 

^^     Jo      1 -2pcos2cr  +  p2  "*  2(1 -;>^)     ^V    2     / 

Expanding  this  last,  and  equating  the  coefficients  of  like 
powers  of  p, 

TT  1 

(m)    ^i''  do?  log  (cos  ai)  cos  2r/r  =  (-)*""^ • 

(23)     Swanberg*  has  proved  the  following  theorems  more 
general  than  those  of  Poisson.     If 

2(-)JjV=/(o  +  aw\    6  +  )3t^...)-/(«  +  a«^\    6  +  i3t?'*...)> 
u  and  v  having  the  same  signification  as  before ;  then 

doS  M  TT 

2p  cos  J?  +  p*      1  -  p^ 

2pcos/p+p*      2r 
Let  /(a,  6...)  =  a' 6"*... , 

a  s  a  B  6  =  j3  •••  =  1. 

Then,  changing  w  into  2a?,  and  therefore  the  limit  w  into 
^TT,  we  obtain  from  the  first  of  these  expressions 

i*"  dw (cosXcpy  (cos  fiw)^  ...  cos  (Z\  -f  wi/i  +  ...)  ^ 


Jo     1  —  2p  COS  Of  +  p^       I  —  p 

0    I-20COS/P  +  I)*      2r-'^         ^'        ^^       ^     2/*^^  ^ 


X 


1  —  2p  COS  2a7  +  p'^ 


21-p*V2/V2      / 


(24)     The  same  writer  (p.  233)  has  proved  the  following 
theorems.      If 

(-)iQ=/(a  +  aw\    6  +  jSw'* ...)-/(« +  a«\   6  +  )3t)'*  .-.)> 
where  e«  and  t?  have  the  same  signification  as  before, 

*  Nova  Acta  Reg.  Soc.  Upsaliensis,  Vol.  x.  p.  271. 


(2)  rp^.-'A'*"-'-'.  *+/3.-'*...)-»/(»,6...)- 

These  expressions  are  easily  proved  by  expansion,  with  the 
-  assistance  of  the  formula  in  Ex.  (II)  :  they  are  evidently  sub- 
ject to  the  same  cases  of  exception  as  the  formiilse  of  Poisson. 

Let  f{a,b...)  =  a'.b- 

and  a  =  a  =  b  =  fi  =  li   then  changing  X  into  2X,  fi  into  2f», 
ficc,  wc  have 
,  -       /•"  d a- (cos  \ai)'  (cos lis)'" ...  COB  (Ik  +  m It  +  ,..)v 

^■"5   I   ¥T1^ 


2k  \ 


„-  -   /-'rf3nr(ootX«)'(coi»*y...t&>(<Xr -fillip*...)* 

(»)  J, .  ■  1^*^  '■  ^  .^.'.:..,,-^, 

If  in  (a)  m,  &c.  be  made  equal  to  zero,  the  expression 
becomes 

^»  darCco8\af)'cos/Xjff       ir   /l+e-^^*\' 
h'-i-ai'  ^  Sk  \       a        / 

Let  f(a,  6)  =  a'.6'"*,  considering  two  terms  only,  and 
a  =  a  —  /3»]}  b~0.  Then  as  before  changing  X  into  3X, 
we  find  by  formula  (l), 

,  ^       f»  da?  (cosXif)'.  6»«>m'cos  (IXx  +  m  sin;*j!) 
^^     i    -JTiT- 


w  I" 


In  this  expression  put  X^O,  then 

f»dire"™'''*cos(nisin/ia?)       v 
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The  student  may  exercise  himself  in  deducing  other  in- 
tegrals from  the  general  formulae  by  assuming  other  forms 
for  the  functions,  and  other  values  for  the  constants  a,  6... 

(25)  Jacobi*  has  proved  the  following  remarkable  trans- 
formation of  a  definite  integral : 

j^''dj?/^*'^(cosa?)(sina?)**'«  1.3.5.7,.,  (2r-l)^^da7/(cosa?)cosr«r; 
where /*''*  (iir)  =  (;r"]   /(^)>   ^^^  ^1   the  differential   coefii- 

cients  up  to  the  (r  —  1)*  inclusive  remain  continuous  from 
%^1  to  j?f-  — 1,  or  from  ^p  =  0  to  a?  =  7r.  To  demonstrate 
this  formula  we  must  premise  the  following. 

Hz  —  cos  w, 

2r_i 

^'U\  -«')',    X     ,                        ,           .  sinra? 
\ -^ =(-y-^1.3,5.7...  (2r-l) . 

This  is  easily  proved  by  the  formula  {A)  p.  l6,  for  writing 

2r  — 1 
in  it  r  -  1  for  r  and  for  w,  and  making  a  =  1,  6  =  0, 

2 

c  =  -  1,  it  becomes 
.  '^"'dJ-f     =:(-r'3.5...  (2r  -  1){(1  -««)*«- 

1.2.3       ^  ^  1.2.3.4  ^  ^  ^ 

Or,  putting  cos  x  for  «  and  sin  w  for  (l  -  si?)^. 


2r-l 


^'  ^_; (-y-^  3.5...  (2r  -  1)  {(cosa?y-i  sin  0? 

ir  -  1)  (r  -  2)  ^_  ^,^.,  ,^,_^  ^^3 


1.2.3 


(cos  0?)*""' (sin  t^y 


(r  -  1)  (r  -  2)  (r  -  3)  (r  -  4)  ,         ^    ^ ,  .      ^^      ^     . 

+  ^ ^— ^— — ^  (cos  a?)*--*  (sin  wy  -  &c.?  ; 

1.2.3.4  ^         ^       ^         ^  ^ 

•  Crelle's  Journal,  Vol.  xv.  p.  L 
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■ad*  dtmi**  by  a  known  trigonometrical  formula 


}Htlw  If  «  be  a  function  which,  with  its  dijferentials  up  to 
the  (r— 1)^1  vanishes  at  the  limits,  we  have,  on  integrating 
r  tintt  bjr  parts  between  the  limits, 

■ 'Prt  •■-(! -OT.il •/(»).'■»  ii    ..... 

we  have,  putting  sr  —  cosAr  and  dx  •=  —  emxdx, 
jG"'dip/"'*(co9a!).(sinj:)*'«  1.3.5. ..(2r-])jt'*'dai/(coa«),cosr#. 

(26)  I  shall  conclude  this  Chapter  on  Definite  Integrals 
with  some  examples  of  their  application  to  the  solution  of 
partial  diiferential  equations.  This  mode  of  expressing  the 
integrals  of  such  equations  was  introduced  by  Lapalce*,  and 
has  been  much  employed  by  later  writers,  particularly  Fius- 
Bonf,  Fourierf,  Cauchy,  and  BrisBon|]. 

It  is  particularly  applicable  to  linear  equations  of  orders 
higher  than  the  first  with  constant  coefficients,  and  it  is  useful 
because  the  solutions  are  put  into  a  shape  which  facilitates  the 
determination  of  the  arbitrary  functions.  The  principle  of 
the  method  is  to  transform  an  explicit  function  not  expressible 
in  finite   terms  into  an   ordinary  function  involved  under  a 

'  Mi/ntATei  da  PAcadimie.,  1779. 

t  MimMres  dt  flmlitut.  1818,  and  Journal  PotgUt^  Cah.  Xli, 

%  Journal  Folglech.  Cah.  xii.  and  xif. 

II  ThlorU  de  la  Chalfur. 
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definite  integral;  but  the  mode  of  transformation  must  be 
determined  in  each  particular  case  by  the  nature  of  the  func- 
tion to  be  transformed,  as  will  be  seen  in  the  following 
examples. 

(a)     The  integral  of 

(see  Chap.  vi.  Sect.  1.  Ex.  4.  of  the  Integ.  Calc),  and  our 
object  is  to  transform  the  operative  function  into  one  involving 


only  the  first  power  of  -—  .     Now 

/+«"  do.*-"'  -  irJ ,     and  /_+„"  dw e-C"-*)'  -  ^J . 

J 

Therefore,   putting  a-p-ti  for   6,    and   multiplying    the 
two  sides  of  the  integral  by  the  two  sides  of  this  equation, 


ir^x 


=  /+«d«e-"'.e'""'*^/(a?); 


therefore    ir^z  =  f-^dw  e-"*'/(^  +  Qwat^). 

This  transformation  is  due  to  Laplace,  Jour.  Polyteck. 
Cah.  XV. 


(6)     The  integral  of 


=) 


df  \dai^      dy^      d% 

^         d^         ^ 
is,  if  we  put    ^  +  ^+^  =  DS 

which  may  also  be  put  under  the  form 

21)  =  (e«^^  -  €-«*^)  0  (a?,  y,  z)  +  (€«'^  +  €-^*^)  y\f  (a?,  y,  »), 

if  0  +  >/f  =  jP,  0-x|r=/. 
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e"«i>  -  e--'^  =  aDt^^dB  sin  ge"'^""'" ; 

nction  <^  is  arbitrary,  we  may  write  <p  instead 
hat 

I  )  ^  Cj^,  V,  ^)  =  X'dS  sin  0  e-'O  ^""fl  i  0  (^,  j,,  sr). 

ix.  (4.,  d) 


dudu  sinu  e 


■'J,- 


!^(.""'-.-"')^(.r,s,  *) 
^  Also  ase-'O+e— '*  =  (ai))-'^(6-'0-e-'"^),  we  find 

This   transformation   is  given    by   FoissoD,  Mimoires  de 
Flmtitui,  1818. 

(c)     The  equation  for  determining  the  vibratory  motion 
of  a  thin  elastic  lamina  is 


d^  dot* 


the  integral  of  wbicb  is 
d* 


Now       /+f  dye"*°''cosy*  =  iri  cos  (a*+  -j; 


and  therefore     f*^di/e~*''''coa[ 
Hence  putting  bt--j~^  for  a*. 
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Also      sm    ht  -r-- 1  «:  6  -r-T  jdt  cos    bt -r-  . 

Therefore  as  F{ai)  is  an  arbitrary   function,  and  as  we 

ir^z  -  /dy  cos  {^-if\f[x-  2y  (ft*)*} 

+  Jdtjdy  cos  f  J  -  y«W  {.r  -  2y  (ft^)*}- 

Foisson,  /6. 


UlMFAKiaON   OP   TBANaCENDENTB. 


Thb  integration  of  differential  expressions  frequently  UaJs 
to  forms  which  are  not  expressible  by  any  finite  combination  of 
algebraic,  circular,  and  logarithmic  functions.  Such  integrals 
are  called  transcendents,  and  the  study  of  tlieir  properties  be- 
comes of  importance  as  affording  the  means  of  classifying  and 
arranging  them  so  as  to  reduce  them  to  the  smallest  number  of 
independent  functions. 

The  class  of  transcendents  which  has  been  most  studied 
consistB  of  those  called  elUpHc,  from  their  being  in  certain 
cases  capable  of  representation  by  elliptic  arcs.  They  thus 
appear  to  be  functions  little  more  complicated  than  those 
which  are  represented  by  circular  arcs,  and  to  be  naturally 
pointed  out  as  the  nest  subject  of  investigation.  The  pro- 
perties of  these  functions  which  have  been  discovered,  relating 
chiefly  to  sums  and  dirterences  of  connected  transcendents  are 
very  numerous;  but  in  the  following  pages  I  shall  confine 
myself  to  elementary  illustrations  of  some  of  the  principal 
theorems,  making  use  chiefly  of  those  examples  which  admit 
of  a  geometrical  interpretation. 

All  elliptic  transcendents  are  included  in  the  formula 

/• Pdx 

J  {a  ^bw  +  ca^  +  dai'  +  eee*)^ ' 

which  can  always  by  proper  substitutions  be  reduced  to  others 
contained  in 

rA  +  B  (sin  tp)"  d<p 

J  C  +  D  {siafr 
The  fundamental  relation  ci 


■  e'  (sin  ^)'J* 
[meeting  transcendents  of  this 


class  was  discovered  by  Euler*,  and  may  be  thus  expressed. 

•  JVoui  Comm.  Pelrop,  Tom,  V 
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If  we  have  the  equation 

{ 1  -  e^  (sin  ^y\  i      (l  -  e"  sin^  >/.)*       ' 

and  if  f-. —j^ — t-^  be  represented  by  F  (<i),  then  will 

J  {l  "^  (sm  (py}i  ^  -^      ^^^ 

F(0)±F(>/,)  =  F(^V (a) 

0,  \|r,  and  /i  being  connected  by  the  equation 

COS  (p  cos  \|/  =F  sin  0  sin  \|r  {l  —  e^  (sin  /x)^!  ^  =  cos  /u...(a'). 

From  this  last  may  be  deduced  the  following: 

sin  (p  cos  \^  A  (\/^)  ±  sin  y\f  cos  0  A  (0)        ,  ,. 
''°  ^ 1  -  e^  (sin  (py  (sin  >/,)«  -  ^^  ^ 

tan  0  A  (v//^)  ±  tan  \|/^  A  (0)  , 

tan^-  1  rp  tan 0  tan  v/.  A  (0)  A  (x/.)  '  *"" ^^^ 

where  A  (0)  =  {l  -  e^  (sin  0)*'*|i. 

The  functions  F  are  called  elliptic  functions  of  the  first 
kind;  e  is  called  the  modulus,  and  (p  the  amplitude  of  the 
function.  Hence  it  appears  that  we  can  determine  algebra- 
ically the  amplitude  of  a  function  which  is  equal  to  the  sum 
or  difference  of  two  given  functions,  and  therefore  also  of  one 
which  is  a  multiple  or  a  part  of  a  given  function.  Thus  if 
02  be  the  amplitude  of  a  function  which  is  double  of  that 
whose  amplitude  is  0,  we  have  to  put  >|^  «=  0  and  /x »  02 
in  the  preceding  expressions,  when  we  find  as  an  equation 
for  determining  02, 

tan  ^02  =  tan  0  {l  -  e*  (sin  0)^}^. 

Ex.  (l)  The  preceding  theorems  may  be  at  once  applied 
to  demonstrate  certain  properties  of  arcs  of  the  lemniscate 
which  were  at  an  early  period  discovered  by  Fagnani*. 

The  equation  to  the  curve  being 

(^^  +  2^)«  =  a«  (^  -  j^), 
we  have  s^ai   — -, r5 

*  Produxioni  Maihenuztiche,  Tom.  ii. 
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which,  if  we  assume 
o!  =  a  cos  <p  \  1 

becomes  s  = 


(sill  0)*j  ■!,     !/  =  — 1  sin  <p  cos  ^ 

r ''•p. 

7{i-i(sin^)<ir 
if  tile  lemniscnte  is  at  once  expressed  by 


Thus  the  arc 
the  transcendent  F,  so  that  we  write 

the  modulus  being  (^)h  and  the  theorems  proved  of  /"(0) 
may  be  interpreted  in  the  case  of  arcs  of  the  lemniscate.  Let 
«„  Ss,  S3  be  the  arcs  corresponding  to  the  amplitudes  (p,  \|/,  |U, 
then 


provided  that  rp,  i|/,  and  ft.  satisfy  the  equation 

cos^  cos\|i^  -  sin  ^  sin  \fi^  {1  -  ^(sin;i)*}i  =  cos  /i. 

It  n^  ^TT  the  corresponding  arc  is  the  quadrant  of  the 
lemniscate,  and  if  -^  =  tp,  the  value  of  (h  given  by  the  equa- 


(sin  tpy  « 


8t 

+  2i 


vill  give  the  amplitude  corresponding  to  the  middle  point 
of  the  quadrant. 

Functions  of  the  form 

/d^  { 1  -  e"  (sin  (p)'}  =  E  (0) 
are  called  elliptic  functions  of  the  second  kind,  and  are  con- 
nected by  the  following  equation.     The  same  relation  between 
the  amplitudes  which  satisfies  the  equation 

F(<f)+F(-^)-i?0').O 
will  also  satisfy  the  equation 

£(0)  +  £(>//)  -  £  Oi)  «  e*  sin  0  sin  ^  sin /( (6). 

(2)     This  formula  leads  at  once  to  the  demonstration  of 
several  properties  of  elliptic  arcs :    for  if  «  be  the  arc  cor- 
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responding  to  the  abscissa  a  in  an   ellipse  whose  major-axis 
is  1  and  eccentricity  is  e, 

*  =  ^^^  \i-  J)i  • 

If  we  assume  x  «  cos  0  this  becomes 

8  =  /d0  {l  -  e«  (sin  0)2} J  =  E  (0). 

Now  let  /is^TT,  then  E{\Tr)  represents  the  quadrantal 
arc  of  the  ellipse,  and  equation  {h')  gives  as  the  relation 
between  ^  and  y\r 

(l  -  e*)i  tan  ^  tan  >/r  =  1 ; 

-            «  .     .    .     .         e^  sin  A  cos  d)            e*  sin  >//•  cos  \^ 
whence  e*  sm  0  sm >/r  «  j- — :y7.     .Jow  =  t; ^7^ — T^\  • 

Now  in  (fig.  6S)  take  SJIf  =  i;  (0),  SJNT  »  JB  (x/,),  then 
will 

and     e^  sin  0  sin  >/r  =  3f  F  =  JVZ, 

or  the  portion  of  the  tangent  intercepted  between  the  point 
of  contact  and  the  perpendicular  on  it  from  the  centre. 
From  equation  (6)  then  it  appears  that 

or  the  difference  between  two  arcs  of  an  ellipse  is  equal  to 
an  assignable  straight  line.  This  remarkable  Theorem  was 
discovered  by  Fagnani*. 

(3)     If  \|/  =  0,  in  which  case 

the  two  points  M  and  N  coincide  in  JT,  and  we  have 

BK-AK^l  -(1  -c*)'}, 

or  the  difference  of  the  two  arcs  is  equal  to  the  difference 
of  the  two  axes  of  the  ellipse. 

•  Produxioni  Mathematiche,  Tom.  ii. 
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(4)  Again,   let  us  suppose  >^  =  ^,  while   /t   retains    a 

general  value ;    then  we  have 

2E(tp)-  E  (p.)  =  p}  (sin  <py  sin  p. ; 

while  equation  (a')  gives 

(cos0)'  -  (Bia.^)'{l  -e^Csin/^i)";!  =  cos /t, 

the  condition    for  doubling  or  bisecting    elliptic    arcs.     For 
doubling,  we  have 

Ssin  d)cos(i)  A  (i^) 

and  for  bisecting 

,  .     . .,       I  -  cos « 
(sin  0)'  =  -— —  . 

From  this  it  appears  that  we  can  always  determine  an  arc 
of  an  ellipse  which  shall  differ  from  the  double  or  the  half 
of  another  by  an  algebraical  quantity.  Under  certain  cir- 
cumstances, however,  when  the  origin  of  the  arc  is  arbi- 
trary, this  difference  may  be  made  to  disappear,  as  in  the 
following  problem. 

(5)  Find  an  arc  MN  which  shall  be  exactly  half  of 
the  quadrant  BA  of  the  ellipse. 

Let  0  be  the  amplitude  of  the  point  M,  -^  that  of  N, 
6  that  of  K,  determined  as  before  by  the  condition 


so  that  E  (3)  ==  ^Ei^-^r)  +^  {l  ~  H  -  ^)i]. 
Now  if  we  have 

it  follows  that 

E((p)  +  E(e)-  E  (<|,)  =  e"  sin  0  sin  yj,  sin  6. 
Therefore 
£(^//)-£(0)-^£(ifl■)+|Jl-(l -«=)*} -c»8in0sini|,sind. 
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Hence,  in  order  that  MN  or  E(y\f)  -  E{(p)  may  be  equal 
to  ^jE(^7r),  we  must  have 

1  —  (l  -  e^)i  »  2  ^  sin  0  sin  >^  sin  0, 

which  gives     2  sin  0  sin  \|r  «>  sin  0. 

On  the  other  hand,  we  have  from  {a) 

2  cos  0  cos  yf/  B  cos  0 ; 

from  which  equations  (p  and  \^  may  be  found,  and  so  the 
arc  MN  determined. 

Abel,  in  the  third  volume  of  Crelle's  Journal^  has  given 
a  remarkable  theorem  for  finding  the  sums  of  transcendental 
integrals,  the  amplitudes  of  which  are  connected  by  certain 
conditions.     The  following  is  the  enunciation  of  the  theorem. 

Let  0  (jc)  be  an  integral  function  of  a?  which  is  decom- 
posable into  two  integral  factors,  so  that 

0  (<r)  =  01  (a?)  .  02  {ai)  : 
Let  f(tv)  be  another  integral  function  of  a?,  and  let 

where  o  is  any  constant  quantity :  also  let 


02  (t?)  =  Cq  +  CiO?  -^  Cg  tv'^  +  &c.  +  6» 


where  Oo  >  ^i  >  ^2  >   &c.,  Cq  ,  Cj ,  Cg ,    &c.    are   any    quantities 
whatsoever  of  which  one  at  least  is  variable.     Then  if 

{01  (a?)}20i(^)-{02(«a?)}^02(^)  =^  (^-«»i)(«2?-^2) ...  («»?-^;*), 
where  A  is  independent  of  a?,  we  shall  have, 


+  r  +  C, 


^     /(g)      ,   ^  rgi(a)l0i(a)}Ue2(a)l02(a)lh 
J0(a)}i     ''U(a)l0i(a)}J-02(a){02(a)}*J 

where  C  is  a  constant,  and  r  is  the  coefficient  of  -  in  the 

w 

development  of  the  function 
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(.— ){^Wji  ^  Le,wi,j>,(.)!i  -  e.wi^(.)HJ ' 

aeconHng  to  descending  powers  of  m. 

'^Hw  qiUmtities  c,,  €2 ...  e^,  are  equal  to  +1  or  to  -1, 
aaA  d^Mod  on  the  values  of  ^j,  jr,  .,.^^,  being  determined 
I7  the  Aquation 

(Q     I<et  the  integral  which  is  to  be  considered  be 


(1 + «")<  ■ 

In  tUt  mse  assume 

I  +  *r  e=  ^  (,t),      I  +.!■■  =  (^,  (a^),     1  =  0j  (j?), 
/(»)  «»-<,,      9,  W  =  I,      e,  (,t)  =  I  +  !■,» :  then 

=  fl?  (ai""'  -  C|-jr  -  ac,). 
T?he  roots  of  this  being  0,  ,7?i,  .r^  „.  ai^.,,  we  have  »t  -  2 
relations  between   them   from   the  conditions  implied   in   the 
equation 

ai"~'  —  c,'«  —  2C|  =  0 : 
these  are 

2(*,)  =  o,  SCjiai,)  =  0...2(-)  ^  J,  ^■'^»  •••'"— 1^ 

the  upper  or  lower   Bign  of  the  last  equation  being  taken 
according  as  »  is  odd  or  even. 

Since /(a?)  « a; -a,    /(a)  =  0, 
and  as /(a:)  is  of  lower  dimensions  than   {^(af)}l  we  have 
r  =  0 ;  consequently 

ri      dx              r^'     dm                         /^-i      d3i 
-, :rr  +  ^2  /     -, :7i+  ■-■  +€»„i  | — r—const. 
.     (l+aj')i        ^0    (l+^)i                    Jo       (l+a!»)i 

Lubbock,  Phil.  Mag.  New  Series,  Vol.  vi,  p,  isi, 
Fagnani  has  availed  himself  of  the  relation  which  sub- 
sists between  the  integrals 

fydx  and  fmdy. 
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to    compare    certain    transcendents    of   considerable    interest. 
Since 

jxdy  +  jydof  =  a?y  +  const., 

if  a  symmetrical  equation  subsist  between  x  and  y,  so  that 
X  is  the  same  function  of  y  that  y  is  of  <r,  or  that  when 

^^'  =  0  iy)j    y  =  0  (^) ; 

it  follows  that 

/0  (a?)  dw  +  /0  (y)  dy  ^  ay  -{•  const. 

This  is  true  whatever  be  the  nature  of  0,  independently 
of  the  integrability  of  the  functions. 

(7)     Thus  if  tt?  be  the  abscissa  of  a  hyperbola,  the  major 
axis  of  which  is  unity,  the  corresponding  arc  is  represented  by 

(e  being  the  excentricity.) 

If  y  be  another  abscissa  connected  with  the  former  by 
the  equation 

or  e'iV^jf  —  e^  (a?*  +  3/^)  +  1  =  0, 

which  is  symmetrical  with  respect  to  a?  and  y,  it  follows  that 


e 
Therefore 


Mr  Fox  Talbot  *  has  extended  to  any  number  of  variables 
the  principle  made  use  of  by  Fagnani  in  the  case  of  two,  and 
he  has  arrived  at  the  following  Theorem. 

If  there  be  n  variables  <r,  y,  ^,  &c.  connected  by  (w  -  1) 
symmetrical  equations,  so  that  they  are  all  similar  functions 
of  each  other,  then  if 

•  Phil.  Trans,  1836  and  1837. 
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-  -  0W, 


■  =  tp(9).   Sic. 


/0(.r)  fix  +  ftpi'j)  dy  +  Jfpis)  dx  +  &c.  =  wy/s  Sic.  +  const. 

(8)     Let  the  variables  be  three  in  number,  and  let  the 
two  symmetrica]  conditions  be 


(*'  -  1)  (s'  -  1)  (s:"  -  1)  +  1  =  0. 
Then     j,^  -  ,f  W  -  ('•^^'"•'')'-  t, 
and  similarly  for  the  other  variables.     Hence,  by  the  theorem, 


I 


P^ 


\i 


+/dy 


flV-y\* 


)  ^f^-[-r^)  =-y^^c; 


I  -  f 
■e  .T  +  y  +  X  =  i),  by  the  first  condition. 

(9)     Let  three  variables  be  connected  by  the  equations, 

.(.  +  y  +  ffr  =  0, 


asy  +  a>x  +  ■_ 

In  this  case 

fyxdar  =  fipiio)  dai  =  S  fda 

„       1       1       1  syg 

But  -  +  -  +  -  = ^— ;   then 

X      y      X  4      . 


=  0. 


(1  +  jg'ji      2 


fL+5*)* .  r..,  (l±i!l*  .  f.J2±^  -  ' 


s^-^^^y       ^ 


fdx 


-=-a,yz+a 


(l  +  «')i 
Now  fd^ — —  is  the  arc  of  an  equilateral  hyper- 
bola referred  to  its  asymptotes,  and  it  therefore  appears  that 
three  hyperbolic  arcs  may  be  determined  in  an  infinite  number 
of  ways,  so  that  their  sum  may  be  an  algebraic  quantity.  It 
is  to  be  observed  that  the  two  symmetrical  equations  con- 
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necting  «r,  y,  and  %,  are  equivalent  to  saying  that  these  quan- 
tities are  the  roots  of  the  cubic  equation 

or 0?  -  r  =  0. 

4 

(10)     Let  there  be  three  variables  connected  by  the  equa- 
tions 

then  yz  =  0(<r)  «=  (a?^  —  1)4,  and  similarly  for  the  others. 

Hence  it  follows  that 
fdai  (ai^  -  l)4  +  fdy  (y^  -  l)i  +  fdz  («^  -  l)i  =  wyz  +  C. 

This  process  is  deficient  in  generality  since  it  supposes 
that  the  sum  of  the  integrals  is  equal  to  an  algebraical  func- 
tion of  one  form  only,  viz.  the  product  of  the  variables ;  and 
moreover  it  is  limited  in  its  application,  as  no  means  are  given 
by  which  we  can  determine  what  are  the  symmetrical  relations 
which  must  exist  between  the  variables,  in  order  that  the  sum 
of  the  integrals  of  a  given  function  may  have  an  algebraical 
value.  Mr  Fox  Talbot,  however,  has  given  an  exposition  of 
a  more  general  method,  which  is  free  from  these  objections, 
and  of  this  I  subjoin  a  sketch  with  some  applications. 

It  is  easy  to  see  that  the  supposition  that  (n  —  1)  sym- 
metrical relations  exist  between  the  n  variables  is  equivalent 
to  saying  that  the  n  variables  are  roots  of  an  equation  of 
n  dimensions,  one  of  whose  coefficients  at  least  is  variable, 
the  others  being  either  constant  or  functions  of  the  variable 
one.     Let  therefore  a?,  y,  z^  &c.  be  roots  of  an  equation 

of  -  pia?""^  +  p^a^"'*  4  &c.  ±  p„  =  0 ; 

then  not  only  are  the  coefficients  ^i,  j^a  •••  i^n  symmetrical 
functions  of  the  roots,  but  so  likewise  are  all  combinations 
of  these  coefficients.  Let  v  he  a.  general  symbol  representing' 
any  one  of  the  coefficients,  or  any  combination  of  them ;  then 
V  may  be  considered  either  as  a  function  of  all  the  roots,  or 
only  of  any  one  of  them,  in  which  latter  case  the  root  may 
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be  changed  for  any  other  without  altering  the  value  of  o. 
Such  a  function  Mr  Talbot  calls  a  "symmetrical"  of  the 
equation,  and  this  name  we  shall  employ.  Now  if  u  be  a 
symmetrical  of  any  equation 

and  if  we  deuote  the  sum  of  the  differentials  of  the  roots 
by  S.diT,   we  shall  have 

/W  .s.  d.v  =  s.fM  d^ (I). 

More  generally,  if  ^^H 

S .  V.  (.!■)  dw  = ./,  (,r)  dni  +  >^{y-)dy  +  ^  (s)  dn  +  &c.  ^| 

f{ii).S  .^{iv)d.v  =  S  .f{«>).^\,{<^)da, (2) 

provided  that  /(.p)  be  a  symmetrical  of  the  equation  the 
roots  of  which  are  x,  y,  r,  &c. 

Now  if  jXd.v  be  the  required  integral,  X  being  a  func- 
tion of  .r,  and  we  wish  to  determine  the  number  of  variables 
and  the  equation  of  which  they  must  be  the  roots  iu  order 
that 

S .  fJCdai 

may  have  an  algebraical  value,  we  must  assume 

X^v,  (v  being  a  symmetrical), 

and  if  this  equation  can  be  cleared  of  radicals,  it  may  be 
reduced  to  the  form 

a^  —  p^af"'^  +jijaf*"'-  &c.  ip,  =  0. 

In  this  the  index  n  determines  the  number  of  the  variables, 
and  the  equation  found  is  that  of  vhich  ^  is  a  symmetrical. 
Now 

sa  +  y  -k-x  +  &c.  s,  Pi  =  <p (u)  suppose ; 
therefore  S .  dor  ~  dpi  ~  d.<p (v), 

and     X  S .  dx  =  S .  Xd/c  tz  vd  .  tp  (v). 
Hence     fS .  Xdat  =  S.fXdx  =  fvd.<})(v) (3). 
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In  order  that  this  may  be  algebraical,  it  is  only  necessary 
that  f(l>(v)dv  should  be  capable  of  integration.  If  (p{v)  = 
const.,  or  d. 0(tj)  =  0, 

S  .jXdcB  =5  const (4). 

Instead  of  assuming  X=^v  we  might  assume  J!r=tj.>|/(a?)i 
or  Jr=  t)  +  >/^(^),  or  generally 

according  as  each  assumption  may  appear  to  simplify  the  case 
under  consideration.  It  is  to  be  observed  that  if  X  contain 
only  one  power  of  the  variable  ^,  it  cannot  be  assumed  to 
be  a  symmetrical  of  any  equation,  as  that  would  lead  to 
the  conclusion  that 

a?  =  y«^= , 

whereas  it  is  supposed  that  the  roots  are  in  general  all  dif- 
ferent. Hence  in  this  case  we  cannot  assume  X^v,  and  we 
must  make  use  of  some  of  the  other  assumptions. 

In  the  same  way  if  we  wish  to  find  an  algebraical  relation 
between  n  variables  x,  y,  z,  such  that 

S.  f(p{X)  dcD  =  const., 

X  being  of  the  form  a?"  -  a^af^^^  +  aoOf^"^  +  &c,  +  ft,  all  the 
coefficients  being  constants,  and  (p  being  any  function  what- 
ever, we  assume  Jf  =  t>,  and  therefore 

a?"  -  aja?""^  +  a^ixf^-^-  ...  +  (ft-  t?)  =  0. 

This  equation  has  only  one  variable  coefficient  (A;  -  t>), 
and  as  ^  +  j^  +  ^  +  &c.  ~  a^  is  constant 

aS  .  da?  =  0. 

Now  X being  a  symmetrical  (j)(X)  is  one  also:  therefore 

(p{X) .  Sdw  =  0  =  ^ .  (p{X)  dw, 

and  S .  /0  {X)  dco  =  const. 

(11)     Let  the  function  be  I 1   ,  and  assume 

1  +a^ 

=  tj,     or  a?^  -  «c»  +  1  =  0. 

OB 
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I 

Pl^ 

■ 

5U 

coMPARisofj  or 

■rHANaCESDEJJTB, 

V 

Tl.en 

S.dJr 

=  rf«, 

■ 

and 

^■m 

dj;  =  vidv ; 

9 

therefore 

..;..(lii 

Y-f....; 

■ 

which  i. 

equivalent  to  saying 

that 

m 

f" 

'(- 

±^-)\/.„(i 

±i^)^|(«  +  ,)UC. 

m 

provided   that 
«'  -  u«  +  1  - 

«y  -  1  :    for 
0,  we  have 

(ff   and   ff   being    the    roots   of 

x  +  y^v 

and  «y  =  I. 

(I  a) 

Let  the  proposed  i 

r     dfV 

wi 

Now 

(>- 

.^)i  =  (i-^)( 

*'  +  '')';  therefore 

assume 

1  +  ar  +  a>» 

.  or 

w'  +  (l+v)a! 

+  (1-S).0. 

This  being  an  equation  of  the  second  degree,  the  number 
of  variables  is  two,  and  therefore 

e-    dx  c    ^y  r     da  r    ^y 

J{l~a?)l^  J(l  -  y»)*  "  Jri  (1  -  «)  '*'  JvUl-yY 
But  from  the  equation  of  condition,  we  have 
at  +  y  ~  -{I  +  «),     and  my  =  \  ~  v% 
whence  by  eliminating  v,  we  obtain 

xy-ix  +  y)=  2, 
as  the  equation  of  condition  connecting  x  and  y. 
From  this  we  deduce 


and  therefore 


dai 


d. 


=  a     Hence 


/dee  c     dy 
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(is)     If  we  wish  to  fitid  the  cotidiiion  that  the  ium  of 
three  integrals  of  this  fbnn  mfty  be  coiistant,  we  Write 

tT*  1 

=  -,    Ot    tfr*  +  tJ^  -k  1    ss   0. 


1  -  a;3      « 

Hence  the  three  variables  Wf  y^  m  are  eonnected  by  the 
equations 

wyx  as  1|     wx  +  yx  4^  wy  *»  0. 

From  the  first  of  these  we  hdVe 

dm      dy      dx 

CO         y         X 

1 
multiply  by  -j  and  integrate,  when  we  have 

/dx  r      dy  /•      d« 

(14)  Let  the  integral  be    /  -r-r r-, . 

•/    [Or  —  1)» 

Assume  ^  a  ^  when  the  integral  becdndes 

Put  ^  -  ^  =  t^,     or  ^  --<«-««*  Oj  then 

/dti7  /•      dy  r      dx 

provided  that  the  three  variables  satisfy  the  equations 
/pi  4-  yi  4-  jjfi  =  1,     and  a?i«l  +  yi«i  +  a?iyi  =  0, 

By  the  same  method  various  curious  properties  may  be 
demonstrated  of  circular,  parabolic,  and  elliptic  arcs. 

(15)  If  the  sines  of  three  cii'Cular  arcs  be  the   roots 
of  the  equation 

afl  +  ra^  +  (—  -ija^-^rnso, 

the  sum  of  the  arcs  is  constant.     The  word  sum  is  to  be 

33—2 


4  * 


■■   ■  *  ^'.    ;■  w->--* 


•adinrtMiik  ilia.-  m^hnie  msam  m  hidwdJiwg  iigibthMiioii» 

TnirtidElat  of  tbe  cbek.biiQg  J[»  «m1  the  dbif  of  tlie  are 
lMiiig#t  liiaareilarif  iaeqpalto  1 


In  tUt  eaia  the  qrnuDfbieal «  « -^  t^wbbre  r  is  ^  prodai 

, »       •- 

of  the  lootf.    Heooa  the  aquatkin  may  ht  written 

1  ■  _  • 

Alto  rinee  ,       .vi ■»<>*•<•>»  ' 

iS.-; rri  «  vS.wdx  +  iSd^. 

(1  -  w^i 

Now  S  .a^  ts  — 1-2,  therefore  iS .  wdof  «  ^; 

2  2 

also     iSda?  as  -  dr,  therefore 

'S'.-; sn  «  dr  -  dr  =s  0,  and 

(1  -  af*)i 

/dw 

or  the  sum  of  the  arcs  is  constant 

(l6)     If  the  equation  to  the  parabola  be 

2y  =  a?*, 
and  if  three  abscissae  be  the  roots  of  the  equation 

the  sum  of  the  arcs  is  equal  to  the  sum  of  the  abscissae. 
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The  expression  for  the  arc  is  fdx  (l  +  a^)^ ;  assume  then 
(1  +  aF)^  =s  0?^  +  t>d?  +  1,  which  leads  to  the  equation 

oF-raF  +  f  —  +  1 !«»  -  r  =  0, 

in  which  r  =  -  2t>.     Now 

S.dw(l  +^)*  s  S .a^dos  +  vS .wdw^  Sdw. 
But  from  the  equation  of  condition 

4  2 

therefore     S .  ^'d^  +  vS .  adio  «  0,  and 

S.div{l  +af^)imSdafy 
so  that  S.fdw (l  +  a?*)i  =  ^.  a?  +  C. 

It  appears  on  trial  that  C  »  0,  and  consequently  the  sum 
of  the  arcs  is  equal  to  the  sum  of  the  abscissae  or  to  r. 

(17)  If  three  abscissae  of  an  ellipse  be  roots  of  the  equa- 
tion 

ai^  +  ra^-^-  I r-  -  1  ]  -  r  =  0, 

the  sum  of  the  arcs  is  C  ±  e^r. 

This  is  an  extension  of  the  theorem  in  (15)  and  may  be 
proved  like  it  by  assuming 

The  works  in  which  the  reader  will  find  full  developments 
of  the  Theory  of  Elliptic  Transcendents  are  Legendre,  Eafer- 
dees  de  Calcul  Integral,  and  ThSorie  dea  Fonctions  Ellip^ 
tiques;  JsLCohi,  Nova  Theoria  Func.  Ellip. ;  Abel,  (Euvres. 
Besides  these  there  are  a  number  of  memoirs  on  this  subject 
in  the  different  Journals  and  Transactions,  such  as  those  of- 
Poisson,  Crelle's  Journal,  Vol.  XII ;  of  Gudermann  in  the 
same  collection,  and  Ivory,  Phil.  Trans.  1831. 

Spence,  in  his  Mathematical  Essays,  has  given  the  name 
of  Logarithmic  Transcendents  to  functions  of  which  the 
general  form  is 


±0?- 


a^      a^      a^      x^ 


■  &c. 


4f       5' 
which  he  denotes  by  the  characteristic  aymbol 

It  is  easily  ecen  that  when  n  =  1  the  series  is  that  of  the 
logarithm  of  1  ^  as,  according  as  the  upper  or  lower  sign 
is  taken,  so  that 

Li  (1  ±  ai)  K  log  (1  i  ir). 

All  these  transcendents,  including  the  logarithm,  may  be 
expressed  by  means  of  integrals  which  have  a  mutual  de- 
pendence on  each  other.     Thus 

i,  (lij!)   =  log  (1  ±  ^)  =  f^—^ 


L,(li,r).   /■-L,(li»), 


L,  (1  X  «)  -  J~  i._,  (1  *,  »). 


From  these  integrals  various  properties  of  the  tran- 
scendents may  be  deduced  by  analytical  transformations,  some 
of  which  are  here  given. 

(18)  Omitting  Li(l  >>>«)>  Rs  it  itr  a  traasoendent  the 
properties  at  whkh  are  well  known,  let  ua  take 


rd.T 
Zj,  (1  A  *)  -    /  ^-  log  (1  A  #), 


Using  the  lower  sigti,  and  changing  1  ~  w  into  a,  and 
x  into  1  —  ^,  we  have 


i,  («)  -  /j-^  log  (*)' 
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Adding  this  to  the  equation 

J      (JO 

we  have 

=  log  (^)  .  log  (l  -  a?)  +  C. 

To  determine  the  constant,  make  ^«>0,  when  as  log  (l)  8  o 
and  L^  (1)  a  0,  we  have 

C  =  ig  (O)  «  -  — •  by  a  known  theorem.     Hence 

ZgCa?)  +Zj,(l  -  a?)  «  log  (a^)  .  log  (1  -^)-  --. 

This  property  of  the  transcendent  X,  it  only  true  so  long 
as  00  is  less  than  unity,  as  when  any  greater  value  is  assigned 
to  it  log  (1  —  x)  becomes  impossible. 

Euler,  Commen.  Petrop.  1738. 

(19)  Again  in  the  equation 

Zg  (1  -  a?)  =  f —  log  (1  -  a?), 

J      00 

we  have  by  changing  oo  into  ofy 

J     00 

«  2  r_^  log  (1  +  ^)  +  2  T—  log  (1  -  oo\ 

J     00  J      00 

Hence     Zg  (l  -  ^)  «  2  ZjCI  +  a?)  +  2  L^{\  -  o^). 

(20)  If  we  take  the  upper  sign,  and  in 

A(l  +  ^)  =  y  —  log  (1  +  CO) 
change  oo  into  - ,  it  becomes 
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I-, 


^Qogary-, 


therefore,  integrating, 

A  ( ^)  +  i.  (1  +  a')  =  i  (log  <vy  +  c. 

By  putting  a>=l   we  find  C=  2  i,C2). 
But  in  the  equation 

if  we  put  x=l  vfe  find 

2i,Cs)--i.(o)-^; 

therefore     ia  (^ — ~]  +  /,j{l  +  .t)  =  ^(logfli)"+  — . 


1 


Analogous  properties  may  by  the  same  method  be  demon- 
strated  of 

L,  (1  i  i)  =  J—  i,  (1  i  »), 

and    i^O  ± »)-/"— is(l  iff), 

and  BO  on  in  succession.     Generally,  the  student  will  have 
no  difficulty  in  demonstrating  the  following  propositions: 

L.(l  -  a^  -  S-  '  i.(l  +  »)  +  2— 'L.(l  -  a>), 
Z,„(l  +  .)  +  i,.fii^).2i,.(S)  +  «A,-.(«)^!^'  +  8tc. 
.        (log")" 


I;..,  (!+»)-  i..-i 


1  .S.3.4...  Si 
I  -2Z»,.s(2)Iogaf 
(log»)"- 


'^  '  1.2.3  1.2.3.1... (2n-l) 
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Spence  has  extended  this  analysis  to  the  investigation  of 
the  properties  of  transcendents  defined  by  the  general  law 

—  0«-,  {ai) ; 

tv 

the  final  function  or  0o(^)  being  such  that  it  remains  un- 
changed when  —  is  substituted  for  w^  or 

w 


<^oW  =  <^oQ. 


But  for  this  investigation  and  others  connected  with  it 
the  reader  is  referred  to  the  work  before  quoted. 

The  transcendents  which  we  have  been  considering  are 
all  such  that  they  may  be  derived  by  direct  integration  from 
known  functions,  but  there  are  many  other  transcendents 
which  are  given  only  by  means  of  differential  equations.  As 
these  are  frequently  functions  of  great  utility  in  physical 
researches,  the  study  of  their  properties  without  integrating 
the  equations  in  which  they  are  involved  becomes  of  great 
importance.  Two  examples  of  such  investigations  are  sub- 
joined. 

(21)  Let  F  be  a  function  of  w  and  r  given  by  the 
differential  equation  of  the  second  order 

in  which  g^  ky  and  /  are  functions  of  w^  and  r  is  a  variable 
parameter;   and  if  V  also  satisfy  the  conditions 

hi  F«0  when  w^Wi (2) 

dw 

dV 

-J-  +  A2  F=  0  when  w  =  ^25 (S) 

dw 

then  will 

V^  and   F.  being  values  of   F  corresponding  to  the  values 
r«  and  r,  of  r. 
34 


W         5S2                      cnxPAuaoH  op  thansoendentk. 

n 

H               From  the  given 

--.4  (-a-- 

obtain 

1 

H       therefore  integrating 

with  respect  to  x, 

1                                                               /      dV 
f                      (r»  -  r.)  fd.vgV^ v^^fct^V..-^- 

-'^)- 

But  from   tlie  co 

jr  =  *i ,  that 

V 

ndition  (3)  we  find  on 

taking  the 

imit 

Similarly  we  fint 
.lame  relation  holds; 

from  (3)  that  at  the 
hence 

limit  «|  =  #, 

the 

('■- 

-r.)Jf:d^gV^V,  =  o. 

As  r«  and  r.  are 
that 

supposed  not  to  be  th 

e  same,  it  follows 

Since  we  have 

fd^gV„V, 

1 

it  appears  that  when  m  -  n, 

j::d.gv:.°-i 

the  real  value  is 

^'  dxgV*  -  -  r,  — -  (ft  -— ?  +  A«  V;j  when  «  -  a^i 

as  may  be  deduced  by  the  usual  method  for  evaluating  in- 
determinate functions. 

It  is  to  be  observed  that  the  equation  (3)  involves  an 

equation  to  determine  r,  which  equation  may  be  written  as 

F(r)-o. 

Poisson  *  has  shewn   that  this  equation   has  an   infinite 

number  of   real   and   unequal   roots,   for   the   demonstration 

of  which  proposition  I  must  refer  to  the  works  cited  bdow. 

*  Bulielin  de  Ut  Soeiiti  PhUonatigue,  1828.    Thiorit  lie  la  Chaimr,  p.- ITS. 
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The  function  V  is  of  great  importance  in  the  theory  of 
heat}  and  the  investigation  of  its  properties  has  formed  the 
subject  of  several  elaborate  memoires  by  MM.  Sturm  and 
Liouville.  See  Journal  de  Mathimatiquea^  Tome  i.  pages 
106,  253,  269,  373,  and  Tome  ii.  p.  l6. 

(20)  Let  Fm  and  Z.  be  integral  and  rational  functions 
of  /i,  (1  -  m^)K  cos  o)  and  sin  w  determined  by  the  equations 


(1  -M*)  -y^+  r—i  -TT  +  ♦»  Cw  +  0  n.  =  0, 


(I  -  ^«)-j-:  +  , — ^  —^  +  n(n+l)Z„<^o, 


d^i  dfx       1  "-  /w.^    <^fti* 

then  will 

SO  long  as  m  and  7i  are  different. 

Multiply  both  equations  by  (l  -mO?  ^^^  assume 

(1  -  mO  T~  =  ^  5  when  they  become 
d/uL      dt 

^  +  ^  +«(«»  +  1)0  -/)  F„»  0  ...  (1), 


'^^"  +  ^  +  »(«  +  0  (1  -  M*)  ^-.«  0  .-  (2)- 


dfi        dw 


Multiply  (1)  by  Z^dtdta  and  (2)  by  Y^dtdwy  subtract 
(2)  from  (l)  and  integrate  with  respect  to  t  and  w.  Then 
transposing,  and  observing  that  (l  <*•  /u^)  dt «  d/x,  we  have 

{m  (w  +  1)  -  n  (w  +  1)}  /d/w.  /d<o  F^  Z„ 

Now  if  we  effect  the  integration  of  the  first  term  of  the 
right  hand  side  with  respect  to  t^  it  becomes 


In  taking  the  limits  from  i=  —  coto  /  =  +  co,  or  from 
fis  —  J  tOfi«-fl,  the  part  under  the  sign  of  integration 
vanishes,  in  consequence  of  the  factor  !—;»•;  hence  on  in- 
tegrating with  respect  to  la  from  0  to  Stt  we  6nd  that  the 
first  term  of  the  right  hand  side  of  the  equation  is  equal 
to  zero.  In  the  same  way,  on  effecting  the  integration  with 
respect  to  ai  of  the  second  term  of  the  right  hand  side  of 
the  equation,   we  find  it  to  become 


which  vanishes  on  taking  it  between  the  limits  w  =  0  and 
w  =  2jr,  because  F_  and  Z,  are  supposed  to  be  rational  and 
integral  functions  of  sinw  and  cosw.  Hence  on  integrating 
with  respect  to  t  and  taking  it  between  the  limits  t  =  ~  a 
and  (  =  +  03,  orju=  —  1  and  /i  =  +  1,  the  second  term  of 
the  right  hand  side  also  vanishes ;   therefore 

{m  (*»  +  1)  -  «  (n  +  0}  f-Vdnf^'^do,  K.  Z,  =  0. 

So  long  as  ni  is  different  from  »  this  involves  the  con- 
dition that 

/_Vd^j;''da>F.Z,ipO. 

The  functions  K.  and  Z,  are  known  by  the  name  of 
Laplace's  Functions,  that  mathematician  having  been  the 
first  who  studi^  their  properties  and  pointed  out  their  utility 
in  the  calculation  of  attractions.  For  the  investigation  of 
other  remarkable  theorems  relating  to  these  functions  the 
reader  is  referred  to  the  Micanique  Cileste,  Liv.  in.,  w 
to  O'Brien's  Mathematical  Tracts.  Mr  Murphy  has  ap- 
plied  to  the  treatment  of  these  functions  a  new  and  very 
remarkable  analysis,  which  will  be  found  in  the  introductioD 
to  his  Elementary  Principles  of  the  Theory  of  Electricity. 
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